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Abstract. Solving Boolean satisfiability problems in reconfigurable hard-
ware is an area of great research interest. Originally, reconfigurable hard-
ware was used to map each problem instance and thus exploit maximum
parallelism in evaluation of variable assignments. However, techniques
to greatly reduce the search space require dynamic reconfiguration, and
make regular mappings more desirable. Unfortunately, using a regular
mapping constrains the parallelism in assignment evaluation. The archi-
tectures that have emerged choose either custom mapping and maximum
parallelism or regular mapping and the promise of significant decreases
in the search space. We propose a framework that can exploit both. Our
framework uses a regular mapping while introducing a scalable parallel
architecture. Using our approach, speedups of up to one order of mag-
nitude over current state-of-the-art reconfigurable hardware solvers have
been obtained.

1 Problem

Boolean satisfiability (SAT) is a well-known NP-Complete problem that seeks
to find an assignment to a set of boolean variables given a set of clauses as con-
straints. One way to represent SAT is using a binary decision tree (BDT) with
each level corresponding to a decision and each node corresponding to a par-
ticular set of variable assignments. Decisions are made by assigning variables a
specific value. Each new decision is checked for consistency with the set of clauses.
During this process implications occur based on clause constraints. Backtracking
occurs if a certain decision leads to a conflict in any clause. Backtracking is the
process of unassigning or reassigning variables that were previously decided. A
problem is satisfiable if there exists a node in the BDT that satisfies all clauses.

There are two main options to speedup standard backtrack search algorithms
for solving SAT. The first is to decrease the evaluation time of each node in the
search tree. This is easily done in hardware where all clauses can evaluate an as-
signment in parallel. The other option is to decrease the number of nodes visited
in the search tree via sophisticated backtracking techniques and adding clauses
dynamically [1]. FPGA implementations usually choose to exploit one option or
the other. Choosing to decreasing the node evaluation time led to architectures
where all clauses were evaluated in parallel using an instance specific mapping
of variables to clause circuits, as in [2]and [4]. However, to decrease the number
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of nodes visited requires dynamically adding clauses which is very time consum-
ing for instance specific mappings. Instead a pipelined ring of clause circuits, or
modules, with variables passing through the pipeline was proposed in [3] because
it allowed fast dynamic reconfiguration times for new clauses by simply adding
a new module to the end of the pipeline.

The main advantage of implementing SAT in hardware is the decrease in unit
propagation time. Unit propagation time is defined as the time it takes for a de-
cision to be checked and either move on to the next decision or backtrack. This
corresponds to evaluating a node or nodes in the search tree. The main portion
of this time is spent while clauses make implications or raise conflicts. Hardware
solvers let clauses generate implications and conflicts in parallel, greatly reducing
the unit propagation time. An instance specific mapping yields a propagation
time proportional to the number of transitive implications, ¢, (the chain of im-
plications that may result from implying or deciding a variable’s value) made
from a decision. A pipelined mapping yields unit propagation time proportional
to t-e, where t is again the number of transitive implications and e is the number
of clauses.

2 Our Approach

2.1 Overview

Our design introduces a framework for fast node evaluation and dynamic learning
to reduce the number of nodes visited. We propose a tightly integrated, paral-
lel pipelined architecture for fast node evaluation while maintaining a regular
pipelined mapping to simplify dynamic reconfiguration (see Figure 1). Dynamic
learning requires maintaining data structures of information learned from earlier
processing. Similar to [3], we envision FPGA’s interacting with the host machine
via a run-time assist running on the host to maintain and process the data struc-
tures for dynamic learning. Then using self-reconfiguration techniques, dynamic
learning logic on the FPGA itself could add clauses dynamically. This remains a
key part of our future work with the parallel architecture for fast node evaluation
being the primary contribution of this work.

FPGA’'s

Mergel Host Machine
Unit
— Pipel

Control
|| Contro _ ) Preprocessor and
Unit Dynamic L earning Run-Time Assist
Logic

l System Bus

Fig. 1. Parallel Pipeline Framework



2.2 Parallel Pipelined Solver

Using a pipeline of clauses as our building block we split clauses into a set of
parallel pipelines each with a set of variables cycling through the pipe and being
merged when needed. For every decision or backtrack we run these pipelines sep-
arately and then merge their results until a consistent, global variable assignment
is found. Our design of an efficient merging structure allows for tight coupling
between pipelines and a high degree of parallelism. Since pipelines and merge
units are regular in layout, fast compile times, fast clock speeds, and dynamic
learning are possible. This design adds scalable parallelism by utilizing concepts
similar to data parallelism, where multiple sets of data operate independently
and are synchronized at certain points.

Given that a single pipeline has a unit propagation time of ¢ - e, our design
decreases unit propagation time by shortening the pipeline. But, this action
increases t since implications that could be found in one pass through the single
pipeline may not be found by one pass through multiple pipelines. Also, creating
independent sets of variables forces us to merge the results of the pipelines to
update the implications or conflicts made in one pipeline to all the others before
the pipelines can cycle again. This merge time must also be accounted for. Our
unit propagation time is thus based on the number and cost of both merging
and propagating variables through the pipelines. The unit propagation time of
our design is:

-+ (£ Y (logp+ =) (1)
UPT =t, (p+B)+mp (logp B
where ¢, is the average number of iterations per decision for p pipelines, e is the
number of clauses, v is the number of variables, m, is the number of merges per
iteration, and B is the bus width in terms of variables.

Architecture The basic architecture consists of a set of pipelines, operating in
parallel. Each pipeline is similar in structure as that of current pipelined SAT
solvers, such as the one in [3]. A single pipeline can be seen as a ring of clause
modules pipelined together with a variable memory unit that cycles the variables
through the clause modules. Clause modules are instance specific blocks that are
based on a clause from the given SAT instance. Clause modules take a set of
variables as input, generate implications or conflicts based on the input set, and
produce an output set in a single cycle. Pipelines also have a variable memory
that contains each variable’s current value (0, 1, Undecided, or Conflicting). The
variable memory is also responsible for implementing the state machine based
on the given algorithm.

Fundamental to a tightly coupled approach is combining the information
(implications or conflicts) from the pipelines into a consistent set of variable
values. To do this we introduce a hardware block of merge units. Merging must
be efficient to preserve the speedup gained from splitting the clauses into par-
allel pipelines. Therefore, we choose a tree structure of merging units. A subset
of variables can thus be merged into their global state in logp steps. The ac-
tual merge hardware is simple as well. Using the standard two bit encoding of
variables we can merge two variables through a simple bitwise OR’ing.



Algorithm The basic algorithm must now be modified to accommodate mul-
tiple pipelines. For the problem to be proven satisfiable, a variable assignment
must be found that satisfies all pipelines. Thus, we use the merge unit to as-
sure the same variable assignment is being checked for all the pipelines. Our
approach performs this merging during every decision so that the pipelines will
update implications and conflicts to each other. When a decision or backtrack
is made, each pipeline is at the same node and will thus make the same deci-
sion or backtrack. Using this technique also assures that the same decisions and
backtracks will be made as in the standard single pipeline implementation since
all implications will eventually be communicated to each pipeline. The basic
algorithm for evaluating a new decision is as follows.

1. All pipelines make the same decision on their own set of variables.

2. Variables are cycled through the pipeline until all implications from that
pipe are found.

3. If a conflict is found at anytime, the pipe informs the others and each pipe
backtracks and the process starts again.

4. If no conflicts are found and all the pipelines have finished, a merge is
performed. If the merge causes a conflict, all pipes will backtrack. If the merge
caused a variable to be changed (e.g. Pipe 1 has v = 0 and Pipe 2 has v = U)
the new set must be updated to all pipelines and they will now iterate with this
new set by going back to step 2. If however no variables were changed in the
process of merging, a consistent set has been found and a new decision can be
made after updating each variable memory with this new set.

With this architecture and given the fact that we will make the same deci-
sions and backtracks as the single pipeline we can now arrive at an approximate
speedup equation by simply comparing unit propagation times:
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Using this equation we can predict an optimal number of pipelines for speedup
or area tradeoffs. The problem however is that ¢;, t, and m,, are intrinsic to the
instance, the number of pipelines, and the partitioning of clauses. To find their
exact values would require actually solving the problem, but if estimates can be
found without running the entire problem, the equation can be used. Our future
work will be to develop heuristics to find and use these estimates, and use self-
reconfiguration to perform dynamic reconfigurations based on these parameters.

Another issue that needs to be addressed is the increase in area due to multi-
ple pipelines. The number of clause modules is the same so the same area would
be required in both our architecture and single pipeline architecture. The addi-
tional area comes from the variable memories and the merge units. If we have
p pipelines the increase in area will be p — 1 variable memories each consisting
of 4 - v bit registers (2 sets of 2 bits for each variable) and some control logic to
implement the state machine. Each merge unit is made of B (B = bus width)
OR gates. For a tree structure there would be § —1 such units. This increase in
area is not prohibitive and thus allows for a reasonable number of pipelines.



3 Experimental Results

Using a C++ simulator that models a single pipeline and our parallel pipelined
design to count cycles, we simulate both designs to solve specific instances. Us-
ing varying numbers of pipelines our parallel pipelined design showed speedups
compared to the single pipeline. We have chosen problems from the DIMACS
challenge set [5] and obtained the results shown in Table 1. The results show
that moderate speedups can be obtained with even a few pipelines.

Simulated Speedup
(No. of Pipelines)

Problem 2| 4|8 |16|32|64
par8-1-c .94 1.32(2.21(2.64|2.99(3.21
hole6 1.23(2.08|3.32|4.69|5.88(6.73

aim-50-2_0-no-4 |1.17|1.92|3.08|3.74|4.73|4.54
aim-50-1_6-yes1-1 |1.32|1.88|2.96(3.67|3.73|3.34
aim-100-3_4-yes1-4|1.27(2.12|3.58|5.75|8.35(9.97
Table 1. Simulated Speedup over Single Pipeline Design

The nature of speedups can be characterized by accounting for two factors,
the number of iterations per decision to find all implications and the number of
merges per decision. Using equation (1) we see that when the number of pipelines
is small the first term will dominate (i.e. most of the time is spent cycling the
variable through the pipeline). This is the case with par8-1-c running with 2
pipelines. As the number of pipelines increases the merging time becomes the
dominant term. This is the major reason why the speedups taper off after a
certain number of pipelines. Also, as the pipeline length decreases to the point
where it is always filled with variables, an increase in the number of pipelines
will hurt performance (e.g. aim-50-1.6-yesl-1). Thus, if we can decrease the
number of merges per decision, speedup will increase. It is also clear now that
decreasing the number of iterations or passes per decision of the pipelines will
yield greater speedups. This is difficult because the number of iterations per
decision is primarily an intrinsic function of the instance itself. However, clause
partitioning and ordering for each pipeline can make a difference. Unfortunately,
to find an optimal ordering and partitioning requires solving the SAT instance.
Alternately, certain heuristics could yield greater performance.

We also compared the speedups obtained from our simulator with the speedups
predicted from equation (2). In all cases the predicted speedup was within a few
percent of the actual speedup, but to find the intrinsic parameters ¢, ¢, and
my the simulator had to be run. However, estimates were found by running our
simulator for a small number cycles. The resulting values for the parameters
yielded at most 14% error after running only 20,000 cycles (less than 2% of
the cycles needed to solve most of the above instances). This result shows great
promise to finding heuristics to choose an optimal number of pipelines. It also
opens up new areas of research for dynamic reconfiguration during runtime. As
the parameters change, pipeline configurations could be changed during runtime
to achieve optimal speedup. This remains part of our future work.



4 Future Work

Several key areas of our framework need to be explored. First and most important
is a dynamic learning mechanism that can be integrated into our current frame-
work. We thus plan to incorporate dynamic learning into our architecture and
implement it using self-reconfiguration. Also researching possible heuristics for
clause partitioning and optimal numbers of pipelines. Using learning techniques
at runtime we plan to investigate the use of self-reconfiguration for increasing or
decreasing the number of pipelines and better partitioning of clauses.

5 Conclusion

In conclusion, a new framework that exploits both fast node evaluation and
regular mapping has been outlined. This parallel architecture and algorithm is
unique in both hardware and software in that it uses a mechanism for tightly
coupled data parallelism to solve SAT. We increased the amount of parallelism
a pipelined design can attain by introducing multiple pipelines and developing
efficient merge units to combine intermediate results. This yielded speedups of
up to one order of magnitude over current state-of-the-art. Finally, we have
presented a design that exploits parallelism and is still amenable to dynamic
reconfiguration for dynamic learning.

The work reported here is part of the USC MAARCII project
(http://maarcll.usc.edu). This project is developing novel mapping techniques
to exploit dynamic reconfiguration and facilitate run-time mapping using con-
figurable computing devices and architectures. Computational models and algo-
rithmic techniques based on these models are being developed to exploit self-
reconfiguration using FPGAs. Moreover, a domain-specific mapping approach
is being developed to support instance-dependent mapping. Finally, the idea of
“active” libraries is exploited to develop a framework for automatic dynamic
reconfiguration.
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