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Dynamic Data Layouts for Cache-Conscious
Implementation of a Class of Signal Transforms

Neungsoo Park, Member, IEEE, and Viktor K. Prasanna, Fellow, IEEE

Abstract—Effective utilization of cache memories is a key factor
in achieving high performance for computing large signal trans-
forms. Nonunit stride access in the computation of large signal
transforms results in poor cache performance, leading to severe
degradation in the overall performance. In this paper, we develop a
cache-conscious technique, called a dynamic data layout, to improve
the performance of large signal transforms. In our approach, data
reorganization is performed between computation stages to reduce
cache misses. We develop an efficient search algorithm to deter-
mine an optimal tree with the minimum execution time among
possible factorization trees based on the size of the signal trans-
form and the data access stride. Our approach is applied to com-
pute the fast Fourier transform (FFT) and the Walsh—-Hadamard
transform (WHT). Experiments were performed on Alpha 21264,
MIPS R10000, UltraSPARC III, and Pentium 4. Experimental re-
sults show that our FFT and WHT achieve performance improve-
ment of up to 3.52 times over other state-of-the-art FFT and WHT
packages. The proposed optimization is portable across various
platforms.

Index Terms—Cache-conscious, cache miss, dynamic data
layout, FFT, memory hierarchy, signal transform.

I. INTRODUCTION

ECENTLY, the characteristics of signal transform al-

gorithms and the memory hierarchy in architectural
platforms have been exploited in concert to improve the
computational performance of signal transforms [1]-[4]. Large
signal transforms can be decomposed into smaller transforms
by taking advantage of their inherent divide-and-conquer prop-
erty. The working set size of signal transform computations can
be reduced to fit into the cache. Hence, the cache performance
can implicitly be optimized by considering only the working
set size. In such cache-oblivious algorithms [5], the details of
the cache organization are not considered.

Using the cache oblivious algorithm approach, a high-perfor-
mance fast Fourier transform (FFT) package was developed at
the Massachusetts Institute of Technology (MIT), known as the
FFTW [1]. Using a similar approach, a Walsh—-Hadamard trans-
form (WHT) package was developed at Carnegie Mellon Uni-
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versity (CMU) [3]. These are flexible software architectures that
exploit the divide-and-conquer property of signal transforms.
The divide-and-conquer rule is represented in a tree structure.
These tree-structured computations in FFTW and WHT pack-
ages attempt to modify the computation in order to improve
the spatial and temporal locality. In such approaches, the data
layout in memory is static,' i.e., it does not change during the
computation. These tree-structured computations in static data
layouts achieve good performance for small signal transforms.
However, their performance drastically degrades for large signal
transforms. This degradation is due to the cache organization in
the memory hierarchy of the state-of-the-art architectures.

The performance of caches is severely impacted by the data
access pattern of a computation and the cache organization
[6]. In state-of-the-art architectures, the cache is either direct-
mapped or small set-associative. During a computation, data
in memory are successively accessed with a distance called
stride. Large stride data accesses do not possess spatial locality.
Furthermore, several elements can compete to occupy the same
location in the cache because of its small associativity, thereby
increasing cache misses. In the FFTW and WHT packages [1],
[3], it is assumed that the performance depends only on the
node size in the factorization tree. However, the performance
degrades as stride increases, even though the problem size is
fixed. Such large stride accesses are usually incurred in com-
puting large signal transforms, resulting in drastic performance
degradation. This degradation is due to considerable cache
misses because of the small set-associative caches. Thus, cache
organization is a significant factor that should be considered to
achieve high performance.

To improve cache utilization, we propose a method called the
dynamic data layout (DDL) approach, where the data layout
in memory is dynamically reorganized during computation.
After reorganizations, nonunit stride accesses are converted
to unit stride accesses, thereby reducing cache misses. These
data reorganizations between the computation stages of signal
transforms improve the effective processor-memory bandwidth.
We show that the overhead of dynamic data reorganization
is smaller than its performance gain. To achieve high perfor-
mance in computing a large signal transform, it is necessary
to determine an optimal factorization and a data layout for
that signal transform. We develop a search algorithm to find
such an optimal factorization that automatically includes data
reorganizations. The complexity of our search algorithm for
an N-point DFT is O(kn?), where n = log N and k different
data layouts are considered. Note that this search algorithm is
performed off line.

ITn this paper, we call such an approach the static data layout (SDL) approach.
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To verify our DDL approach, we performed simulations and
experiments. Simulation results show that the DDL approach
achieves up to 25% improvement in cache miss rate compared
with the SDL approach. For experiments on real platforms,
we modified the FFT and WHT packages developed by CMU
[3], [7] by applying our DDL approach. Experiments were
performed on SUN UltraSPARC III, Compaq Alpha 21264,
Intel Pentium 4, and SGI MIPS R10000. The modified FFT
using the DDL approach achieves up to 2.54 x performance
improvement over the the CMU FFT. Compared with FFTW,
it shows up to 2.97 x performance improvement. Our WHT
package using the DDL approach shows up to 3.52 x perfor-
mance improvement compared with the CMU WHT package.
FFTW is not always optimal, but it achieves high performance
on all platforms, close to the best-known performance in many
cases. We chose FFTW for performance comparisons because
it is the state-of-the-art software architecture for FFT and can
be ported to available platforms.

The contribution of our work is a high-level optimization
based on data reorganization, which can be applied on plat-
forms where the problem size exceeds the cache size. Our
optimization is applicable to the class of signal transforms that
can be factorized. Dynamic programming determines when
and what reorganizations are to be performed, for a factorized
computation of a signal transform, by finding an optimal
cache conscious factorization. Moreover, our approach is not
platform-specific and yields portable high performance without
using any low-level optimizations. Our solution is not always
optimal when compared with hand-tuned, vendor-optimized
FFT implementations.

The rest of the paper is organized as follows. In Section II,
we describe previous approaches that improve the performance
of memory hierarchy and optimize the performance of FFT
and WHT. In Section III, we discuss the factorization of signal
transforms and provide the motivation for dynamic data layout
based on an analytical model of the cache behavior of a factor-
ized signal transform computation. We describe our dynamic
data layout approach and a cache-conscious factorization in
Section IV. The performance improvements obtained using
our approach are illustrated in Section V. Section VI draws
conclusions and gives an overview of the SPIRAL project [8]
framework, which encapsulates our approach.

In the rest of the paper, for the N-point FFT and WHT, we
have assumed N to be a power of 2 for the sake of illustration.
The Cooley—Tukey factorization approach used in this paper is
applicable for any general [NV. Similarly, our dynamic program-
ming approach does not require NV to be a power of 2.

II. RELATED WORK

In this section, we briefly discuss general optimization tech-
niques for improving memory hierarchy performance. We then
summarize the optimization techniques for FFT and WHT.

A. Memory Hierarchy Performance Optimizations

To improve memory hierarchy performance, various manual
and automated optimization techniques have been developed for
uniprocessors and parallel systems [9]-[11]. To exploit the spa-
tial and temporal locality [12] properties, the data access order
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is changed by reordering the computation. This is called control
transformation. These optimization techniques, such as tiling,
loop fusion, loop interleaving, and loop interchange, enhance
the temporal locality of data accesses. However, the stride to
access data is not changed since reordering a computation does
not change the data layout. In state-of-the-art platforms, large
strides to access data result in cache conflict misses since cache
is direct-mapped or small set-associative cache. To further im-
prove the performance, techniques such as copying [10] and
padding [13], [14] are used in concert with control transfor-
mation techniques. Although cache conflict misses are reduced
by the copying optimization, the performance improvement re-
sulting from copying cannot alleviate the overhead of copying if
data is repeatedly copied from (to) memory to (from) the buffer
during the computation. In the padding optimization, during
computation, the overhead of the index computation needed
to access the array is high since data elements are not stored
contiguously.

Some recent work [15]-[17] has proposed changing the data
layout to match the data access pattern of dense linear algebra
applications. This is called data transformation. This reduces
cache misses. In [15], conventional (row or column-major)
layout is changed to a recursive data layout before the computa-
tion in order to match the access pattern of recursive algorithms.
The ATLAS project [18] automatically tunes several linear
algebra implementations. It uses block data layout with tiling
to exploit temporal and spatial locality.

In [15] and [18], the data layout is reorganized before com-
putation begins. However, the data layout is not changed until
computation finishes. In signal transforms, as the computation
proceeds, strides between consecutively accessed data increase.
Therefore, a static data layout might not necessarily be optimal
for all the computation stages. Similarly, copying and padding
is difficult to apply to signal transform applications. Therefore,
static data layout results in a large number of cache misses be-
cause of the stride accesses. To optimize the performance, we
propose that the data layout be reorganized to match the data
access pattern as the computation proceeds.

Recently, both data and loop transformations were applied in
concert to loop nests for optimizing cache locality [16], [19],
[20]. In [19] and [20], the innermost loops are first reordered,
and then, the data layouts are determined for all reordered loop
nests. This dynamic loop level data transformation is done by
dimension reindexing. In our approach, a large transform is de-
composed into smaller ones, and then, data reorganization is
applied for some of the smaller transforms after considering
the reorganization costs. Thus, our approach takes into account
the factorization of signal transforms and stride data access to
achieve superior performance.

B. FFT and WHT Performance Optimizations

Various optimization techniques have been developed to im-
prove the performance of FFT on vector and parallel computers
[1], [21]-[26] and are targeted toward optimizing the memory
performance. Although our approach in this paper is analogous
to Bailey’s six-step FFT [22] approach, it is focused on opti-
mizing the performance of signal transforms on a uniprocessor
rather than on a vector or parallel processor.
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The FFTW [1] software architecture consists of a set of
straight line unrolled codes, known as codelets. These codelets
compute small DFTs obtained from a factorization. To compute
a large size DFT, a set of these codelets is combined using
divide-and-conquer. The method of combining these codelets
is represented in a binary tree, and dynamic programming
was used to efficiently find an optimal tree. In this approach,
it is assumed that all FFTs of the same size have the same
performance. It is based on a cache oblivious algorithm [5],
where the cache is assumed to be fully set-associative.

In a factorized DFT such as FFTW, codelets require stride ac-
cess for input (or output) data. As these strides increase, the per-
formance of codelets degrades [4]. Even if DFTs are of the same
data size, DFT performance depends on the data access pattern.
To reduce cache conflict misses, an interleaving optimization is
proposed in the architecture-cognizant FFT (ACFFT) [2]. How-
ever, this approach increases the codelet size, resulting in reg-
ister explosion.

A technique similar to FFTW was used to implement WHT
[3]. In this implementation, algorithmic choices are represented
internally in a tree structure. This implementation can support
iterative and recursive data structures, as well as combina-
tions of both. Externally algorithmic choices are described by
a simple grammar, which can be parsed to create different al-
gorithms that can be executed and timed. A parser is provided
to read WHT expressions and translat them into a tree data
structure.

In our approach, we determine when and how many times
data layout should be reorganized for a factorized computation
of a signal transform on a target platform. We find an optimal
factorization that includes these reorganizations. Based on
these, we develop an approach to automatically compute
cache-conscious factorized signal transforms to minimize
the total execution time, including the data reorganization
overheads.

III. FACTORIZED SIGNAL TRANSFORMS
A. Factorization of Signal Transforms

A linear discrete signal processing transform is usually
expressed as a matrix-vector product x — Mz, where z is the
(sampled) signal, and M is a transform matrix. Examples for
discrete signal transforms are the discrete Fourier transform
(DFT), discrete cosine transform (DCT), Walsh—-Hadamard
transform (WHT), etc. Using the inherent divide-and-conquer
property of signal transforms, a transform matrix can be
factorized into a product of sparse matrices. These sparse
matrices are highly structured. They can be represented in
concise mathematical form as a tensor product of a smaller

N\
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Examples of factorization tree for 16-point DFT.
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transform and an N x N identity matrix (I(V)). For example,
the general Cooley—Tukey DFT [27] can be expressed as

DFT(N) = L(N, M) - (I(Ns) ® DFT(M))
‘T(N,Nyp) - (DFT(Nz) @ I(N1)) (1)

where N = Ny x No, DFT(N) is the DFT of size N, ® is a
tensor product operator, L(N, N7 ) is the stride permutation ma-
trix, and T(N, Ny) is the twiddle matrix [28]. Another example
of a factorization is for a WHT of size 2":

t
WHT(2") = [ @@+ )
=1
QWHT(2") ® 1(2’%+1+---+m))

where n = ni + - - - ny. The above factorization method can be
applied repeatedly to the smaller signal transforms. This chain
of factorization is represented in a tree [3] called a factoriza-
tion tree. For a given transform, alternative trees can be obtained
by applying different factorizations at each node, as shown in
Fig. 1. In a tree, a node represents a transform of a specific
size. In this paper, we call such nodes factorized nodes. Leaf
nodes (nodes without children) in a tree represent unfactorized
transforms, which are denoted leaf node transforms. A trans-
form (root node in a tree) is computed by executing the leaf
node transforms and combining all such child node transforms
to realize the root transform. Even though we have used a tree
representation to illustrate possible decompositions, an alternate
representation of the Cooley—Tukey algorithm can be found in
[29]. This alternate representation illustrates the strides.

The divide-and-conquer method reduces the size of a leaf
node transform in the factorization tree, thereby reducing the
working set size of the computation. Thus, the required data
can potentially fit in the cache, and each leaf node can have
good cache performance. FFTW [1] and the WHT package [3]
exploit the divide-and-conquer property. These packages are
developed based on the cache-oblivious algorithm, where the
cache is assumed to be fully set-associative, and the replacement
policy is ideal. The performance of a factorized transform is as-
sumed to be dependent only on its size. The performance of DFT
(assuming a fully set-associative cache) can be analyzed using
the input—output complexity analysis of the “red-blue pebbling
game” [30]. The lower bound on cache misses for an /N-point
FFT is O(N log, N/ log, C'), where C is the cache size.

B. Cache Performance of Factorized Signal Transforms

In this subsection, we discuss the cache performance of a leaf
node with stride data access, which is involved in the computa-
tion of a large signal transform factorized by the divide-and-con-
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Fig. 2. Computation of N-point DFT using the Cooley—Tukey algorithm.

quer method. TLB misses and page faults also occur along with
cache misses, but they are not critical to the performance for the
small sized transforms obtained after factorization. For the sake
of illustration, we consider DFT to be an example signal trans-
form throughout this paper.

We consider an N-point DFT, which is factorized as N1 X No
using the Cooley—Tukey algorithm [see (1)]. A tensor product
of a small DFT and an identity matrix can be implemented as
a small DFT with a stride access. First, No Nj-point DFTs
are performed with stride N, followed by a twiddle multipli-
cation. Following these computations, /N1 Na-point DFTs are
performed with unit stride. A stride permutation follows to cor-
rect the order of the transformed data. Fig. 2 illustrates the com-
putation of the Cooley—Tukey algorithm and the new tree rep-
resentation, where each node is represented with its size and
stride. The divide-and-conquer method is recursively applied to
the child nodes until the size of leaf nodes in a tree becomes
smaller than the cache size. In addition, stride accesses are in-
volved in leaf node computations.

To understand the cache behavior, we consider a two-level
memory hierarchy consisting of cache and main memory. The
size of all parameters is represented in terms of the number
of data points. Let C denote the size of the cache and B de-
note the size of the cache line. To simplify our analysis, we as-
sume the cache to be direct mapped. The number of cache lines
in a direct mapped cache is given by C'//B. Note that most of
the state-of-the-art platforms have either direct-mapped or small
set associative caches. The analysis for a k-way set-associative
cache is similar to that for a direct-mapped cache.

To show the impact of a data access stride on cache perfor-
mance, we consider a leaf node DFT with stride access in a
factorization tree. A leaf node is an N;-point DFT with stride
S, where N; < C. The cache behavior for performing two
successive DFTs is illustrated in Fig. 3, where IV, is assumed
to be 4.

e Casel: S=1and CaseII. S >1and N; x S < C
The number of compulsory cache misses caused by an
N;-point DFT with stride S is min(N; x S/B, N;). As
shown in Fig. 3, all of the data points of an /N;-point DFT
are mapped onto the cache without any conflict. When a
successive N;-point DFT needs to be performed, its data
points already exist in cache lines since the data in these
cache lines were fetched by the previous DFT. There is
spatial reuse of data.
e Case III: S > 1and N; x S > C
When the stride is large such that N; x S > C, there
are conflict misses in addition to compulsory misses, even
though N; < C. These conflict misses have significant
impact on the performance. As shown in Fig. 3, the block
containing the first (second) data point and the block con-
taining the third (fourth) data point will be mapped onto
the same cache line. Therefore, conflict misses occur in
the computation of a single N;-point DFT. Furthermore,
the spatial reuse in the computation of successive DFTs
is also lost. For a successive DFT computation, the first
and second blocks are accessed again. However, the first
(second) block was replaced by the third (fourth) block
in the previous DFT computation due to conflict misses.
Therefore, these stride data accesses result in cache pol-
lution: Cache lines are replaced before all data points in
the cache line are fully utilized [31]. Cache pollution and
conflicts lead to considerable performance degradation
in the computation of successive leaf node DFTs. In our
analysis above, we assume that N is a power of two. In
general, cache pollution will occur for any NV, but the
amount of conflict misses when NV is not a power of two
will be less than the amount of conflict misses when N
is a power of two.
To improve the performance, we discuss a high level opti-
mization in Section IV.
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Fig. 4. Strides resulting from Cooley—Tukey factorization.

IV. CACHE-CONSCIOUS FACTORIZATION
OF SIGNAL TRANSFORMS

In Section III, we explained the effect of large stride on cache
performance. To improve performance, we propose an approach
where the data layout in the memory is dynamically reorganized
between the computation stages of leaf node DFTs in a tree.
In addition, we propose a dynamic programming-based search
algorithm to find an optimal factorization tree that has the min-
imum overall execution time. This approach considers the stride
of the data access as well as the size of the DFT's to be computed.

A. Dynamic Data Layout

Asdiscussedin Section I1I-B, each node in a tree is represented
as aDFT with stride access (Fig. 2). Fig. 4 shows the factorization
tree where a node represents a DFT with its size and stride.
As explained in Section III-B, these stride accesses can cause
cache conflict and pollution in leaf node computations, thereby
resulting in performance degradation. This is due to the mismatch
between the data access pattern and the datalayout in memory. To

Casell : S=8, N, xS<=C
() aDFT

Cache behavior for two successive DFTs (N; = 4, B = 4, C = 32).

Case I : S =16, Ny xS>C

m successive DFT === Data Block

improve the performance of a factorized DFT, data layout should
be dynamically reorganized to match the data access pattern of
the computation. Note that data refers to the input and output data
as well as intermediate results. As shown in Fig. 5, data layout in
the memory is reorganized between computation stages, thereby
reducing the number of cache misses incurred during the com-
putation. We call this the dynamic data layout (DDL) approach.
After performing computations, reverse reorganizations are
performed to restore the data in the natural order.

To show the effectiveness of the DDL approach, we present
a simple example of a 256-point DFT, decomposed as 16 x 16
using the Cooley—Tukey algorithm. In Fig. 6, 16 x 16 data
points are arranged in row-major order. Cache is assumed to
be direct mapped. For the sake of illustration, the cache size is
assumed to be 64 points, and the line size is assumed to be 4. In
Cooley—Tukey computation, the first sixteen 16-point DFTs have
stride 16. Fig. 6(a) shows the data points accessed by a 16-point
DFT with stride 16. Every fourth data point in the computation of
the 16-point DFT is mapped onto the same cache line. Therefore,
16 data points are mapped onto only four cache lines, resulting
in conflict misses. However, after reorganizing the data layout
[see Fig. 6(b)], all of the 16 data points for a DFT are mapped
onto contiguous locations in the cache, resulting in no conflict.
Thus, the number of cache misses is reduced, and each cache line
is fully utilized, thereby improving the overall performance.

In a factorization tree, our approach can be applied at any
node. However, data reorganization is an overhead on perfor-
mance since it requires memory accesses. In order to improve
the overall performance, the number of nodes where reorgani-
zations are applied should be minimized. We also need to deter-
mine the nodes where the DDL approach has to be applied in a
factorization tree.

In our DDL approach, a tree called a DDL factorization tree
describes the factorization for nodes with their size and stride,
as shown in Fig. 5. Changing the data layout causes a change in
the data access stride in a node. For a particular factorization,
there are several different DDL factorization trees since various
layouts can be applied to the nodes in the tree. Among all the
possible trees for a factorization, we should find a factorization
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tree with the minimum execution time. Such a tree is called a
cache-conscious factorization tree. To find such a tree, we make
the following assumptions.

* All DFTs of the same size and stride have the same com-
putation cost.
* Ateach node, k different data layouts (strides) are consid-
ered, where & > 1. No other layout is considered.
We need to define a cost model for an N-point DFT based on
the execution time using all possible DDL factorization trees.
Consider an N-point DFT with stride Sy, which is a node la-
beled (N, Sy) in Fig. 4. Its computation cost is represented as
DFT(N, Sy). For a given N; x N, factorization of N, con-
sider that an N1-point DFT is computed with stride Sy, , and an
Ny-point DFT is computed with stride Sy, . Ls,, (Ls,, ) de-

notes the original data layout for the Ny (IN2)-point DFT with
stride Sy, (Sn,)- The minimum cost including data reorgani-
zations for a given factorization is as follows:

min  |Dr(N, Ls,, 7L5,(,1) + Na

SNI-,SN2
x DFT(Ny, Sx, ) + Dr(N, Lg; - Ls;,)
+ T(N, N1) + Ny x DFT(Ny, S,)

+Dx(N, Lg;, , Lsy,) 2)

where Sy, (Sy,) denotes a new stride for the Ny (N»)-point
DFT using the reorganized data layout Lg: (Lg7 ).
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T(N, Ny) is the cost incurred in twiddle factor multiplications.
Dr(N, Lsy. , Lg; ) is the cost of reorganizing the N data
points used for N;-point DFTs in the layout Ls, to the layout
Lg; , where ¢ = 1 or 2. The cost of reorgaﬁizing data of
size N involves O(N/B) memory accesses, where B is the
cache line size. When Lg, = LS;\“ in Dr(N, Ls, , LS;V1 )
no data reorganization is performed. If & different strides are
considered for both Sy, and Sy, the complexity of evaluating
(2) (for a given factorization) is O(k?). In Section IV-B, we
will develop a search algorithm to find an optimal factorization
tree with the minimum execution time for an N -point DFT.

B. Search for an Optimal Factorization

An N -point DFT can be represented using many possible fac-
torization trees, where N = 2". Optimizing the performance
of a DFT becomes a search problem of finding an optimal tree
with the minimum execution time over a large space of pos-
sible factorization trees. The search algorithm of the previous
approaches [1], [3] considered only the size of the DFTs. The
search space is ©(5™/n>/2) [3]. Since we consider the stride
as well as the size of DFTs, the search space in our approach
is much larger than that in the previous approaches. Exhaustive
search for an optimal factorization tree is impractical. To effi-
ciently search for an optimal tree, we use dynamic program-
ming. In dynamic programming, a DDL factorization tree is
built bottom-up. Optimal factorizations for DFTs smaller than
the DFT under consideration are already determined by dy-
namic programming. The root node of the N-point DFT is fac-
torized into two children, as shown in Fig. 7. If the factoriza-
tion tree is built bottom-up considering only the size of DFTs,
the complexity is O(n?). As discussed in Section IV-A, if k
different strides are considered at each node, the complexity to
find a cache-conscious factorization tree for a given factoriza-
tion would be O(k?). Therefore, the overall search complexity
using the DDL approach is O(k?n?). In the following, the size
of a node refers to the size of the DFT to be performed at the
node (see Fig. 2). The search space for an optimal factorization
tree can be further reduced based on the following property.

Property 1: The stride of a (child) node in the tree depends
on the stride of its parent node, its position (left or right), and
the size of its sibling.

Based on this property, the strides of the left and the right
nodes are as follows:

SN1 :Sp X NQ
Sy, =8,

Different DDL factorization trees for 2™-point DFT.

where Sy, (Sn,) is the stride of the left (right) node, N1 (N2)
is the size of the left (right) node, and S, is the stride of the
parent. This property helps to reduce our search space. As shown
in Fig. 4, node (N1, Sy, ) is recursively decomposed to node
(N11,Sn,,) and node (Ny2, Sn,,). The stride of a child node
is related to that of its parent node, the size of its sibling, and
its location in the tree. As shown in Fig. 4, the root in a tree
always has unit stride. Thus, optimal trees determined by our
dynamic programming have unit stride. Based on Property 1,
the right subtree also has unit stride. In dynamic programming,
the optimal cost of performing an Ny-point DFT with unit stride
has already been determined before searching for an optimal
tree for the N-point DFT. Thus, the right subtree is an optimal
tree. However, the left subtree, which is an N;-point DFT, has
stride accesses. Hence, we apply the DDL approach only to the
left subtree. Based on this, we can simplify our cost model for
dynamic programming. Consider a DFT of size N (= 2"). This
DFT can be factorized as Ny(= 2"™t) x Na(= 2"~ ™), where
n; = 0,...,n — 1. The cost of the 2"-point DFT using an
optimal factorization tree can be computed as follows:

DFT(2",1) = min |Dr(2",Ls,.,,Lg,, )

ni,Syny
+ 277 x DFT(2™, Sony )
+Dr(2%, Ly, s Ls,ny )
+7(2",2™)

+2™ x DFT(2" ™, 1)|  (3)

where N = 2™ x 2"7~™_ The initial values are the costs for
computing small DFTs with different strides and the costs for
performing data reorganizations between various strides. The
initial values are determined by executing the codes for these
operations. DFT(N, S) represents the optimal cost to compute
an FFT of size NV with stride .S. Furthermore, according to the
analysis in Section III-B, the DDL approach can be beneficial
only when the product of the size of the DFT and the stride is
greater than the cache size (N x S > (). Thus, for the size
of a DFT smaller than the cache size, a factorization tree with
data reorganization may not be an optimal solution because of
its reorganization overhead. For the size of a DFT larger than the
cache size, factorization trees with data reorganizations can lead
to faster DFT implementations. We apply the DDL approach
only to transforms, whose sizes are equal to or larger than the
cache size.
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/* To find an optimal factorization tree for a 2i-point DFT */
FindOptTree (int i, tree *OptTree)
{
minTime = Infinity
for j = 0 to i-1 /* i different factorizations */
for 1 = 0 to k-1 /* k different strides */
S, /* 1th different stride of the left subtree*/
Tree = GenerateTree (OptTree(j],OptTree[i-j], S;)
Time = FFT_Measure (Tree)
if (Time < minTime)
OptTree[i] = Tree
minTime = Time
end if
end for
end for

Fig. 8. Search algorithm considering dynamic data layout.

To find an optimal factorization tree for N (= 2™)-point DFT,
dynamic programming requires n iterations. Consider the sth it-
eration to build an optimal factorization tree for a 2'-point DFT,
where? = 1,...,n. The optimal factorization trees for all DFTs
smaller than a 2°-point DFT have already been determined in
earlier iterations. During the «th iteration, we search all possible
DDL factorizations. The algorithm (FindOptTree) to find the
optimal tree for a 2¢-point DFT is described in Fig. 8. In the al-
gorithm, GenerateTree generates a new tree considering the
size of both child nodes and the stride of the left child node.
The function FFT_Measure measures the FFT execution time
for a given tree including data reorganization. If the execution
time is less than minTime, the OptTree and minTime are up-
dated with current Tree and Time. When N is a power of 2,
sizes and strides in various possible factorization trees are also
powers of 2. As shown in Fig. 8, (i — 1) different factorizations
and k different strides for the left subtree of the root node are
considered. The overall complexity of our search algorithm to
find an optimal factorization tree of a 2"-point DFT using dy-
namic programming is thus O(kn?). The search algorithm for
finding the optimal factorization trees in implementing WHT is
also similar. Note that by performing dynamic data layout, the
complexity in terms of the number of arithmetic operations is
not changed.

In dynamic programming, while searching for an optimal
tree for a N-point DFT decomposed as N7 x Ns, the optimal
trees for the /V; and the N;-point DFTs with unit stride have
already been determined. Therefore, we have to consider only
the Ni-point DFT with stride No. We can consider k different
strides for the N;-point DFT, but exploring all k strides will
increase the search time if NV is large. Since unit strides re-
duce cache pollution significantly, we considered changing the
nonunit stride to unit stride only. After reorganization to unit
stride access, the data layout is compacted for the N;-point
DFT, and the cache misses will be reduced. Hence, we intu-
itively select k& = 2, the two strides being the original stride
and unit stride, for our implementation in Section V. Since we
use k = 2, the complexity is O(n?). The implementation for
WHT is also similar.

Our approach is a high-level optimization that exploits the
characteristics of the memory hierarchy by analyzing the data
access pattern. Our approach can be applied on top of low-level
optimized codes such as those employed in FFTW [1] or the
CMU package [3], thus making our approach portable.
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C. Alternate Factorizations Using Dynamic Data Layout

Table I shows the performance of some factorization trees
using dynamic data layout and static data layout. By “static data
layout,” we mean that the data layout does not vary during the
computation. This SDL approach is used in FFTW and the CMU
package. These packages are continuously updated, and im-
provements are made. The comparisons are based on the avail-
able packages at the time of submission of this manuscript.
Some versions of these packages may incorporate the layout
optimization approach discussed in this paper. The primary pur-
pose of our experiments is to understand the impact of our dy-
namic data layout approach.

The experiments were performed on Alpha 21 264 (500 MHz
clock speed, 2 MB L2 cache). The compiler and its optimization
options used in the experiments are shown in Table IV. The exe-
cution time of the optimal DFTs for both data layouts is shown
with a bold font. In Table I, “n” denotes a 2" -point unfactorized
DFT. Cooley-Tukey algorithms using static and dynamic data
layouts, which are factorized into nl w 9m2 gre represented
as “ct[nl, n2]” and “ctddl[n1,n2],” respectively. Some trees in
Table I include the term “ctddl” twice, which means that data
reorganization is applied at two nodes in the trees.

As can be expected, the experimental results in Table I show
that the optimal factorization tree using dynamic data layout
has better performance than the optimal factorization tree using
static data layout. We noticed that the optimal factorization
trees using static data layout were close to a right-most tree.
(Right-most trees consist of a leaf node on the left side and
a right subtree, which is also a right-most tree.) The optimal
factorization trees using dynamic data layout were close to
balanced trees.

In order to validate the cost estimation equation [see (3)],
in Table I, we also list the estimated execution time for
the factorization trees using the DDL approach. In (3), the
estimated execution time is calculated as 77 + 1% + T3,
where T} is the execution time of the left and right subtrees
27" % DFT(2", Syn1 ) + 2™ x DFT(2"~™1, 1), Ty is the
time spent on data reorganization Dr(2",Ls,., ,Lg; ) +
Dr(2",Lg, ,Ls,., ), and T3 is the time spent on twiddle
factor multiplication 7'(2™,2"1). In Table I, the values for T}
were calculated from DFT(2',1)---DFT(2'%,1). The values
for DFT(2',1)---DFT(2'%,1) were obtained by using the
proposed dynamic programming search. The values for 75 and
T5; were obtained offline (before the dynamic programming
search was performed) by actually executing the data reorgani-
zations and the twiddle factor multiplications. As can be seen
from Table I, (3) provides a close estimation to the execution
time of the factorization trees. The optimal factorization tree
obtained through the estimated execution time was the same
as the optimal factorization tree determined after executing
all possible factorization trees by considering the data layouts
discussed in Section IV-A.

V. EXPERIMENTAL RESULTS

To show the cache performance improvements using our tech-
nique, we conducted several cache simulations. We compare the
cache miss rates for FFT implemented using the DDL and SDL
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TABLE 1
SOME ALTERNATE FACTORIZATION TREES ON ALPHA 21 264. THE SIZE OF THE FFT Is 22°

Using the DDL approach

Factorization Tree Exec. Time (ms) | Bstimated Exec. Time(ms) || Ti(ms) | Tz(ms) | Ta(ms)
ctdd[[4],ctdd1{ct[[2],ct([3], 3]]],ct [2],ct[(3], 3] 1190.72 917.27 460.97 | 360.36 | 95.93
ctddl[ct[[2],[3]],ctdd1ct((3], [4]],ct 12 <t (3], 3] 1139.96 886.69 443.98 | 348.49 | 94.20
ctdd[ct{(3],[3]],ctdd1ct((3], [4]),ct((3],[4]]]] 1102.88 851.16 35825 | 397.31 | 95.59
ctdd1{et([3],[4]],ctddl{es{[3],[3]),ct (3], 4111 1116.54 845.91 377.10 | 373.08 | 95.72
ctddlfet[[2],ct((3], [3]]],ct((3],ct[[3 .t (3], 3] 958.43 715.82 20658 | 32352 | 95.71
ctddl{ct([3],t([3], [3]]],ct[[2],ct[[3].ct (13, 31] 898.89 694.39 28218 | 315.66 | 96.54
ctddl[ct[[3],ct([3],[4]]],ct([3],ct (3], [4]]]] 620.24 480.74 216.67 | 166.91 | 97.16
ctddl{et{[2],ct{[3],ct([3], 3]}, ct[[3],ct (131, 3]]]] 894.99 694.72 282.18 | 315.66 | 96.87
ctddlfet{[3],ct([3],ct[[3], [3]]],ctl[2ct([3],13]1) 909.63 716.74 206.58 | 32352 | 96.63
ctddlfetdd1{et[[3],[3]],ct[[3], [4]]],ct[[3],[4]] 1097.02 846.68 377.10 | 373.08 | 96.49
ctddl{etdd1{ct[[3],[4]},ct[[3], [41]],et[[3],[3]] 1074.57 852.37 358.25 | 397.31 | 96.80
ctddl[ctddl[ct[[3], [4]],ct[[2],ct([3], 3]t [(2], 3] 1147.77 887.50 443.98 | 348.49 | 95.02
ctddlctddlct[[2],ct[[3],[3]]),ct[[2],ct{(3], 31111, {4]) 1159.48 915.39 460.97 | 360.36 | 94.05

Using the SDL approach

Factorization Tree Exec. Time (ms)
ct[2,ct[3,ct(3,ct(3,ct(3,ct[3,3]]]]]] 1899.29
ct[3,ct[4,ct[1,ct[3,ct[3,ct[3,3]]]]]] 1826.09
ct[4,ct[d,ct[3,ct[3,ct[3,3]]]]] 1577.21
ct[ct[3,ct[3,3]],ct[2,ct[3,ct(3,3]]]] 2819.66
ctlct[4,ct[3,3]],ct(4,ct(3,3]]) 2652.76
ctfct[2,ct(3,ct(3,3]]] ct[3,ct(3,3]]] 3213.96

approaches. Further, we apply our approach to recent FFT and
WHT packages developed at CMU. We perform experiments on
several platforms and present a performance comparison of our
implementations? with the previous packages [3], [7]. In addi-
tion, we show that the optimal factorization trees from the DDL
approach are different from those in the SDL approach.

A. Simulation Results

We performed simulations using the cache simulator in the
SUN Shade simulator [32]. In our simulations, we used a direct
mapped cache of size 512 KB. Each data point is a double-pre-
cision complex number (16 Bytes). Thus, the cache can hold up
to 25 data points. We studied two different cases to illustrate
cache performance. First, the cache miss rates for different sized
FFTs (N) were studied. Second, we performed simulations by
varying the cache line size (B) for a fixed-size FFT (N).

Fig. 9 plots the cache miss rate. Table II shows the number of
cache accesses and misses for DDL and SDL. As can be seen

2Sample optimized codes can be accessed at http://www.ece.cmu.edu/~spiral/
wht. html#DOWNLOAD or http://lotus1000.usc.edu/prasanna/reports.

Cache size = 512 KB, Line size = 64 Bytes, Direct-mapped
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Fig. 9. Miss rates for various FFT sizes.

from these results, when the size of the FFT becomes larger
than the cache size, the number of cache misses using the DDL
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TABLE II
NUMBER OF CACHE ACCESSES AND MISSES FOR VARIOUS FFT SIZES
FFT Size (log, N) 13 14 15 16 17 18 19 20
DDL Misses 4261 8801 71434 | 234477 | 465062 | 939010 | 1882192 | 3801567
Accesses || 733579 | 1548619 | 3268555 | 6881005 | 14416967 | 30145351 | 62077351 | 131330887
SDL Misses 4341 9497 40323 | 208294 | 596750 | 1191287 | 2382261 4767075
Accesses || 722238 | 1522558 | 3196670 | 6697850 | 14043770 | 29385594 | 61313402 | 127714170
DDL/SDL | Misses 98.15% | 92.67% | 177.15% | 78.61% | 77.93% | 78.82% | 179.01% 79.74%
Ratio | Accesses || 101.57% | 101.71% | 102.25% | 102.74% | 102.66% | 102.59% | 102.71% | 102.83%
FFT size = 256 K points, Cache size = 512 KB, Direct-mapped TABLE III
6.0 : PARAMETERS OF THE PLATFORMS
55 F [F—EISDL
E e—eDDL
50 E Processor Alpha 21264 | MIPS R10000 | Pentium 4 | UltraSPARC III
45 Clock (MHz) 500 195 1700 750
40 E L1 Cache | Size (KB) 64 32 8 64
S E i
P 3.5 E Line (Bytes) 64 32 64 32
54 E
f 30F L2 Cache | Size (KB) 4096 4006 256 4096
2 :
= 25¢ Line (Bytes) 64 64 64 64
20 F
15 o . .
o The total execution time was obtained by deducting the loop
N overhead from this time. The average execution time is reported.
05 F . . .
: Throughout this subsection, N denotes the size of FFT or WHT
C 1 1 1 1 1 1 .. .
0.0 32 64 198 256 512 1024 N = 2" for some positive integer n.
Line size (Bytes) In experiments, we used the FFT package [7] provided by

Fig. 10. Miss rates for various cache line sizes.

approach is much smaller than that using the SDL approach. The
improvement in the overall cache performance results from the
reduction (up to 22.07%) in cache misses in spite of the slight
increase (less than 3%) in the cache accesses caused by data
reorganization.

Fig. 10 shows the cache miss rate as the cache line size is
varied. As cache line size increases, the cache miss rate de-
creases. Since the DDL approach changes the stride in the FFT
computation to unity, it utilizes the cache line more efficiently
than the SDL approach, resulting in lower cache miss rate. When
the cache line size is 64 bytes, which is the cache line size in
most state-of-the-art platforms, the cache miss rate is 3.98%
using the SDL approach and 2.96% using the DDL approach.
The DDL approach has a 25% lower miss rate compared with
the SDL approach.

B. Experimental Results

In this subsection, we report experimental results conducted
on four state-of-the-art platforms. Tables III and IV summarize
the relevant architectural parameters, compilers, and optimiza-
tion options for various platforms used in our experiments. To
obtain accurate execution times, computations were repeated
until the overall execution time was larger than 1 s. The mea-
sured time is the wall clock time using the clock() function.

CMU, which is called FFT SDL in this paper. FFT SDL uses
the optimized code modules (codelets) from FFTW as leaf
node FFTs. Its design is based on an FFT package presented
in [33], which is different from FFTW. We applied our DDL
approach as a high-level optimization over the FFT SDL. We
call our modified FFT package as FFT DDL. For experiments,
all data points in a DFT are double-precision complex numbers
(16 bytes). To show performance improvement using the DDL
approach, we compare the performance of FFT DDL with that
of FFT SDL. In addition, we present the relative performance
improvement of FFT DDL compared with FFTW, using the
following formula:

MFLOPS of FFT DDL - MFLOPS of FFTW
MFLOPS of FFTW

x 100%.

For these experiments, we used the recent FFTW (version
2.1.3). Note that different factorization trees for a FFT of size
N are of the same order of complexity O(N log N). However,
the exact number of floating-point operations for various
factorization trees may be different. The difference can be due
to different constant factors or different lower order terms.
We therefore use a normalized measure of MFLOPS as the
performance metric, which is calculated as 5N log N/t, where
t is the execution time in micrometers. Throughout this section,
this metric is used. The same performance metric is used in
FFTW [1].
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TABLE 1V
COMPILER AND OPTIMIZATION OPTIONS USED IN THE EXPERIMENTS

Processor Corpiler

Optimization Flags

Alpha 21264 gee version eges-2.91.66

-086 -fomit-frame-pointer -pedantic

MIPS R10000 MIPSpro Compilers: Ver. 7.2.1

-r10000 -0O3 -Ofast -mips4

Pentium 4 gee version 2.96

-06 -fomit-frame-pointer -pedantic -malign-double

UltraSPARC H1 || gee version 2.8.1

-06 -fomit-frame-pointer -pedantic
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Fig. 11. Performance of FFT DDL on Alpha 21264.

Figs. 11-14 show the performance of FFT DDL in compar-
ison with FFT SDL and FFTW on four different platforms.
Fig. 11(a) shows the performance of FFT SDL and FFT DDL
on the Alpha 21 264 platform. For small problems (/N less than
213), all the data points required for the FFT can reside in the
cache. It is not necessary to reorganize the data layout. Our
search algorithm selects the same tree as the tree used in the
SDL approach. Thus, FFT DDL showed the same performance
as FFT SDL. For sizes between 2'2 and 2'8, the required data
can reside in the L2 cache. In this range, our approach pro-
duces a marginal gain as it reduces the L1 cache misses, but
as the problem size exceeds the size of the L2 cache, the FFT
DDL achieves a speed up of up to 2.23 x. Fig. 11(b) shows
the relative performance of FFT DDL compared with FFTW
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Fig. 12.  Performance of FFT DDL on MIPS R10000.

on Alpha 21264. If the size of the FFT is less than 213, the
performance of FFT DDL was worse than FFTW. However,
for sizes between 2'3 and 2'8, FFT DDL was superior by ap-
proximately 30%. If the size is larger than the L2 cache size,
the relative performance of FFT DDL is up to 98% better com-
pared with FFTW.

Fig. 12(a) shows the performance of FFT SDL and FFT DDL
on MIPS R10000. Fig. 12(b) shows the relative performance of
FFT DDL over FFTW. For FFT size between 212 and 218 (i.e.,
for sizes larger than the L1 cache size and smaller than the L2
cache size), the relative performance gain was around 10%. It
is smaller than the performance improvement on Alpha 21264
since the cache line size of MIPS R10000 is smaller than that of
Alpha 21 264. As discussed in Section V-A, our approach is less
effective for smaller cache lines. On Pentium 4 and UltraSPARC
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Fig. 13. Performance of FFT DDL on Pentium 4.

I, FFT DDL shows improved performance when the problem
size is larger than the L2 cache size, as shown in Figs. 13 and
14. These performance improvements are obtained due to a re-
duction in the number of cache misses as a result of data re-
organization. Note that after data reorganization, the number of
floating-point operations for computing a FFT of given size does
not change.

We also applied our approach to the WHT package developed
at CMU [3], which is called WHT SDL in this paper. WHT
SDL consists of a set of straight unrolled codes for small WHT,
which are similar to the codelets in FFTW. Our WHT package
is called WHT DDL. In all our experiments, the data points are
double precision (8 Bytes). Fig. 15 shows the computation time
per point on four different platforms. We achieved performance
gains in WHT similar to those in FFT.

Table V shows the optimal trees chosen by dynamic pro-
gramming for WHT DDL and WHT SDL on Alpha 21 264. In
Table V, “n” is a leaf node in a tree. It represents a straight line
unrolled code for a 2"-point WHT. “wht[n1,n2]” represents a
tree of the WHT, factorized as 2™ X 2™2 using the SDL ap-
proach. “whtddl[n1, n2]” represents the (factorized) WHT tree
using the DDL approach. For a WHT smaller than 2'4, all data
points reside in the cache. Therefore, the WHT is efficiently
computed without any cache conflict misses. Hence, the search
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Fig. 14. Performance of FFT DDL on UltraSPARC III.

algorithm of WHT DDL selects the same tree as that selected by
WHT SDL. For problems larger than 24, WHT DDL achieves
better performance than WHT SDL. Table VI also shows the
comparison of optimal trees of FFT SDL with that of FFT DDL
on MIPS R10000. In the table, “n” is denoted as a 2™ -point un-
factorized DFT. Cooley—Tukey algorithms using static and dy-
namic data layouts, which are factorized into 2" x 2"2, are
represented as “ct[n1,n2]” and “ctddl[n1, n2],” respectively.

VI. CONCLUDING REMARKS

In this paper, we developed an efficient approach based on
cache-conscious algorithm design techniques to implement fac-
torized signal transforms. The proposed approach, which dy-
namically reorganizes the data layout to improve cache perfor-
mance, is a high-level optimization technique. Our approach
exploits the characteristics of the memory hierarchy based on
cache behavior analysis for the data access patterns of factorized
signal transforms. In addition, our approach can be applied as a
high-level optimization on the top of signal transform packages.
In this paper, we applied our approach to FFT and WHT pack-
ages. Our simulation and execution results illustrate that our
cache-conscious dynamic data layout approach achieved signif-
icant performance improvements.
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Fig. 15. Performance comparison of WHT implementations.

TABLE V
OPTIMAL FACTORIZATIONS OF WHT ON ALPHA 21264
WHT Size (n) WHT SDL [3] WHT DDL
11 wht[3,wht[4,4]] wht[3,wht([4,4]]
12 wht[4,wht[4,4]) wht[4,wht[4,4])
13 wht[5,wht[4,4]] wht[5,wht[4,4]]
14 wht[1,wht[5,wht[4,4]]] whtddl{wht[3,4],wht(3,4]]
15 wht([5,wht[2,wht[4,4]]] whtddl[wht[4,3],wht[4,4]]
16 wht[5,wht([3,wht[4,4]]] whtddl[wht[4,4],wht[4,4]]
17 wht[1,wht[5,wht[3,wht[4,4]]]] whtddl[wht[4,4],wht[4,5]]
18 wht[1,wht[1,wht[5,wht[3,wht[4,4]]]]] whtddl[wht[4,5],wht[4,5]]
19 wht[4,wht([5,wht[2,wht[4,4]]]) whtddl[wht([4,5],wht[2,wht[4,4]]]
20 wht[4,wht[5,wht[3,wht([4,4]]]] whtddl[wht[2,wht[4,4]],wht[2,wht[4,4]]]
21 wht[1,wht[4,wht[5,wht[3,wht[4,4]]]]] | whtddl[wht[2,wht[4,4]],wht[3,wht[4,4]]]
22 wht([3,wht[4,wht[5,wht[2,wht[4,4]]]] | whtddl[wht[3,wht[4,4]],wht[3,wht[4,4]]]
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TABLE VI
OPTIMAL FACTORIZATIONS OF FFT ON MIPS R10000
FFT Size (n) FFT SDL FFT DDL
12 ct[4,ct[4,4]] ct[4,ct[4,4])
13 ct[5,ct[4,4]] ct[5,ct[4,5]]
14 ct[4,ct[5,5]] ctddlfct[3,4],ct[3,4]]
15 ct[5,ct[5,5]] ctddlfct[3,4],ct[4,4]]
16 ct[5,ct[3,ct[4,4]]] ct[5,0t[4,ct[3,4]))
17 ct[5,ct[d,ct[4,4]] ctddl[ct[4,3] ct[5,5]]
18 ct[2,ct[6,ct[5,5]]] ctdd1[6,ctdd1[6,6]]
19 ct[4,ct[1,ct[4,ct[4,6]]]] ctddlfct[4,5],ct([5,5]]
20 ct[3,ct[5,ct[4,ct[4,4]]]] ctddl[ct[5,5],ct[5,5]]
21 ctld,ct(3,ct[d,ct[4,6))]] | ctddlct[3,4],ctddl[ct[3,4],ct[3,4]]]
22 ctfd,ctlct[3,ct[3,6],6]) | ctddl[ct[2,ct[4,5]],ct[2,ct[d,5]]]

The work in this paper is part of the Signal Processing
Algorithms Implementation Research for Adaptable Libraries
(SPIRAL) project [8], [34]. It is a collaborative project
involving Carnegie Mellon University, Drexel University,
MathStar Inc., the University of Illinois at Urbana Cham-
paign, and USC. The SPIRAL project is developing a unified
framework for the realization of portable high-performance
implementations of signal processing algorithms from a uni-
form representation of the algorithms. The cache performance
models form a component of the high level models in the
framework. Multilevel performance models and benchmarking
data are utilized to explore the algorithm and implementation
search space using machine learning techniques.
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