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Table 6: Comparison of schedule computation time (psecs) with data transfer time

Array Data Our algorithm Bipartite Matching

Case Size Traan & | Schedule | Ratio(%) | Schedule | Ratio(%)
(x10° | (OT) (OST) | (osT/DT) | (BST) | (BST/DT)
0.809 215 0.165 0.767 7.59 35.30

@
1,,(15.9.78) 8.09 495 0.165 0.333 7.59 15.33
162 714 0.165 0.231 7.59 1063
143 202 0.144 0.713 7.74 35.34

(b)
Oy@01566) | 143 477 0.144 0.302 7.74 14.83
285 69.6 0.144 0.211 7.74 1112
0.896 19.60 0.173 0883| 1018 51.94

(©
002556 | 89 35.4 0.173 0489 | 1018 28.76
179 46.80 0.173 0370| 1018 2175

Note: Array sizeisthe number of array elementsin single precision.
6 Conclusions

In this paper, we derive an efficient algorithm for performing redistribution from ecyclic(z) on
P processors to cyclic(Kz) on ¢ processors. The proposed algorithm is based on a generalized
circulant matrix formalism. QOur algorithm minimizes the number of communication steps and
avoids destination node contention in each communication step. The network bandwidth is fully
utilized by ensuring that messages of the same size are transferred in each communication step.
Therefore, the total data transfer cost is minimized.

The schedule and index computation costs are also important in performing run-time redistri-
bution. In our algorithm, the schedule and the index sets are computed in O(maz(P,Q)) time.
The schedule and index computation using our algorithm is significantly faster compared with the
bipartite matching scheme in [5]. Our schedule and index computation times are small enough to
be negligible compared with the data transfer time, making our algorithms suitable for run-time

data redistribution.
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Figure 16: Data transfer time for all-to-all communication examples with different message sizes.
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Figure 16 reports the experimental results for examples of all-to-all communication with dif-
ferent message sizes. The data transfer time in the all-to-all communication case is sensitive to
network contention since every source processor communicates with every destination processor.
For $6(18,8,78), both algorithms have the same number of steps (78). Within a superblock, a
third of the messages are two blocks in size and two thirds are one block in size. The Caterpillar
algorithm does not attempt to send equal-sized messages in each communication step. Therefore,
the data transfer time for a step is determined by the time to transfer the largest message in that
step. Theoretically, the data transfer time of our algorithm is reduced by 33% when compared
with that of the Caterpillar algorithm. In our experiments with large message sizes, we observed
up to 19.82% reduction. With small messages, both algorithms have approximately the same per-
formance since the start-up time dominates the data transfer time. Similar experimental results

are shown in Figure 16(b) and (c) for two other scenarios.

5.3 Schedule computation time

The time for computing the schedule in the Caterpillar algorithm as well as in our algorithm is
negligible compared with the total redistribution time. Even though the schedule in the Caterpillar
algorithm is simpler than ours, the Caterpillar algorithm needs time for index computation to
identify the blocks to be packed in a communication step. This time is approximately the same
as our schedule computation time. The schedule computation time of the bipartite matching
scheme [5] is much higher than that of the Caterpillar algorithm and that of our algorithm. Tt
can be a significant fraction of the data transfer time. To compute the schedule of the bipartite
matching scheme in our experiments, we used a unit weight bipartite matching code down-loaded
from [20]. In Table 6, the data transfer time in 3 non all-to-all communication examples is compared
with the schedule computation time of our algorithm and that of the bipartite matching scheme.
The schedule computation time of bipartite matching scheme can be observed to be as much as
50% of the data transfer time. On the other hand, the schedule computation time of our algorithm
is less than 1% of the data transfer time. This makes our algorithm attractive for run-time data

redistribution.
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(o

or (j=0; j<nl; j++) {
/* redistribution routine */
conput e schedul e and index set
node_tr[j] = O;
for (i=0; i<n2; i++) {
if (source processor) { /* source processor */
pack nessage
ts = MPI_Wine()
send nessage to a destination processor
node_tr[j] =tr[j] + MPI _Winme() - ts
} else { /* destination processor */
ts = MPI_Wine()
recei ve message froma source processor
node tr[j] =tr[j] + MPl_Wine() - ts
unpack nessage

}
}
conmpute tavg fromnode_tr of each node
Tr[j] = tavg

}

conpute Tmax = max{Tr[j]}, Tmin = mn{Tr[j]},
\\ Tred = median{Tr[j]}, Tavg = average{Tr[j]}

Figure 14: Steps in measuring the data transfer time.

In this subsection, we report the experimental results of the data transfer time of our algorithm
and the Caterpillar algorithm. In this section, the bipartite matching scheme is not considered,
since it has the same complexity in the non all-to-all communication case compared with our
algorithm and does not consider the all-to-all communication case with different message sizes.
The experiments were performed in the same manner as discussed in Subsection 5.1. The data
sets used in these experiments are the same as those used in the previous subsection. The data
transfer time of each communication step is measured first. Then the total data transfer time is
computed by summing up the measured time for all the communication steps. The methodology
for measuring the time is shown in Figure 14.

The redistribution R15(18,9,78) is an example of the non all-to-all communication case. The
messages in each communication step are of the same size. The total number of communication
steps is 36 using our algorithm, where as the total number of steps is 78 using the Caterpillar
algorithm. Therefore, the data transfer time of our algorithm is theoretically 50% of that of the
Caterpillar algorithm. In the experimental results (see Figure 15(a)), the data transfer time of our
algorithm is between 48.13% and 57.61% of that of the Caterpillar algorithm. Figure 15 (b) and
(c) show the experimental results for two other non all-to-all communication examples. Similar

reductions in time were observed in these experiments.
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Figure 13: Total redistribution time for all-to-all communication examples with different message
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the Caterpillar algorithm. Therefore, the redistribution time of our algorithm is theoretically 50%
of that of the Caterpillar algorithm. In the experimental results shown in Figure 12(a), the redis-
tribution time of our algorithm is between 48.42% and 56.67% of that of the Caterpillar algorithm.
In comparison with the bipartite matching scheme, our algorithm has faster schedule computation.
In experiments with small arrays, the schedule computation time of the bipartite matching scheme
can be observed up to 17% of the total redistribution time.

Figure 12 (b) shows experimental results for P = 30, @ = 66 and K = 15 and (c) shows
experimental results for P = 40, ¢) = 56 and K = 25, respectively. For these two instances,
the number of communication steps using our algorithm is 33 and 35, respectively. The number
of communication steps using the Caterpillar algorithm is 66 and 56, respectively. Therefore,
the redistribution time of our algorithm can be expected to be reduced by 50% and 37% when
compared with that of the Caterpillar algorithm. Our experimental results confirm these. The
schedule computation time of the bipartite matching scheme is around 10 msecs in these instances.

Figure 13 compares the overall redistribution time for the all-to-all communication case with
different message sizes. Figure 13(a) reports the experimental results for ®14(18,8,78). The array
size was varied from 539,136 points (2.16 Mbytes) to 10,782,720 points (43.13 Mbytes). For this
case, both the algorithms have the same number of steps (78). Within a superblock, a third of
the messages are two blocks in size while the others are one block in size. In our algorithm, equal-
sized messages are transferred from any node in each communication step. Therefore, during a
third of the communication steps, messages of size two blocks are sent while messages of size one
block are sent during other two thirds of the communication steps. The Caterpillar algorithm
does not attempt to schedule the communication operations so that equal-sized messages are sent
in each communication step. Therefore, the redistribution time in a step is determined by the
time to transfer the largest message in that step. Theoretically, the total redistribution time
of our algorithm is reduced by 33.3% compared with that of the Caterpillar algorithm. In our
experiments, we observed up to 19.15% reduction in redistribution time. When the array size is
small, both algorithms have approximately the same performance since the start-up cost dominates
the overall data transfer time. As the array size increases, the reduction in the time to perform

the distribution using our algorithm improves. For two other scenarios, we obtained similar results

(See Figure 13(b) and (c)).

5.2 Data transfer time
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Figure 12: Total redistribution time for non all-to-all communication examples.
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the bipartite matching scheme. The bipartite matching scheme and our scheme optimize the num-
ber of communication steps and minimize the data transfer cost in non all-to-all communication.
They will differ only in the schedule computation time. Thus, we can obtain the total redistri-
bution time of the bipartite matching scheme by simply adding the schedule computation time of
the bipartite matching scheme to the total redistribution time instead of our schedule computation
time. In our experiments, the source and the destination processor sets were disjoint. In each
communication step, each sender packs a message before sending it and each receiver unpacks the
message after receiving it. Pack operations in the source processors and unpack operations in the
destination processors were overlapped, i.e., after sending their message in communication step 7,
senders start to pack a message for communication in step (74 1) and receivers start to unpack the
message received in step ¢.

Our methodology for measuring the total redistribution time is shown in Figure 11. The time
was measured using the MPI_Wtime() call. n1 is the number of runs. A run is an execution of
redistribution. n2 is the number of communication steps. Each processor measures node_time[j]
in the 7% run. Generally, source and destination processors which do not perform an interprocessor
communication in the last step, complete the redistribution earlier than the processors which receive
a message and unpack it. A barrier synchronization, MPI_Barrier (), was performed at the end of
the redistribution. After measuring node_time, the average node_time over (P + ()) processors is
computed and saved as tavg. The measured value is stored in an array T, as shown in Figure 11.
After the redistribution is performed n1 times, the maximum, minimum, median, and average total
redistribution time are computed over n1 runs. In our experiments, n1 was set to 20. Over n1 runs,
a variation in the measured redistribution times was observed. Since the minimum time has the
smallest component due to OS interference and other effects related to the environment, it provides
a more accurate observation of the redistribution time than others. So, we use Tmin only in our
experimental results.

Figure 12 shows experimental results for the non all-to-all communication case. In these exper-
iments, 96 nodes were used. Figure 12 shows results of the redistribution $,6(18,9,78), where 18
source processors and 78 destination processors were used and K was set to 9. The total number
of array elements (in single precision) was varied from 808,704 (3.23 Mbytes) to 14,174,080 (64.7
Mbytes). In the non all-to-all communication case, the messages in each communication step are

of the same size. The total number of communication steps is 39 in our algorithm, while it is 78 in
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/for (J=0; j<nl; j++) { N
ts = MPI_Wine()
/* redistribution routine */
conmput e schedul e and i ndex set
for (i=0; i<n2; i++) {
if (source processor) { /* source processor */
pack message
send nessage to a destination processor
} else { /* destination processor */
recei ve nessage froma source processor
unpack message

}

node_tine[j] = MPI _Wine() - ts
conpute tavg fromnode_tine of each node

T[j] = tavg
}
conpute Tmax = max{T[j]}, Tmn = mn{T[j]},
\\, Tmed = nmedian{T[j]}, Tavg = average{T[j]} //

Figure 11: Steps for measuring the redistribution time.

cost in the bipartite matching scheme is much greater even for the problem considered here.

To evaluate the total redistribution cost and the data transfer cost, we consider 3 different
scenarios corresponding to the relative size of P and @: (Scenario 1); P < @, (Scenario 2);
@ > 2P, and (Scenario 3); P < @ < 2P. In our experiments, we choose P = 18 and @ = 78 for
Scenario 1, P = 30 and ¢) = 66 for Scenario 2, and P = 46 and ¢) = 50 for Scenario 3. The array
consists of single precision integers. The size of each array element is 4 bytes. The array size was
chosen to be a multiple of the size of a superblock to avoid padding using dummy data.

The rest of this section is organized as follows. Subsection 5.1 reports experimental results of
the overall redistribution time of our algorithm, the Caterpillar algorithm, and bipartite matching
scheme. Subsection 5.2 shows experimental results for the data transfer time of our algorithm
and the Caterpillar algorithm. Subsection 5.3 compares our algorithm and the bipartite matching

scheme with respect to the schedule computation time.

5.1 Total redistribution time

In this subsection, we report experimental results for the total redistribution time of our algo-
rithm, the Caterpillar algorithm, and the bipartite matching scheme. The total redistribution time
consists of the schedule computation time, index computation time, packing/unpacking time, and
data transfer time. The experimental results of bipartite matching scheme are reported only in the

case of non all-to-all communication, since all-to-all communication instances are not considered in
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Table 5: Comparison of data transfer cost and schedule and index computation costs of the Cater-
pillar algorithm, bipartite matching scheme and our algorithm.

Non all-to-all communication All-to-all communication
with different message sizes
Schedulendindex Schedulandindex
Data transfer cost . Data transfer cost .
computation cost computation cost
Q-1
Caterpillar algorithm QB]-S + TdEA'H 0(Q) QT+ 14 Z m, 0(Q)
[19] s i=o
Bipartite matching LG+ MO O((P + Q)35) N/A N/A
scheme [4] su's dLsD
Our algorithm Lsgrs + TdL_SD 0o(Q) QT +14M 0(Q)

Note:Lg < Q for thenonall-to-all communicatiorcase M = N/P andm is themaximumtransferediatasizein
communication step

putation costs. For the all-to-all communication case with equal-sized messages, the data transfer
cost is the same in each communication step for all three algorithms. Also, the schedule computa-
tion can be performed in a simple way. Hence, the all-to-all communication case with equal-sized
messages is not considered in Table 5. In Table 5, M is the size of the array assigned to each source

For the non all-to-all communication case, Ly < (), where L, = w.

processor (M = ).
Our algorithm as well as the bipartite matching scheme perform fewer communication steps than
the Caterpillar algorithm. For the all-to-all communication case with different message sizes, the
messages transmitted in a communication step are of the same size in our algorithm. Therefore, the
network bandwidth is fully utilized and the total transmission cost is 7;M. However, the bipartite
matching scheme does not consider this case. In the Caterpillar algorithm, the transmission cost in
a communication step is dominated by the largest message transferred in that step. Let m; denote
the size of the largest message sent in a communication step 7. Note that E?:_Ol m; > M. The total
start-up cost of the Caterpillar and our algorithm is QT since the number of communication steps
is the same. On the other hand, the total transmission cost of our algorithm is 7;M which is less

than that of the Caterpillar algorithm. The Caterpillar algorithm as well as our algorithm perform

the schedule and index computation in O(Q) time. However, the schedule and index computation
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the theorem in terms of the number of reorganizations required to convert Cgenqg to its desired final
form. The total start-up cost is proportional to the number of communication steps. Therefore,
it is in proportion to the number of row reorganizations. Also, communication pairs in each
communication step communicate messages of the same size. Therefore, source processors have the
same total transmission cost without wasting the network bandwidth. The total transmission cost
is proportional to the size of an array assigned to each processor.

(i) non all-to-all communication: We know that each row of Cgepng represents communication
step 7. The total number of communication steps is L,. In each step, processor pairs communicate
one block per superblock between them. Therefore, data transfer cost can be estimated as follows,

N )
PL, ¢

data transfer cost = Lg-(Ts+
N
= LsTs + FTd

(ii) all-to-all communication: From Theorem 3, we need only @) rows in the generalized circulant
matrix form to develop the communication schedule table Cgeng. We know that each row of Cgepng
represents communication step 7. The total number of communication steps is L,. In each step,
equal-sized messages are communicated between processor pairs. The message size in the first r
rows on Cgepnd is ¢ + 1 blocks per superblock, where r = Ly mod @ and ¢ = Ls/@Q. The message

size in remaining rows is ¢ blocks per superblock. Therefore, data transfer cost can be estimated

as follows,
N
data transfer cost = QT+ {r(¢+1)+(Q —r)q) P
N
= QI;+ L,——
QTs + PL. Td
N
= QTS + FTC{

5 Experimental Results

Our experiments were conducted on the IBM SP2 at the Maui High Performance Computing
Center. The algorithms were written in C and MPI. MPI communication primitives were used for
interprocessor communication.

Table 5 shows a comparison of the proposed algorithm with the Caterpillar algorithm[18] and

the bipartite matching scheme[5] with respect to the data transfer cost and schedule and index com-
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same message size, Ky is a multiple of G3. Therefore, for all-to-all communication case, the send
communication schedule table is a Q x P matrix which consists of the first {0,1,---,Q — 1}** rows
in a L, x P generalized circulant matrix. Every G row in the circulant block matrix is folded into

its first row. Therefore, equal-sized messages are transferred in a communication step. O

Corollary 2 For the redistribution problem R.(P, K,Q), the proposed algorithm minimizes the

data transfer cost in both non all-to-all communication case and all-to-all communication case.

4.4 Data transfer cost

In distributed memory model, the data transfer cost has two parameters; start-up time and trans-
mission time. The start-up time, Ty, is incurred once for each communication event and is inde-
pendent of the communicated message size. Generally, the start-up time consists of the transfer
request and acknowledgment latencies, context switch latency, and latencies for initializing the
message header. The unit transmission time, 74, is the cost of transferring a message of unit length
over the network. The transmission time for a message is proportional to its size. Thus, the data
transfer time for sending a message of size m units from one processor to another is modeled as
Ts + m7y. In this model, a reorganization of the data elements among the processors, in which
each processor has m units of data for another processor, also takes 75, + m7; time. This model
assumes that there is no node contention. This is ensured by our communication schedules for
redistribution. Theorem 4 shows the data transfer cost for our redistribution algorithms using the

distributed memory model.

Theorem 4 Consider an array with N elements initially distributed cyclic(z) on P processors.
The array needs to be redistributed to cyclic(Kz) on @ processors. Using our algorithms, the
data transfer costs for performing R,(P, K,Q) are (i) LsTs + %Td in the case of a non all-to-all

communication pattern, and (ii) QT + %Td in the case of an all-to-all communication pattern.

Proof: Data transfer cost is considered as a sum of total start-up cost and total transmission cost.
Consider our send communication schedule table Cgendq, which is in generalized circulant matrix
form and each row consists of distinct elements. The communication schedule is specified as a
sequence of row reorganization on Cgend. A row reorganization moves elements to their destination
processor specified by Cgeng. This corresponds to an interprocessor communication event. The

number of communication steps is equal to the number of row reorganizations on Cgepng. We prove
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in a Ly X P generalized circulant matriz as computed by the equations of Theorem 2. Fqual-sized

messages are transferred in each communication step.

Proof: From Theorem 1, the dpt T is rearranged into a generalized circulant matrix form by
column reorganizations. It is computed by Eq. (17) in Theorem 2. The generalized circulant
matrix is a Ky X P; circulant block matrix. Each block matrix is a ()1 X 1 circulant matrix. We
show that every G row in the circulant block matrix consists of the same indices in each column.
Therefore, we prove that the send communication schedule table is represented as @) X P generalized
circulant matrix and equal-sized messages are transferred in each communication step.

Consider a generalized circulant matrix computed by Eq. (17) in Theorem 2. The second
part of Eq. (17) is related to an offset of the @1 x G block matrix. For processor j, the second
part is ¢P; mod @, where ¢ = (i3 — j3) mod @7 and 0 < ¢,i3 < Q1. Since ¢Py mod @ = ¢P; —
{(¢P/Q) x Q} = G2{qP2 — Q1(¢P1/Q)}, ¢Pr mod @ is a multiple of G3. Therefore, the second
part of Eq. (17) is an element in set {0,Gq,2Gy, -+, (Q1 — 1)G2}. Similarly, the first part of
Eq. (17) is related to the base value of each @1 x G block matrix. A base value is determined
by {{n(j1 — ¢1)} mod P1} mod @ = {n(j1 — 1)} mod Py, for processor j and 0 < iy < K;. For
processor j, consider the base value of the block matrix at the first row and the block matrix at the

G! row. For the block matrix at the first row, the base value in Eq. (17) is computed as follows,

(Tle) mod P1 = Tle — {(Tbjl)/Pl}Pl
= nj1— MGy

where Ay = [(nj1)/P1]P; and P, = P,G3. For the block matrix in the G%* row, the base value in

Eq. (17) is also computed as follows,

n(j1 —G2) mod P, = n(j1 —Gz)— {n(ﬁ —Gz)/Pl}Pl
= (nj1) —A{n — [n(j1 — G2)/ 1] P2} G
= (nj1) — MG

where Ay = n — [n(j1 — G1)/P1]P;. Even though their base values are different, the difference of
both base values are a multiple of G3. When the base value is divided by G5, their remainder is the
same. Therefore, the ()1 X G1 block matrices with these base values consist of the same destination
processor indices, because offset values are multiples of G5. So, block matrices at every G¥* row

in each column consist of the same entries in Cgenq. In the case of all-to-all communication with
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Figure 10: Example illustrating an all-to-all case with different message sizes: (4, 3,6)

the same entries but different circular-shifted patterns. These blocks can be folded onto the blocks

in their first row. Therefore, the first G5 rows in the block matrix only are used in determining a

send communication schedule table Cgeng. It is a ) X P generalized circulant matrix. Since blocks

in every G row are folded onto blocks in their first row, for all-to-all communication case with
K

different message sizes, blocks in the first (/1 mod G3) rows of Cgena have size [G—QL whole blocks

in the remaining rows have size LI@;J

Figure 10 shows an example of the send communication schedule table of ®,(4,3,6), generated
for all-to-all case with different message sizes. In this example, each processor has more entries
than 6 destination processors. The corresponding dpt is a L, X P matrix, where L, = 9 and
P = 4. Applying column reorganizations on it results in a generalized circulant matrix, which can
be considered as a Kqi x P; block matrix, where K1 = 3 and P; = 4. Each block is a @)1 X G4
matrix, where ()1 = 3 and Gy = 1. The first GG = 2 rows are used as a send communication
schedule table Cgend. The 37% row is folded onto the 15 row. Hence, the message size in the 1%

row is 2 and that in the 27¢

row is 1. If K4 is a multiple of GG, the message size in every step is the
same. Therefore, the network bandwidth is fully utilized by sending equal sized messages in each
communication step.

Theorem 3 summarizes the above intuition and shows that the send communication schedule

table for all-to-all communication can be obtained as a generalized circulant matrix. Further, it

ensures that equal-sized messages are transferred in every communication step.

Theorem 3 If a redistribution problem R,(P, K,Q) requires all-to-all communication, the send

communication schedule table is a Q x P matriz which consists of the first {0,1,---,Q — 1}** rows
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From Eq. (22) and Eq. (23),

X = {n(]l — 21)} mod P1 (24)

Y = {m(j1 — i)} mod Ky (25)

Eq. (21) becomes @}, = (iz — j2) mod Q. By replacing o and @}, with ¢y and i3, Eq. (19) can be

rewritten as follows
Dinit(i,7) = (XK +141)Gr+ {(ia — j2) mod Q1 } K1 P + 5,

Therefore, Cgend(?,7) = (Di;(,7)/K) mod @ gives Eq. (17) since i1G1 + j; < K. Similarly, we
can prove Eq. (18). o

The above formulae for computing the communication schedule and index set for redistribution
are extremely efficient compared with the methods presented in [5], which use a bipartite matching
algorithm. Furthermore, using our formulae, each processor computes only entries which it needs
in its send communication schedule table. Hence, the schedule and index set computation can
be performed in a distributed way and the total cost of computing the schedule and index set
is O(maz(P,Q)). Our scheme minimizes the number of communication steps and avoids node
contention. In each communication step, equal-sized messages are transferred. Therefore, our

scheme minimizes the data transfer cost.

Corollary 1 In the proposed redistribution algorithm, the costs of index set and communication
schedule computations are O(maz(P,Q)). The amortized cost to compute a step in the communi-

cation schedule and index set computation is O(1).

4.3 All-to-all communication

The all-to-all communication case arises if G(= G1G3) < K as stated in Lemma 1, where G; =
ged( P, K) and Gy = ged(P1, Q). From the first superblock, the dpt T is constructed. The dpt T is
a Ly x P matrix, where Ly = K1()1. Since ¢ = (1G22 and G9 < K4, the number of rows in dpt T
Ly > Q. Therefore, each column has more entries than () destination processors. In each column,
several blocks are transferred to the same destination. The column reorganizations as stated in
Section 4.2 are applied to the dpt T, which results in a generalized circulant matrix and is a K1 X Py
circulant block matrix. Each block is a 1 x 1 submatrix which is also a circulant matrix. In

the block matrix, the first 3 blocks in each column are distinct. Blocks in every G%* row have
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Theorem 2 gives the formulae to compute the individual entries of Cgeng and Dgeng efficiently.
Referring to Figure 9, in the communication schedule table, Cgeng, ¢ indices represent the commu-
nication steps and j indices represent the source processor indices. Each entry Cgend(7,j) refers to
the destination processor to which the j* processor communicates in the i communication step.

In the following theorem, %1, t9, j1, and j; refer to the indices defined in the proof of Theorem 1.

(See Eq. (11) and Eq. (13))

Theorem 2 Given redistribution parameters, K, P, and Q, let Gy = ged(P,K), P, = P/Gh,
K, = K/Gq, Gy = ged(P1,Q), and Q1 = Q/G3. A send communication schedule table Cgena and
the send data location table Dgeng in the generalized circulant matrixz form can be computed as

follows:

Csend(?,7) = {{n(j1 — 1)} mod P1 + {(i2 — j2) mod @1} P} mod Q (17)

Deend(?,7) = {m(j1 — 1)} mod K7y + {(i2 — j2) mod @1} K1 (18)
where n and m are solutions of nK1 — mP; = 1.
Proof: From the proof of Theorem 1, the (7,7)* entry of Di,;; is shown as follows.
Dinit (7, 7) = Dinit1(d’,5) = (a1 Pr + j1)G1 + (a3 K1 P + j3) (19)
From Eq. (11) and Eq. (13),

(Cl/lpl + ]1) mod K4 (20)

i

(al, + j2) mod @4 (21)

ig
Let t = (¢} Py + j1). From Eq. (20),
t=XKi+u=YP +j5
where 0 < X < P, and 0 <Y < P;. Hence,
XKi-YP=(5h—-1t) (22)

We have to solve a Diophantine equation to find X and Y. Since ged(Kq, P1) = 1, we can find m

and n using the Euclid algorithm such that
nky —mP; =1 (23)

25



=

i 0 1 2 3 4 5 iy 0 1 2 i 01 0 1 0 1
0O (2508 (3314 |29 o,op8|s8 0J0]|2500|2530 (25
1§12 1 20| 9 J16( 5 ofo0/ 0818 1§12 19121121
2124|1332 (21)28 |17 0|08 1|8 2 §24|13§2411324(13
3]6 (312 (27410|35 = 6|16f2|2[(10|10 + OfJo0|2500|2530 (25
4918| 7 |14| 3 22|11 1166012 )|2]J10]|10 1§12 19121121
5]130(19)26(15)34|23 616f2|2[J10|10 2 §24|13§2411324(13

(3 D'init (b) Dpase (©) Doffset
i i1 J2

i 0 1 2 3 4 5 iy 0 1 2 i 01 0 1 0 1
ojo|6g2(81]|7 ojo02f(2g1|1 OJo|6j0|6Q0(6
113/ 05124 |1 ofo|/of2|21]|1 1J3(og3fog3]o0
216 (318|574 o|o02f(2g1|1 216|36|3})6](3
31 (730|628 = 11140, 022 + OJo|6jo0|6Q0(6
404|133 |05]2 111130 02]2 1J3(og3fog3]o0
5074163815 11140, 0Q2]|2 216|36|3})6](3

(d) Ceeng () Cpase (F) Coffeet

Figure 9: Decomposition of Dj ;, and Cgend

and offset respectively. The row and column of the base are indexed as 7y and j; respectively. Also,
the row and column of the offset are indexed as iy and jy respectively. Thus, entries of the base

matrix is independent of i, and jo. All entries within ()1 X Gy submatrix of Cp,s. have the same

value, given by (%) mod Q) = % Similarly, the entries of the offset are independent

of 77 and j;. Therefore, all ()1 X G submatrices of C, ¢ are identical to one another. FEach is a
@1 x G circulant matrix. Figure 9 shows the base and the offset of Dj ;; and Cgenq for ®,(6,4,9).
With reference to Figure 5, observe that Cgenq helps to specify the row reorganizations that

convert D{ ., to D§, ;- The initial column reorganizations convert Djpjt to D} ;; and T to Cgend.

init
Although Section 3 indicates that the column reorganizations reorganize data within a processor,
this operation can be expensive for large array sizes. Instead, the reorganization can be done by
maintaining pointers to the elements of the array. Each source processor has a table which points
to the data blocks to be packed in a communication step. It is denoted as send data location table
Dgend- Each entry of Dgeng is the local block index of the corresponding entry of D ;,. Therefore,
Dgenali, ) = Di ;4 (4, 7)/ P. Each entry of Ceend, Csendl?, j), points to the destination processor of
the corresponding entry of Dgend, Dsend(%,7). Our scheme computes the schedule and data index
set at the same time.

The receive communication schedule table Crecy and the receive data location table Dyecy can

be computed in a similar way. They are not discussed further.
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Similarly, we can convert each submatrix to a circulant matrix. Elements within the j&* column
of submatrix Bai,Jd are circularly shifted by j; positions. The relationship between a/, and i3 is as
follows.

i = (a3 + j2) mod Q1 (13)

Each reoganized submatrix is shown below.

0 (Q1—-1)P - (1 —-Gi+1)P
! . -G
Ciyy = % + ]?1 0 (@ T P a0y
(Q1-1)P (@1 —2)P --- (@1 —Gh)P,

The resulting matrix is a block-wise circulant matrix and its submatrices are also circulant matrices.
Therefore, it is a generalized circulant matrix. This matrix can be used as a send communication
schedule table Cgeng. The same column reorganizations are applied to the Dipjt1. The reorganized

distribution table, D{ ;; is in the following form:

Do Do e Do, p, -1
Dipnit = D:LO P D1,1.>1_1 (15)
DKll—l,O DKl‘—l,l o Dryo1p1
0 (@1 - 1)Ky P+1 -+ (1 —-Gi+ 1)K P+1
D;, j = (a1 Py 4 51)Gh + K?P 1 @ —I_:Q)KIP ! (16)
(@Q1— ‘1)1(1]3 (Q1— 2).K1P +1 e (@1 — G1)K‘1P + G -1

We will show that every row of Cgepq has P distinct numbers from the set of {0,1,2,---,Q —1}.
0" row of Cgend. For tow i; = 0, it implies (a}P, + 7;) mod K; = 0. Then,

(ayPr+ j1) € {0,Kq,---,(P1 — 1)K} since 0 < a} < K7 and 0 < j3 < P;. Therefore, (ail;iilﬂl) €

{0,1,---,(Py — 1)}. In the first row, the second term of Eq. (14)is ([0 (@1 — 1)Py --- (Q1 —

Consider the

G1+ 1)P1]) mod Q. Since @1 = gcd(giPl)’ Q1P mod @ = 0. Therefore, the second term is [0 Q) —
Py - @ —(Gy—1)P]. By summing the base and offset values, elements in the first row will have

a value in range 0 to P; — 1 or in range @ — (G1 — 1)P; to @ — 1. Since P, — 1 < Q — (G1 — 1)/,
row 0 of the send communication table Cgopnq consists of P distinct destination processor indices.
Since Cgend is a generalized circulant matrix, every row of Cgenq consists of P distinct destination
processor indices. a

The send communication schedule table Cgeng is K1 X P; block matrix. Each block is @1 x G4

submatrix. The submatrix B;, ;, of Eq. (16) consists of two parts. These can be referred as base
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replacing j by 71G1 + j2. Now, let us consider a submatrix A Element Dipit1(a’,7) is in

17j1 .

submatrix A, ; , and is located at (a3, j2) within A,/ ;. This matrix can be written as,

aj,j’
0 1 ce Gi1—1
, ] KP K{P+1 B KiP+Gy-1
Agjy = (a1 Py + 71)G1 + : : : (8)
(Ql — 1)1(1]3 (Ql — 1)](113 +1 - (Ql — 1)[(1P + G -1

The corresponding dpt Tq of Dipit1 is obtained by replacing each element by (Dinit1(a’, 7)/K) mod

). This can be represented again in block matrix form as,

BO,O BO,l e BO,Pl—l
BLO Bl,l e Bl,Pl—l
B]{l_170 BI(l—l,l e BIX’yl—l,Pl—l

The expanded form of a submatrix can be written as,

a\ P+ 7 Py P Py
By = (ai Py Jl)—l- : : : mod Q (10)

Ky : : :
(@—-1)h (-1~ - (Q1— 1)~
Thus, we have completed the proof for stage 1. Further, we can see that each block matrix has
a base value and a fixed offset matrix.
Stage 2 (T; to Cgena): We can transform T; to Cgend by reorganizing submatrices within
columns of the block matrix and circularly shifting elements within columns of submatrices. First
we will show that @1 X G block matrices can be reorganized to obtain a block-wise circulant

matrix. Next, we show the elements within a submatrix can be converted to circulant matrix.

Now consider the base b = M];lilﬂl) of B,/ ;, in Eq. (10), where 0 < b < P;. We refer to each
collection of K7 adjacent submatrices as a run in row-major order. Run r contains submatrices
whose base value is 7. Through these column reorganizations of the block matrix Ty, the k**
submatrix of a run moves to the £ row in its column, where 0 < k < K;. Thus, K submatrices

of each run are aligned into a diagonal. In this column reorganization of the block matrix, submatrix

B,

1 in Ty moves to C;, j, in Cgend- The relationship between ¢f and 4; is as follows.

= ((Lllpl + ]1) mod K (11)

The resultant block matrix is a block-wise circulant matrix as shown as follows.

CO,O CO,I e CO,Pl—l
Cl,O Cl,l e Cl,Pl—l
Csend = . . . (12)
C]{l_170 Cl{l—l,l e CI{1—1,P1—1

22



resulting in the intermediate distribution table Djpjt1. T1 and Dipjt1 can be represented in

block matrix form.

2. Stage 2: By considering T; as a block matrix, we will prove that by reorganization of
submatrices within columns and circular shift of elements within columns of submatrices, we
will obtain a generalized circulant matrix, which is our send communication schedule table

Csend-

We now show mathematically that these reorganizations can be performed correctly.
Stage 1 (Dipit to T1): In R,(P, K,Q), the D; matrix will have L, rows and P columns. With
Gy = ged(P, K), we observe that every K" row will have the same modulo value with respect to

K, where K = (%

Dinit(@,7) — Dipit(@ mod K1,7) = (a/K1)K1P =0 (modK) (6)

There are exactly ()1 rows such that ¢ mod K; = a;, where 0 < a1 < K;. The corresponding ¢4
rows in dpt T have the same pattern but their destination processor indices are different. In the
first stage, these rows are gathered by moving row a to row ¢’ = (@ mod K1)Q1 + a/ K1, where
0 < d < L. In Dijpjt1, for a given o' the global index of an element can be determined by
first mapping to original row, the corresponding ¢ = (¢’ mod Q1)K + a’'/Q1 = a4, K1 + @}, where
0 <a} < Ky and 0 < a}, < Q. From this row shuffling, any element of Dipi¢1(a’, ) is then given

by:
Dinit1(a’,j) = Dinit((¢' mod Q1)K + d'/Q4,7)
- Dinit(aIQArl + allaj)
= (ahKi+ad))P+j
With P = G%? Djnit1 can be considered as Ky x P; block matrix and each submatrix is a

)1 X G4 matrix. Let us denote these submatrices by Aai,jlv where 0 < @} < K7 and 0 < 73 < Py.

Dinit1 can be represented as,

AO,O AO,I e AO,Pl—l
ALO Al,l e Al,Pl—l
Dinit1 = . . . (7)
AKl—l,O AI{]—I,I e AI(1—1,P]—1

Let 71 = j/Gy and j, = j mod Gy for any j. Recall that the global block index of any element
is Dinit1(a’,j) = (a5 K1 + @})P + j, which can be written as (¢} Py + j1)G1 + (e, K1 P + jg) by
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Figure 8: Steps of Column rearrangement

this procedure correctly obtains a generalized circulant matrix which is the send communication

schedule table Cgend.

Theorem 1 The initial dpt T of R.(P, K,Q) with P < @ can be reorganized via column reorgani-
zations to a send communication schedule table Cgeng such that (i) Csend is a generalized circulant

matriz and (ii) Fvery row of Csena has P distinct numbers from the set of {0,1,2,---,Q — 1}.

Proof: In the initial distribution table Dipj¢, each element, Dipit(a, j), is assigned a global block
index, aP + j, where 0 < a < Ls; and 0 < 5 < P. The corresponding dpt T of Djpjt is obtained by
replacing each element by (Dinit(a,j)/K) mod Q. First, we show that the dpt T can be converted
to a generalized circulant matrix Cgenq. Then every row of Cgeng consists of P distinct numbers
from the set of {0,1,2,---,@Q —1}. Therefore, Cgona can be used as a send communication schedule
table.

The following are the two major steps in our approach to converting the dpt T to a generalized

circulant matrix.

1. Stage 1: We will prove that the dpt T corresponding to the initial distribution table Djpjt
has some rows with similar patterns. These rows can be brought together in this stage. It

results in the intermediate dpt T;. Corresponding operations can be performed on Djpjt
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(p— Kq)mod G > K, none of k satisfies Eq. (5). For example, consider p = 0 and ¢ = @ — 1 pair
which gives (p— K¢) mod G = K. The right hand side has a maximum value of K — 1. Therefore,
processor 0 doesn’t send any message to processor ¢ — 1. a

Among these three cases, the case of all-to-all processor communication with the same message
size can be optimally scheduled using a trivial round-robin schedule. However, it is non trivial
to achieve the same message size between all pairs of nodes in a communication step for all-to-all
case with different message sizes. Therefore, we focus on the two cases of redistribution requiring
scheduling of non all-to-all communication and all-to-all communication with different message

sizes.

4.2 Non all-to-all communication

We first explain how dpt T is transformed to the send communication schedule table Cgenq. Given
the redistribution parameters P, ¢), and K, we get the L; x P initial distribution table Djn3; and
its dpt T. Let G4 = ged(P,K), K1 = é—‘l and P, = G%' In the dpt, every Ky row has a similar
pattern. It has a different destination processor index. We shuffle the rows such that rows having
similar pattern are adjacent resulting in the shuffled dpt Tq. The shuffled dpt T; is divided into
@1 slices in the row direction, 1 = }i—l It is divided into P; slices in the column direction.
Now, dpt Ty can be considered as a Ky X P; block matrix made of 1 X G submatrices. This
block matrix is then converted into a generalized circulant matrix by reorganization of submatrices
within columns and rotating individual columns within submatrix by appropriate amounts. This
generalized circulant matrix can then be used as a communication schedule table Cgepngq. In this
procedure, the K identical values in row 0 of the dpt are distributed to K distinct rows, and hence,
row 0 has distinct values. Since Cgepnq is a generalized circulant matrix, all rows are distinct and
we achieve a conflict-free schedule.

In the above reorganizations, an element is moved within its column. So, it does not incur any
interprocessor communication. Iigure 8 shows an example where dpt T of R,(6,4,9)is converted to
generalized circulant matrix form Cgepnq by column reorganizations. In this example, Ly = 6, G1 =
2, K1 =2, P, =3,and @1 = 3. Figure 8(a) shows the initial distribution table, Dip;¢, and (d) shows
the corresponding dpt T. Rows of Djpit and T are shuffled, as shown in Figure 8(b) and (e). Now we
can partition the shuffled tables into submatrices of size 3 x 2. The diagonalization of submatrices
and diagonalization of elements in each submatrix is shown in Figure 8(c) and (f). Figure 8(f)

is a generalized circulant matrix, Cgenq. In the following theorem, we will formally show that
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Let L = lem(P, KQ) and G = ged( P, KQ). As discussed in Section 3.1, global blocks 7 and 1.4
are mapped to the same source processor p and redistributed to the same destination processor ¢,

because I is a least common multiplier of P and K Q. The boundaries for Eq. (3) are

0<p<P

0<¢<@ (4)

0<k< K

From the redistribution equation, we can classify communication patterns into 3 classes for the re-
distribution problem R, (P, K, Q) (See [5] for an alternative formulation for the cyclic(z) to cyclic(y)

problem) according to the following Lemma.

Lemma 1 The communication pattern induced by R.(P, K, Q) requires: (i) non all-to-all commu-
nication if G > K, (ii) all-to-all communication with the same message size if K = aGG, where o is
an integer greater than 0, and (iii) all-to-all communication with different message sizes if G < K

and K # aG.
Proof: The redistribution equation, Eq. (3), can be rewritten as
p—Kq = (nQK —mP)+k

which can be expressed as p — Kq = AG + k because nQQ K — mP is a multiple of G and A is an
arbitrary integer. For any p and ¢, if there is at least one block satisfying the above equation,
this redistribution requires all-to-all communication. When both sides are divided by G, their

remainders are
(p— Kq)mod G =k mod G (5)

Assume that G < K. There is at least one k satisfying Eq. (5), since k is between [0, K — 1]. Note
that if K = aG for any integer a > 0, k is between [0, oG — 1]. Thus, for the expression k£ mod G
in Eq. (5), a distinct numbers result in the same remainder. Therefore, Eq. (5) has a solutions
for any (p,q) pair. This redistribution requires all-to-all communication with the same message
size. In the initial distribution table, a blocks in a column are transfered to the same destination
processor. If K > G and K # a(, then it requires all-to-all communication with different message

sizes. Assuming that G > K, we can find a processor pair (p,q) exchanging no message. When
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Figure 7: Generalized circulant matrix

4 Efficient Redistribution Algorithms

In this section, we discuss the communication patterns that arise in performing array redistribution,
develop the algorithms for our table-based approach to obtain the send schedule, and present

correctness proofs of our techniques.

4.1 Communication patterns of redistribution

Consider the movement of the global block ¢ in the redistribution problem R,(P, K,Q). It is the

m*" local block of source processor p, where m = i/P and p = i mod P.
i=Pxm+p (1)

After redistribution, K consecutive global blocks become one block in the new layout. Therefore,

global block i is k** block in the z}f new global block, where £ = i mod K and ix = i/K. The

z}f new global block is at n'* new local block of destination processor ¢, where n = ix/Q and

g =1x mod Q.
i=(@xn+q)x K+k (2)
We can derive the following redistribution equation.
i=Pxm+p=(Qxn+q)x K+k (3)

For example, consider the 16" global block in ®,(3,2,6) of Figure 1. Here, i = 16, P = 3,
p=1and m = 5. All block indices start from 0. Also, K =2, k=0,ix =8, n=1and ¢ = 2.
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Figure 6: Circulant matrix examples

In the following subsection, we define generalized circulant matrix. Using the generalized cir-

culant matrix, we derive an efficient contention-free communication schedule for ®,(P, K,Q) .

3.3 Communication scheduling using generalized circulant matrix

Our framework for communication schedule performs local rearrangement of data within each
processor as well as interprocessor communication. The local rearrangement of data, which we call
column reorganization, results in a send communication schedule table Cgenq. We will show that
for any P, K and @), the send communication schedule is indeed a generalized circulant matrix

which avoids node contention.

Definition 1 An m X n matriz is a circulant matrix if it satisfies the following properties:
1. If m < n, row k = row 0 circularly right shifted k times, 0 < k < m.

2. If m > n, column | = column 0 circularly down shifted | times, 0 <[ < n.

Figure 6 shows several different circulant matrices. Note that the above definition can be

extended to block circulant matrices by changing “row” to “row block”.

Definition 2 An M x N matriz is a generalized circulant matrix if the matriz can be partitioned
into blocks of size m X n, where M = s-m and N =t -n, for some s, t > 0 such that the block
matrix forms a circulant matriz and each block is either a circulant matriz or a generalized circulant

matriz.

Figure 7 illustrates a generalized circulant matrix. There are two observations about the gen-
eralized circulant matrix: (i) the s blocks along each block diagonal are identical, and (ii) if all the
elements in row 0 are distinct, then in each row all elements are distinct.

We will show that through our approach the destination processor table T is transformed to a

generalized circulant matrix Cgepnq with distinct elements in each row.
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Figure 5 shows our table-based framework for redistribution. To convert the initial distribution
table Djuit to the final distribution table Dgpa1, dpt T can be used. But, the use of T itself as
a communication schedule is not efficient. It leads to node contention, since several processors
try to send their data to the same destination processor in a communication step. For example,
in Figure 5, during step 0, both source processors 0 and 1 try to communicate with destination
processor 0. However, if every row of T consists of P distinct destination processor indices among
{0,1,---,Q—1},node contention can be avoided in each communication step. This is the motivation
for the column reorganizations.

To eliminate node contention, the dpt T is reorganized by column reorganizations. The reor-
ganized table is called a send communication schedule table, Cgenq. In section 4, we discuss how
these reorganizations are performed. Cgepnq is a Ls X P matrix as well. Each entry of Cgeng is a
destination processor index and each row corresponds to a contention-free communication step. To
maintain the correspondence between Djpjy and T, the same set of column reorganizations is applied
to Dipit which results in a distribution table, D ;, corresponding to Cgend. In a communication

/

step, blocks in a row of Dy

¢ are transferred to their destination processors specified by the corre-
sponding entries in Cgenq. Referring to Figure 5, in the first communication step, source processors
0, 1 and 2 transfer blocks 0, 4 and 2 to destination processors 0, 2 and 1 respectively as specified
by Csena. Such a step is called row reorganization. The distribution table Df ., corresponding to
the received blocks in destination processors is reorganized into the final distribution table Dgpal
by another set of column reorganizations. (For this example, we do not need this operation.) The
received blocks are then stored in the memory locations of the destination processors. The key
idea is to choose a Cgend such that the required row reorganizations(communication events) can be
performed efficiently and it supports easy-to-compute contention-free communication scheduling.
So far, we have discussed a redistribution problem from cyclic(z) on P processors to cyclic( K z)
on @) processors. A dual relationship exists between the problem from cyclic(z) on P processors
to cyclic(Kz) on () processors and the problem from cyclic(Kz) on @ processors to cyclic(z) on
P processors. The redistribution from cyclic(Kz) on @ processors to cyclic(z) on P processors
is the redistribution with reverse direction of the redistribution ®,(P, K,Q). Its send (receive)
communication schedule table is the same as the receive (send) communication schedule table of

R.(P, K,Q). Therefore, our scheme for ®,.(P, K,Q) can be extended to the redistribution problem

from cyclic(Kz) on @ processors to cyclic(z) on P processors.
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Figure 5: Table conversion process for redistribution

redistribution parameters and its global block index. A send communication events table is con-
structed by replacing each block index in the initial distribution table with its destination processor
index as shown in Figure 4. This is denoted as destination processor table (dpt) T. The (i, )" entry
of T is the destination processor index of 7** local block in source processor j and 0 < i < L; i.e.
T considers only one superblock. It is a Ls X P matrix. Each row corresponds to a communication
step. On the other hand, each destination processor has to know from which source processors it
receives messages. Source processor index of each block in the final distribution is also determined
by the redistribution parameters and its global block index. A receive communication events table
can be constructed by replacing each global block index in Dgpa) with its source processor index.
In our algorithm, during a communication step, a processor sends data to at most one destination
processor. If ¢) > P, at most P processors in the destination processor set can receive data and
the other destination processors remain idle during that communication step. Therefore, each com-
munication step can have at most P communicating pairs. On the other hand, if ¢ < P, only @
destination processors can receive data at a time. The maximum number of communicating pairs
in a communication step is min(P, Q). Without loss of generality, in the following discussion we

assume that ¢) > P.
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Figure 4: The destination processor table T

The initial layout can be partitioned into collections of rows. Each collection consists of
Ls =lem(P, KQ)/P rows. Similarly, the final layout can be partitioned into disjoint collections of
rows; each collection having L; = lem(P, KQ)/@ rows. Note that each collection corresponds to a
superblock. Blocks, which are located at the same relative position within a superblock, are moved
in the same way during the redistribution. These blocks can be transferred in a single communi-
cation step. The MPI derived data type can handle these blocks as a single block. Without loss
of generality, we will consider only the first superblock in the following to illustrate our algorithm.
We refer to the tables representing the indices of the blocks within the first superblock in the initial
(final) layout as initial distribution table Dinit (final distribution table Dgina1). These are shown in
Figure 3(c) and (f), respectively. The cyclic redistribution problem essentially involves reorganizing

blocks within each superblock from an initial distribution table Djni¢ to a final distribution table

Dﬁnal-
3.2 A table-based framework for redistribution

Given the redistribution parameters, P, K, and (), each block’s location in Djuj¢ and Dgpal
can be determined. Through redistribution, each block moves from its initial location in Djpit to
the final location in Dgypa). Thus, the processor ownership and the local memory location of each
block are changed by redistribution. This redistribution can be conceptually considered as a table
conversion process from Djuit t0 Dfinal, which can be decomposed into independent column and
row reorganizations. In a column reorganization, blocks are rearranged within a column of the
table. This is therefore a local operation within a processor’s memory. In a row reorganization,
blocks within a row are rearranged. This operation therefore leads to a change in ownership of the
blocks, and requires interprocessor communication.

The destination processor of each block in the initial distribution table is determined by the
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Figure 3: Block-Cyclic Redistribution from cyclic(z) on P processors to cyclic( Kz) on @ processors
from processor point of view. In this example, P =3, () = 6 and K = 2.

same fashion.

From the processor point of view, the block-cyclic distribution can be represented by a 2-
dimensional table. Each column corresponds to a processor and each row index is a local block
index. FEach entry in the table is a global block index. Therefore, element (7,7) in the table
represents the i'" local block of the 5" processor. Figure 3 shows the example of 2(3,2,6) from
the processor point of view. Blocks are distributed on the table in a round-robin fashion. The
table corresponding to source processors is denoted as initial layout representing which blocks are
initially assigned to which source processors. Similarly, the final layout represents which blocks are
assigned to which destination processors. Our problem is to redistribute the blocks from initial

layout to final layout. These layouts are shown in Figure 3(a) and (d) respectively.

12



cyclic(y) on @ processors, where z, y, P, and @ are arbitrary positive integers. Their method
to compute the communication schedule uses bipartite matching. They propose two strategies,
stepwise strategy and greedy strategy. In stepwise strategy, they try to minimize the number
of communication steps but the total data transfer cost is not optimized. In greedy strategy, the
total transmission cost is optimized but the number of communication steps is not minimized. Even
though they reduced the data transfer time, the time to compute the communication schedule using
bipartite matching is significant. The schedule computation cost is O((P + @)*). As the number
of processors is increased, the schedule computation time can be larger than the data transfer cost.

In [4], Y.C. Chung et al.have proposed the index computation method for redistribution from
cyclic(z) to cyclic(y) on the same processor set. They proposed the basic-cycle calculation (denoted
as BCC) technique which is the closed forms for source/destination processor indices of array
elements. These closed forms are useful to efficiently determine the communication sets of a basic-
cycle. They did not consider the communication schedule in this technique. Therefore, the node

contention problems exist on the redistribution communications.

3 Owur Approach to Redistribution

In this section, we present our approach to block-cyclic redistribution problem. In subsection 3.1,
we discuss two views of redistribution and illustrate the concept of a superblock. In the following
subsection, we explain our table-based framework for redistribution using the destination processor
table and column and row reorganizations. In subsection 3.3, we discuss the generalized circulant

matrix formalism which allows us to compute communication schedule efficiently.

3.1 Array and processor points of view

Figure 1 shows R2(3,2,6) from the array point of view. The elements of the array are shown along
a single horizontal axis. The processor indices are marked above each block. For the redistribution
R.(P, K,Q), a periodicity can be found in the block movement pattern. For example, in Figure 1,
bo, bs, bg, and bg, which are initially assigned to Py, are moved to g, @1, @3, and @4 respectively.
After that, by in Py is moved to )¢ again. We find that the communication pattern between by and
b11 is repeated on other blocks. Such a collection of blocks is called as a superblock. The period
of this block movement pattern is lem(P, K@), and is the size of the superblock. In Figure 1,

superblock size is lem(3,2 x 6) = 12. In the next superblock, blocks b1z to bgs are moved in the
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processor sets as well as multidimensional arrays. However, PITFALLS does not consider commu-
nication scheduling during redistribution. Their main contribution is to determine the elements to
be exchanged.

Other previous studies [4, 8, 10, 22, 23, 24] consider redistribution from cyclic(z) to cyclic( K xz)
on the same set of processors. This is a classical redistribution problem. Techniques to compute
index sets are proposed in [8, 22, 23]. However, explicit scheduling of the communication to
minimize overall redistribution time is not considered.

In [22, 23], Choudhary et al. present efficient index computation algorithms for the special
case when P mod K = 0. They also consider redistribution from cyclic(z) to cyclic(y) on the same
processor set, for arbitrary x and y. Although it is possible to explicitly calculate the destination
and source processor of each element of the local array, such a scheme is expensive for use in practice
as potential node contentions occur in each communication step. In [23], ged and lem methods have
been proposed. These are two phase algorithms where cyclic(z) is first redistributed to cyclic(m),
followed by a redistribution from cyclic(m) to cyclic(y). Here, m can be ged or lem of z and y. In
[23], it is shown that multidimensional arrays can be redistributed by applying these algorithms to
each dimension of the array separately.

In [8], Ni et al. provide new logical processor numbers (Ilpids) for the target distribution, so
as to minimize the amount of data to be communicated during redistribution. Data blocks which
have the same Ipids across source and target distributions, need not be moved. However, index
set computation becomes complicated. This approach is not applicable when the number of source
and target processors are different.

Sadayappan et al. [10] and Walker et al. [24] have proposed algorithms which reduce commu-
nication overheads. In [24], a K step schedule is derived for cyclic(z) to cyclic( K z) redistribution
on the same processor set. In each step, processors exchange data in a contention free manner:
each processor sends its data to exactly one processor and receives data from exactly one processor.
Therefore contention at the destination nodes does not occur. A similar communication schedule
is shown in [10]. Although the communication schedule presented in [24] is based on modular
arithmetic and that in [10] is based on tensor products, the resulting communication schedules are
similar.

In [5], Desprez et al. propose a general solution for block cyclic redistribution on arbitrary source

and destination processor sets. They can handle redistribution from cyclic(z) on P processors to
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Figure 2: Steps in performing redistribution

the buffer. The time to perform this data gathering at the sender is the message packing cost.
Similarly, at the receiving side, each message is to be unpacked and data words need to be stored
in appropriate memory locations.

Data Transfer Cost: The data transfer cost for each communication step consists of start-up cost
and transmission cost. The start-up cost is incurred by software overheads in each communication
operation. The total start-up cost can be reduced by minimizing the number of message transfer
steps. The transmission cost is incurred in transferring the bits over the network and depends on

the network bandwidth.
2.3 Related work

The array redistribution problem has been the focus of several research efforts [4, 5, 8, 10, 19, 22, 23,
24]. Many of these efforts have targeted efficient implementation of high level compiler directives
such as the REDISTRIBUTE directive in HPF.

In [19], Banerjee et al. use a line segment formalism called PITFALLS to represent the cyclic(z)
distribution. The array elements that map to a processor are represented as a set of stride line
segments. For every pair of processors, the array elements whose indices are in the intersection of

the respective line sets are exchanged. Their technique handles arbitrary source and destination



Table 4: An example of all-to-all communication with different message size. P = 8, ¢) = 10, and

K = 6.
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communication with different message sizes. This is shown in Table 4 where N = 120z, P = 8,

@ = 10, and K = 6. Here half the messages are of size 1z while others are of size 2z.

2.2 Cost of performing redistribution

We briefly explain the four costs associated with data redistribution:

Index Computation Cost: Each source processor determines the destination processor indices
of the array elements that belong to it and computes the local memory location (local index) of
each array element. This local index is used to pack array elements into a message. Similarly, each
destination processor determines the source processor indices of received messages and computes
their local indices to find out the location where the received message is to be stored. The total
time to compute these indices is denoted as index computation cost.

Schedule Computation Cost: The communication schedule specifies a collection of sender-
receiver pairs for each communication step. Since in each communication step, a processor can
send at most one message and a processor can receive at most one message, careful scheduling
is required to avoid contention while minimizing the number of communication steps. Time to
compute this communication schedule can be significant. Reducing this cost is an important criteria
in performing run-time redistribution.

Message Packing/Unpacking Cost: At each sender, a message consists of words from different
memory locations which need to be gathered in a buffer in the sending node. Typically, this requires

a memory read and a memory write operation to gather the data to form a compact message in



Table 2: An example of non all-to-all communication. P =6, ¢ = 10 and K = 3.

Sourcs Destination|| 1 2 3 4 5 6 7 8 9
0 1 1 1 1 1
1 1 1 1 1 1
2 1 1 1 1 1
3 1 1 1 1 1
4 1 1 1 1 1
5 1 1 1 1 1

Table 3: An example of all-to-all communication with same message size. P = 6, ¢ = 10, and
K =4.

Destination
Source
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P processors in a round-robin fashion. Block b; is assigned to processor j, P;, where j = 7 mod P.

In this paper, we study the problem of redistributing from cyclic(z) on P processors to cyclic( K z)
on @ processors, which is denoted as R,(P, K,Q). Figure 1 (c) shows R3(3,2,6). Here, initially
pairs of consecutive elements of the array are distributed over P = 3 source processors. Then,
the block size is doubled and the new blocks (of size 4) are redistributed over ) = 6 destination
processors.

In performing R,(P, K,Q), three classes of communication patterns between source and desti-
nation processors arise. One case is the non all — to — all communication: every source processor
communicates with some of the destination processors. This case is shown in Table 2, where
N =30z, P =6, = 10 and K = 3. Note that the messages are of equal size (12). The second
case is the all — to — all communication with the same message size. In Table 3, all the source
processors have messages of the same size (22) and each source processor communicates with all the

destination processors. Here, N = 120z, P = 6, ) = 10 and K = 4. The last case is the all—to—all



of any scheme that generates an optimal communication schedule. Thus, our scheme minimizes
the total time for data redistribution. This makes our scheme attractive for run-time as well as
compile-time data redistribution.

Our techniques can be used for implementing scalable redistribution libraries, for implementing
the REDISTRIBUTE directive in HPF [11], and for developing parallel algorithms for supercomputer
applications. In particular, these techniques lead to efficient distributed corner turn operation, a
key communication kernel needed in parallelizing signal processing applications [13, 21, 25].

Our redistribution scheme has been implemented using MPI and C. It can be easily ported
to various HPC platforms. We have performed several experiments to illustrate the improved
performance compared with the state-of-the-art. The experiments were performed to determine
the data transfer, schedule and index computation costs. In one of these experiments, we used
64 processors on an IBM SP2 which were partitioned into 28 source processors and 36 destination
processors. The expansion factor was set to 14. The array size was varied from 2.26 Mbytes to 56.4
Mbytes. Compared with the Caterpillar algorithm, our data transfer times were lower. The ratio
of the data transfer time of our algorithm to that of the Caterpillar algorithm was between 49.2%
and 53.7%. Although the resulting data transfer time using the bipartite matching scheme and
that of our algorithm will be the same, the schedule computation time for the bipartite matching
scheme will be significantly larger than our scheme.

The rest of this paper is organized as follows. Section 2 defines the array redistribution problem
and reviews prior work. Section 3 explains our table-based framework. It also discusses the gen-
eralized circulant matrix formalism for deriving conflict free communication schedules. Section 4
explains our redistribution algorithm and index computation in detail and gives the proofs of their
correctness and their complexity. Section 5 reports our experimental results on the IBM SP-2.

Concluding remarks are made in Section 6.

2 Background and Related Work

2.1 Problem definition

The block-cyclic distribution, cyclic(z), of an array is defined as follows: given an array with N
elements, P processors, and a block size z, the array elements are partitioned into contiguous
blocks of z elements each. The i** block, b;, consists of array elements whose indices vary from iz

to (i 4 1)z — 1, where 7 is a global block index and 0 < i < % These blocks are distributed onto



directly compare our scheme with the bipartite matching scheme in [5] as they specifically excluded
this case. If we do apply their bipartite graph formulation and find a series of matchings, we
will either obtain non-optimal number of steps with equal sized messages in each step or optimal
number of steps (trivially using Caterpillar scheme) with unequal sized messages in some steps.

In the other interesting case where non-all-to-all communication is performed, each source pro-
cessor communicates with the same number of destination processors. Thus, each source processor
will have exactly one message to any of its destination processors. Therefore, the bipartite graph
for the non-all-to-all communication case will be regular. The approach in [5] reduces to finding
a series of maximum matchings in a regular bipartite graph with unit edge weights. Although we
know the optimal number of matchings to obtain a communication schedule, it is still non trivial
to exploit the above property to derive the schedule. After the first maximum matching is found
by the stepwise approach in [5], the regularity is lost as the number of source and destination
processors are not the same. To the best of our knowledge, the fastest scheme to find a maximum
matching in a unit weight bipartite graph has O(Vl/ 2F) complexity, where V is the number of
nodes and F is the number of edges [6, 17, 20]. For our problem, since there can be lem(P, KQ)
such matchings, the complexity to compute the schedule will be O((P + Q)>®). Although this
complexity is better compared with the general case, it is still expensive to compute these graph
matchings. On a state-of-the-art workstation, the schedule computation time using an efficient
bipartite matching algorithm is on the order of several msecs for P and @) around 40 (See Table 6).
As we will show in our experimental results section, the schedule computation cost can be up to
50% of the data transfer cost for P and @ around 40 and data array size of few Mbytes.

In this paper, we propose a novel and efficient algorithm for data redistribution from cyclic(z)
on P processors to cyclic(Kz) on () processors. Our algorithm uses optimal number of communi-
cation steps and fully utilizes the network bandwidth in each step. The communication schedule is
determined using a generalized circulant matrix framework. The communication schedule of each
node is computed in parallel. The schedule computation cost is O(maz(P,())). Our implementa-
tions show that the schedule computation time is in the range of 100’s of usecs when P and @) are
in the range 50-100. Each processor computes its own index set and its communication schedule
using only a set of equations derived from our generalized circulant matrix formulation. Qur ex-
perimental results show that the schedule computation time is negligible compared with the data

transfer cost for array sizes of interest. The message packing/unpacking cost is the same as that



Table 1: Comparison of various schemes for array redistribution

Key Features
Schedule & Index Computation Communication
PITFALLS |+ No communication scheduling « Node contention occurs
[19] ¢ Index computation using a line gment ¢ Does not minimize the transmission cost
formalism
BCC ¢ No communication scheduling « Node contention occurs
[4] « Efficient index computation ¢ Does not minimize the transmission cost
¢ Source and destination sets are same
Caterpillar | « Simple scheduling algorithm « No node contention
[18] ¢ Index computation by scanning the array « Does not minimize the transmission cost
segments and the number of communication steps
Bipartite |« Large schedule computationerhead * No node contention
Matching Schedule computation time: e Stepwise stratgy: minimizes the number
Scheme O((P+Q)39) of communication steps
[5] * Greedy straigy: minimizes the transmis-
sion cost
Our Scheme| » Fast schedule and indeomputations « No node contention
Schedule computation time: ¢ Minimizes the number of communication
O(max(P,Q)) steps and the data transfer cost

transfer cost.

In [5] the general problem of data redistribution from cyclic(z) on P processors to cyclic(y) on
@) processors is elegantly formulated as a bipartite graph matching problem. The technique is to
construct a bipartite graph with P source nodes and ¢) destination nodes with edges representing
the amount of data communication between pairs of processors. A series of maximal matchings
is found and each matching represents a conflict free communication and the set of matchings
represent the communication schedule. In the experimental section of [5] the schedule computation
time is not included in the total data redistribution time. However, the schedule computation time
can be significant as the complexity of bipartite graph matching procedure used is O((P + Q)*) for
the general case of the problem. Further, the authors consider only those scenarios that result in
non-all-to-all communication among processor sets.

In this paper, we consider the problem of rearranging data from cyclic(z) on P processors to
cyclic(Kz) on @ processors. For this class of redistribution problem there are three different cases:
non all-to-all communication, all-to-all communication with different message sizes, and all-to-all
communication with the same message size. The all-to-all communication with the same message
size is a trivial one as there is no need to perform any scheduling and the Caterpillar scheme
will be optimal. However, for the other two cases, our technique provides significant performance

improvement. For the case of all-to-all communication with different message sizes, we cannot
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(c) CYCLIC(4) on Q=6 processors
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Figure 1: Block-Cyclic Redistribution from array point of view: (a) the array of elements, (b)
cyclic(z) on P processors, (c) from cyclic(z) on P processors to cyclic(Kxz) on ) processors. In
this example, z =2, P =3, = 6 and K = 2.

processor will unpack a received message and place the data blocks in appropriate local memory
locations. Finally, the transfer of data blocks over the network incurs a fixed start-up cost plus a
transmission cost proportional to the size of a message. All these four steps contribute to the total
array redistribution cost.

Table 1 summarizes the key features of the well known data distribution algorithms in the
literature. All of the known algorithms ignore one or more of the above costs. Some schemes
focus only on efficient index set computation and completely ignore scheduling the communication
events [4, 8,19, 22, 23]. Based on the index of a block, these schemes focus on finding its destination
processor and generating messages for the same destination. Communication scheduling is not
considered. These lead to node contention in performing the communication. This in turn leads
to higher data transfer costs as some nodes incur additional delays. Other schemes eliminate node
contention by explicitly scheduling the communication events [10, 12, 24]. Although the schemes
in [10, 12, 24] have an efficient scheduling algorithm, these were designed for data redistribution
on the same processor set. For redistribution between different processor sets, the Caterpillar
algorithm was proposed in [18]. It uses a simple round robin schedule to avoid node contention.
However, this algorithm does not fully utilize the network bandwidth i.e., the size of the data sent

by the nodes in a communication step varies from node to node. This leads to increased data



1 Introduction

Many High Performance Computing (HPC) applications, including scientific computing and signal
processing, consist of several stages [13, 21, 25]. Examples of such applications include the multi-
dimensional Fast Fourier Transform, the Alternative Direction Implicit (ADI) method for solving
two-dimensional diffusion equation, and linear algebra solvers. As the program execution proceeds
from one computational stage to another, the data access patterns and the number of processors
required for exploiting the parallelism in the application may change. These changes usually cause
the data distribution in a stage to be unsuitable for the subsequent stage. Therefore, data redistri-
bution is needed to between two subsequent stages to reduce the number of remote accesses. Since
the parameters of redistribution are generally unknown at compile time, run-time data redistri-
bution is necessary. However, the cost of redistribution can offset the performance benefits that
can be achieved by the redistribution. Therefore, run-time redistribution must be implemented
efficiently to ensure overall performance improvement.

Array data are typically distributed in a block-cyclic pattern onto a given set of processors. The
block-cyclic distribution with block size z is denoted as cyclic(z). A block contains z consecutive
array elements. Blocks are assigned to processors in a round-robin fashion. Other distribution
patterns, cyclic and block distribution, are special cases of the block-cyclic distribution. In gen-
eral, the block-cyclic array redistribution problem is to reorganize an array from one block-cyclic
distribution to another, i.e., from cyclic(z) to cyclic(y). An important case of this problem is a
redistribution from cyclic(z) to cyclic( Kz) which arises in many scientific and signal processing
applications. This type of data redistribution can occur within a same processor set, or between
different processor sets. An example of block-cyclic redistribution is shown in Figure 1.

Data redistribution from a given initial layout to a final layout consists of four major steps
- index computation, communication schedule, message packing and unpacking, and finally data
transfer. With a given initial and final data layout, each processor determines the local indices of
the data blocks that belong in its memory initially and at the end of redistribution. This calculation
from the global indices to local indices of data blocks is called index computation. Data blocks
in a source processor need to be moved to destination processor depending on the required final
data layout. The parallel communications of data blocks among processors will be determined
by a communication schedule. For efficient communication of data blocks, a source processor

should pack all blocks destined to a destination processor in one message. Likewise, a destination
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Abstract

Run-time array redistribution is necessary to enhance the performance of parallel programs
on distributed memory supercomputers. In this paper, we present an efficient algorithm for ar-
ray redistribution from cyclic(xz) on P processors to cyclic(Kz) on @ processors. The algorithm
reduces the overall time for communication by considering the data transfer, communication
schedule, and index computation costs. The proposed algorithm is based on a generalized cir-
culant matrix formalism. Our algorithm generates a schedule that minimizes the number of
communication steps and eliminates node contention in each communication step. The net-
work bandwidth is fully utilized by ensuring that equal-sized messages are transferred in each
communication step. Furthermore, the time to compute the schedule and the index sets is sig-
nificantly smaller. Tt takes O(maz(P,@)) time and is less than 1% of the data transfer time. In
comparison, the schedule computation time using the stat-of-the-art scheme (which is based on
the bipartite matching scheme) is 10 to 50% of the data transfer time for similar problem sizes.
Therefore, our proposed algorithm is suitable for run-time array redistribution. To evaluate
the performance of our scheme, we have implemented the algorithm using C and MPI on the
IBM SP2. Results show that our algorithm performs better than the previous algorithms with
respect to the total redistribution time which includes the time for data transfer, schedule, and
index computation.
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