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ABSTRACT
Exact inference is a key problem in exploring probabilistic graphical models. Most parallel algorithms for exact
inference explore data and structural parallelism. These algorithms result in limited performance if the input model
offers limited data and structural parallelism. In this paper, we study a pointer jumping based method on manycore
systems for exact inference in junction trees. We adapt the
technique for both evidence collection and evidence distribution so as to efficiently process junction trees with multiple evidence cliques. We also study the impact of junction tree topology on evidence collection. We implement
the proposed method on state-of-the-art manycore systems.
Experimental results show that, for junction trees with limited data and structural parallelism, pointer jumping is well
suited to accelerate exact inference on manycore systems.
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Introduction

Many real-world systems can be modeled using full joint
probability distribution of a set of random variables. However, such a distribution grows intractably with the number
of variables. It is known that independence and conditional
independence relationships can greatly reduce the size of
the joint probability distributions. This property is utilized
in Bayesian networks, which have been used in artificial intelligence since the 1960s. Bayesian networks have found
applications in a number of domains, including medical diagnosis, consumer help desk, pattern recognition, credit assessment, data mining and genetics [1] [2] [3].
Given a set of variables with observed values called
evidence, the computation of the conditional probability of
other variables is called inference. Inference in a Bayesian
network can be exact or approximate. In general, exact inference is NP hard [4]. By exploiting network structure,
many algorithms have been proposed to make exact inference practical for a wide range of applications. The most
popular exact inference algorithm proposed by Lauritzen
and Spiegelhalter [5] converts a Bayesian network into a
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junction tree, then performs exact inference in the junction
tree. Each vertex in the junction tree is a clique consisting of a subset of the variables. The complexity of exact
inference in junction tree increases dramatically with the
number of cliques in the junction tree, the maximum number of variables in a clique, and the number of states of the
random variables [5].
Many parallel techniques have been developed to accelerate exact inference. In [6] [7], the authors exploit
structural parallelism by parallelizing independent computations across cliques that are not related by an ancestordescendent relationship in the network. In [6] [8] [9], the
authors exploit data parallelism by parallelizing independent computations within a clique. In [10], the authors propose a pointer jumping based method for exact inference
in Bayesian networks. This method achieves logarithmic
execution time regardless of the network topology. To the
best of our knowledge, no experimental study of pointer
jumping based exact inference on multicore/manycore processors has been performed.
In this paper, we make the following contributions:
• We adapt the pointer jumping technique for both evidence collection and evidence distribution in junction
trees. The proposed method is suitable for junction
trees that offer limited data and structural parallelism.
• We implement the proposed method using Pthreads
on two state-of-the-art manycore systems: Intel
Nehalem-EX and AMD Magny-Cours.
• We evaluate our implementation and compare it with
our baseline method - a parallel implementation that
exploits structural parallelism. Our experimental results show that the technique is suitable for a class of
junction trees.
The rest of the paper is organized as follows: In Section 2, we review exact inference in Bayesian networks and
the pointer jumping technique. Section 3 discusses related
work. Section 4 presents our proposed algorithm with alternative formulas for evidence propagation. We describe our
implementation and experiment facilities in Sections 5. Experimental results are presented in Section 6. We provide
our conclusion and future research directions in Section 7.

2
2.1

Background
Exact Inference

A Bayesian network is a probabilistic graphical model that
exploits conditional independence to compactly represent
a joint distribution. Figure 1 (a) shows a sample Bayesian
network, where each node represents a random variable.
Each edge indicates the probabilistic dependence relationships between two random variables. Notice that these
edges can not form directed cycles. Thus, the structure of a
Bayesian network is a directed acyclic graph (DAG). The
evidence in a Bayesian network is the set of variables that
have been instantiated.
Traditional exact inference using Bayes’ theorem fails
for networks with undirected cycles [5]. Most inference
methods for networks with undirected cycles convert a network to a cycle-free hypergraph called a junction tree. We
illustrate a junction tree converted from the Bayesian network in Fig. 1, where all undirected cycles in are eliminated. Each vertex in Fig. 1(b) contains multiple random variables from the Bayesian network. For the sake
of exploring evidence propagation in a junction tree, we
use the following notations. A junction tree is defined as
J = (T, P̂), where T represents a tree and P̂ denotes the
parameter of the tree. Each vertex Ci , known as a clique
of J, is a set of random variables. Assuming Ci and Cj are
adjacent, the separator between them is defined as Ci ∩ Cj .
P̂ is a set of potential tables. The potential table of Ci , denoted ψCi , can be viewed as the joint distribution of the
random variables in Ci . For a clique with w variables, each
having r states, the number of entries in Ci is rw .

∗
denotes the original (updated) potential table of S; ψX
is
the updated potential table of CX .
A junction tree is updated using the above evidence
propagation in two passes, i.e., evidence collection and
evidence distribution. In evidence collection, evidence is
propagated from the leaves to the root. A clique C is ready
to propagate evidence to its parent when C has been already
updated, i.e. when all of the children of C finished propagating evidence to C. Evidence distribution is the same as
collection, except that the evidence propagation direction
is from the root to the leaves. This two-pass procedure ensures that evidence at any cliques in a junction tree can be
propagated to all the other cliques [5].

2.2

Pointer jumping technique is used in many parallel algorithms operating on lists [11][12]. Given a linked list of N
elements, each element i has a successor s(i) which is initialized as s(i) = i+1, 0 ≤ i ≤ N −2. Each element sends
data to its successor. Pointer jumping technique conceptually performs data transfer from all the elements to the last
node of the list (node (N −1)) in log N iterations. All logarithms are to base 2. Each iteration of pointer jumping performs s(i) = s(s(i)), 0 ≤ i ≤ N − 2, unless s(i) = N − 1.
In other words, the successor of each element is updated
by that successor’s successor. In each iteration, the data of
element i is transferred to the updated successor of i independently of the operations performed by other elements.
Figure 2 illustrates the iterations of pointer jumping on a
list of N elements. After log N iterations, all the elements
complete transferring their data to node (N − 1).
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Figure 2. Pointer jumping on a list.
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Figure 1. (a) A sample Bayesian network and (b) corresponding junction tree.
In a junction tree, exact inference is performed as
follows: Assuming evidence is E = {Ai = a} and
Ai ∈ CY , E is absorbed at CY by instantiating the variable
Ai and renormalizing the remaining variables of the clique.
The evidence is then propagated from CY to any adjacent
cliques CX . Let ψY∗ denote the potential table of CY after E
is absorbed, and ψX the potential table of CX . Mathematically, evidence propagation is represented as [5]:
X
ψ∗
∗
(1)
ψS∗ =
ψY∗ , ψX
= ψX S
ψS
Y\S

where S is a separator between cliques X and Y; ψS (ψS∗ )

On the concurrent read exclusive write parallel random access machine (CREW-PRAM) [12] with P processors, 1 ≤ P ≤ N , each element of the list is assigned to
a processor. Note that the update operations are implicitly
synchronized at the end of each pointer jumping iteration.
Each iteration takes O(N/P ) time to complete O(N ) update operations. Thus, the pointer jumping based algorithm
runs in O((N · log N )/P ) time using a total number of
O(N log N ) update operations.

3

Related Work

There are several works on parallel exact inference. In [6],
the authors explore structural parallelism in exact inference by assigning independent cliques to separate proces-

sors for concurrent processing. In [7], the structural parallelism is explored by a dynamic task scheduling method,
where the evidence propagation in each clique is viewed
as a task. These methods are suitable for ”bushy” junction trees which offer parallel activities at structural level.
Unlike the above techniques, data parallelism in exact inference is explored in [8][6] [9]. Since the solutions for
exploring data parallelism partition the potential tables in a
clique and update each part in parallel, they are suitable for
junction trees with large potential tables. If the input junction tree offers limited structural and data parallelism, the
performance of the above solutions are adversely affected.
Pointer jumping has been used in many algorithms,
such as list ranking, parallel prefix [12]. In [13], the authors use pointer jumping to develop a new spanning tree
algorithm for symmetric multiprocessors that achieves parallel speedups on arbitrary graphs. In [10], the authors propose a pointer jumping based method for exact inference in
Bayesian networks. The method achieves logarithmic execution time regardless of structural or data parallelism in
the networks. However, the method in [10] exhibits limited performance for multiple evidence inputs. In addition, no experimental study of the method has been provided. Our proposed algorithm combines pointer jumping
technique with Lauritzen and Spiegelhalter’s two-pass algorithm, which is efficient for multiple evidence inputs. In
this paper, the proposed algorithm is empirically evaluated
using a class of junction trees on state-of-the-art manycore
processors.

P (Si+1,i , Vi , Si,i−1 )
P (Si,i−1 )
P (Si+1,i , Vi , Si,i−1 )
=P
Si+1,i ∪Vi P (Si+1,i , Vi , Si,i−1 )

P (Si+1,i , Vi |Si,i−1 ) =

P (Ci )
Si+1,i ∪Vi P (Ci )

=P

(2)

P

P (Si+1,i , Vi , Si,i−1 )
P (Si,i−1 )
X
P (Ci )
P
=
Si+1,i ∪Vi P (Ci )
Vi

P (Si+1,i |Si,i−1 ) =

(3)

Vi

Using Eqs. 2 and 3, in iteration 0, we propagate the
evidence from pa(Ci ) to Ci by:
P (Si+1,i , Vi |Si−1,i−2 )
X
=
P (Si+1,i , Vi |Si,i−1 )P (Si,i−1 |Si−1,i−2 )

(4)

Si,i−1

P (Si+1,i |Si−1,i−2 ) =

X

P (Si+1,i , Vi |Si−1,i−2 )

(5)

Vi
k

In iteration k, we propagate evidence from pa2 (Ci )
to Ci by:
P (Si+1,i , Vi |Si−2k ,i−2k −1 )
X
=
P (Si+1,i , Vi |Si−2k−1 ,i−2k−1 −1 )
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Si−2k−1 ,i−2k−1 −1

P (Si−2k−1 ,i−2k−1 −1 |Si−2k ,i−2k −1 )
(6)

4.1

Evidence Propagation in a Chain of Cliques Using
Pointer Jumping

P (Si+1,i |Si−2k ,i−2k −1 ) =

X

P (Si+1,i , Vi |Si−2k ,i−2k −1 )

Vi

Given a chain consisting of N cliques C0 → C1 → . . . →
CN −1 , in which evidence comes at C0 , we use pointer jumping technique to propagate the evidence from C0 to the remaining cliques as follows: Let pa(Ci ) denote the parent of
Ci , i.e., Ci−1 , 0 < i < N . In the first iteration, we propagate the evidence from pa(Ci ) to Ci . Then, we propagate
the evidence from pa2 (Ci ) = pa(pa(Ci )) to Ci . We repeat
such operations for log N iterations so that the evidence is
propagated to all the cliques.
We formulate evidence propagation in a chain of
cliques as follows. Let Ci = {Si+1,i , Vi , Si,i−1 }, where
Si+1,i = Ci+1 ∩ Ci , Si,i−1 = Ci ∩ Ci−1 and Vi =
Ci \{Si+1,i ∪ Si,i−1 }, 0 < i < N . Indeed Si+1,i is
the separator between Ci+1 and Ci . For the sake of simplicity, we let S0,−1 = SN,N −1 = ∅ and P (Ci ) =
P (Si+1,i , Vi , Si,i−1 ) = ψC . We rewrite P (Ci ) as a conditional distribution:

(7)
Performing Eqs. 6 and 7 for each k, 0 ≤ k ≤ log N −
1, we propagate the evidence from C0 to all the cliques in a
chain of N cliques. For the rest of the paper, we define evidence propagation as the computation using Eqs. 6 and 7
to propagate evidence from one clique from another clique.
4.2

Pointer Jumping Based Algorithm for Exact Inference in a Junction Tree

Algorithm 1 shows exact inference in a junction tree using pointer jumping. The algorithm is based on Lauritzen
and Spiegelhalter’s two-pass algorithm described in Section 2.1. The two passes are called evidence collection
and evidence distribution. Evidence collection propagates
evidence from leaf cliques to the root. Evidence distribution propagates evidence from the root to the leaf cliques.

Given a junction tree J, let ch(Ci ) denote the set of children of Ci ∈ J, i.e., ch(Ci ) = {Cj |pa(Cj ) = Ci }. We
define chd (Ci ) = {Cj |pad (Cj ) = Ci }, and pad (Cj ) =
pa(pad−1 (Cj )) = pa(· · · (pa(Cj ))), where d ≥ 1 . We
denote H as the height of J. Updating a clique means that
we perform all evidence propagations from its predecessors that are either its children in evidence collection or its
parent in evidence distribution.
Algorithm 1 Pointer Jumping Based Exact Inference in a
Junction Tree
Input: Junction tree J with a height of H
Output: J with updated potential tables
{evidence collection}
1: for k = 0, 1, · · · , (log H) − 1 do
2:
for Ci ∈ J pardo
3:
4:
5:
6:
7:
8:
9:

k

for all Cj ∈ ch2 (Ci ) do
Propagate evidence from Cj to Ci according to Eqs. 6
and 7
end for
end for
end for
{evidence distribution}
for k = 0, 1, · · · , (log H) − 1 do
for Ci ∈ J pardo

fers limited structural parallelism. For example, for a chain
of N cliques, we have W = 1, H = N , the complexity of
the algorithm is O((N · log N )/P ).

5

Experimental Setup

5.1

Platforms

We conducted experiments on two state-of-the-art manycore platforms:
• 32-core Intel Nehalem-EX based system which consisted of four Intel Xeon X7560 processors fully connected through 6.4 GT/s QPI links. Each processor
had 24 MB L3 Cache and 8 cores running at 2.26 GHz.
All the cores shared a 512 GB DDR3 memory. The
operating system on this system was Red Hat Enterprise Linux Server release 5.4.
• 24-core AMD Magny-Cours based system which consisted of two AMD Opteron 6164 HE processors.
Each processor had 12 MB L3 Cache and 12 cores
running at 1.70 GHz. All the cores shared a 64 GB
DDR3 memory. The operating system on the system
was CentOS release 5.3.

k

Cj = pa2 (Ci )
11:
Propagate evidence from Cj to Ci according to Eqs. 6
and 7
12:
end for
13: end for

Due to the similarity of the results from the two
platforms, we only present the results from the 32-core
Nehalem-EX based system.

In Algorithm 1, Lines 1-7 and 8-13 correspond to evidence collection and distribution, respectively. Lines 3 and
10 show how pointer jumping technique is used in the algorithm. In each iteration, all the cliques can be updated independently. In evidence collection, in iteration k, a clique Ci
in J is updated by performing all the evidence propagations
k
from the set ch2 (Ci ). In evidence distribution, in iteration
k, a clique Ci in J is updated by performing the evidence
k
propagation from its only parent pa2 (Ci ).
Assume that P processors, 1 ≤ P ≤ N , are employed. Let W = maxi {Wi }, where Wi is the number
of cliques at level i of the junction tree, 0 ≤ i < H.
Assuming each evidence propagation takes unit time, updating a clique takes O(W ) time during evidence collection, since the clique must be updated by sequentially performing O(W ) evidence propagations from its children.
In contrast, updating a clique takes O(1) time during evidence distribution since only one evidence propagation
from its parent is needed. In each iteration, there are at most
O(N ) clique updates performed by P processors. The algorithm performs log H iterations for each evidence collection and distribution. Thus, the complexity of the algorithm is O((W · N · log H)/P ) for evidence collection and
O((N · log H)/P ) for evidence distribution. The overall
complexity is O((W · N · log H)/P ).
The algorithm is attractive if the input junction tree of-

We evaluated the performance of our proposed algorithm
using three families of junction trees: chains, balanced binary trees, and slim trees. Given W = maxi {Wi } for a
junction tree, where Wi is the number of cliques at level i
of the junction tree, we define a slim tree as a junction tree
satisfying W < H, where H is the height of the tree. Note
that W is an upper bound on the number of sequential evidence propagations required for updating a clique. H determines the number of pointer jumping iterations. Using
slim trees, we can observe the performance of the proposed
algorithm, even though there exists some amount of structural parallelism in such junction trees. The clique size, i.e.
the number of variables in the clique, was Wd = 12 in our
experiments. This offered limited amount of data parallelism. The random variables were set as binary, i.e. r = 2,
in our experiments.
Let N denote the number of cliques in a slim tree.
Three different types of slim trees were generated for the
experiments. As illustrated in Figure 3, these are:

10:

5.2

Junction Tree Topologies

• Slim Tree 1 was formed by first creating a balanced
binary tree with b leaf nodes. Then each of the
leaf nodes was connected to a chain consisting of
e nodes. The height of the tree is (dlog be+
d N −(2b−1)
b
N −(2b−1)
d
e). Increasing b increases the amount of
b
structural parallelism.

b

b

b

(a) Slim Tree 1

(b) Slim Tree 2

(c) Slim Tree 3

Figure 3. Three types of slim junction trees
• Slim Tree 2 was formed by connecting b cliques to the
head of a chain consisting of (N − b) nodes. The
height of the tree is (N − b + 1). Increasing b increases the amount of structural parallelism. Larger b
also results in more sequential operations to update a
clique during evidence collection.
• Slim Tree 3 was formed by first creating a chain of
length d Nb e. Then, each clique in the chain was connected to another chain consisting of (b − 1) cliques,
except that the last chain connected to the root may
have less than (b − 1) cliques. The height of the tree
is (d Nb e + b − 1). Increasing b reduces the amount of
structural parallelism.
In the experiments, for each given number of cliques
N , we varied b to change slim tree topology.
5.3

Baseline Implementation

We use a parallel implementation as the baseline to evaluate
our propose method. The parallel implementation explores
structural parallelism offered by junction trees. A collaborative scheduler proposed in [14] was employed to schedule
tasks to threads, where each thread was bound to a separate
core. We call this baseline implementation as the scheduling based exact inference (SEI). In this implementation, we
represented a junction tree as an adjacency array, each element representing a clique and the links to the children
of the clique. Each task had an attribute called the dependency degree, which was initially set as the in-degree of the
corresponding clique. The scheduling activities were distributed across the threads. The adjacency array was shared
by all the threads. In addition to the shared adjacency array,
each clique had a ready task list to store the assigned tasks
that are ready to be executed. Each thread fetched a task
from its ready task list and executed it locally. After the
task completed, the thread reduced the dependency degree
of the children of the clique. If the dependency degree of a
child became 0, the child clique was assigned to the ready
task list of the thread with the lightest workload.
5.4

Implementation Details

We implemented our proposed algorithm using Pthreads on
manycore systems. We initiated as many threads as the

number of hardware cores in the target platform. Each
thread was bound to a separate core. These threads persisted over the entire program execution and communicated
with each other using the shared memory.
The input junction tree was stored as an adjacency array in the memory. Similar to the SEI, the adjacency array
consists of a list of nodes, each corresponding to a clique in
the given junction tree. Each node has links to its children
and a link to its parent. Note that the links were dynamically updated due to the nature of pointer jumping.
We define a task as the computation for updating a
clique in an iteration of pointer jumping. The input to a
task is the clique to be updated and the set of cliques propagating evidence to it. The output of a task is the clique
after updated. In iteration k of pointer jumping in evidence
collection, a task corresponds to Lines 3-5 in Algorithm 1,
which updates clique Ci by sequentially performing multik
ple evidence propagations using cliques in ch2 (Ci ). In iteration k of pointer jumping in evidence distribution, a task
corresponds to Lines 10-11 in Algorithm 1, which updates
clique Ci by performing a single evidence propagation usk
ing clique pa2 (Ci ).
In each iteration of pointer jumping (in both evidence
collection and evidence distribution), all the tasks can be
executed in parallel. These tasks were statically distributed
to the threads by a straightforward scheme: the task corresponding to clique Ci , O ≤ i < N , is distributed to thread
(i mod P ), where P is the number of threads. Hence, a
clique is always updated by the same thread, although the
cliques propagating evidence to it vary from iteration to iteration. Note that, in an iteration, the execution time of the
tasks can vary due to different numbers of evidence propagations performed in the tasks.
We explicitly synchronized the update operations
across the threads at the end of each iteration of pointer
jumping using a barrier.

6

Results and Analysis

Figures 4, 5, and 6 illustrate the performance of the proposed algorithm and the scheduling-based exact inference
(SEI) for various junction trees. We consider the execution time and the scalability with respect to the number of
processors for each algorithm.
For chains, as shown in Figure 4, SEI showed limited
scalability; in contrast, the proposed algorithm scaled very
well with the number of cores. This is because for chains,
SEI had no structural parallelism to exploit. For a chain of
4096 cliques, on a single core, the proposed algorithm ran
much slower than SEI; however, when the number of cores
exceeded 16, the proposed algorithm ran faster than SEI.
For balanced trees, as shown in Figure 5, both methods scaled well due to available structural parallelism. The
scalability of SEI was even better than that of the proposed
algorithm. This is because for balanced trees, during evidence collection in the proposed algorithm, some clique are
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Figure 4. Comparison between the proposed algorithm (left) and SEI (right) for chains on the 32-core Intel Nehalem-EX based
system.
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Figure 5. Comparison between the proposed algorithm (left) and SEI (right) for balanced trees on the 32-core Intel Nehalem-EX
based system.

updated by sequentially performing a large number of evidence propagations from its children. Load imbalance can
occur due to the straightforward scheduling scheme employed by us. By employing the work-sharing scheduler,
SEI had better load balance. Note that SEI ran much faster
than the proposed algorithm.
To understand better the impact of junction tree topology on the scalability, we used slim trees for the experiments. The results are shown in Figure 6. The number of
cliques (N ) was 4096. We varied the amount of structural
parallelism offered by the junction trees by changing the
parameter b (see Section 5.2) for each type of slim trees.
For Slim Tree 1, we observed that SEI did not scale
when the number of cores P exceeded b. The proposed
algorithm still scaled well. The scalability of the proposed
algorithm is not significantly affected by b. Thus, when b
was small and P was large, e.g. b = 4 and P = 32, the
proposed algorithm ran faster than SEI.
For Slim Tree 2, increasing b made SEI scale better.
In contrast, the proposed algorithm did not scale well when

b increased because of the load imbalance. Load imbalance occurs because in each iteration of pointer jumping in
evidence collection, some cliques are updated by sequentially performing b evidence propagations, while the other
cliques perform only one evidence propagation. Thus,
when b was large, e.g. 256 or 1024, for the number of cores
used in the experiments, SEI ran faster than the proposed
algorithm. When b was small and P was large, e.g. b = 16
and P = 32, the proposed algorithm ran faster than SEI.
For Slim Tree 3, although increasing b reduces the
amount of structural parallelism, it also reduces the length
of the sequential path (chains consisting of d Nb e cliques).
Hence, as long as N/b is greater than the number of cores
P , increasing b makes SEI scale better. If N/b is less than
P , then all the processors are not fully utilized by SEI. We
observed that for N = 4096 and b = 256, SEI no longer
scaled when the number of cores P exceeded 16. The proposed algorithm scaled best when b = 4. When b = 4 and
P = 32, the proposed algorithm ran faster than SEI.
Examining the execution time of the proposed algo-
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(a) The proposed algorithm (left) and SEI (right) for Slim Tree 1.
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(b) The proposed algorithm (left) and SEI (right) for Slim Tree 2.
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(c) The proposed algorithm (left) and SEI (right) for Slim Tree 3.

Figure 6. Comparison between the proposed algorithm and the scheduling based exact inference (SEI) for slim trees with
N = 4096 cliques on the 32-core Intel Nehalem-EX based system.

rithm and SEI in all the cases, we can conclude that when
SEI does not scale with the number of cores due to lack
of structural parallelism, the proposed algorithm can offer
superior performance compared with SEI by using a large
number of cores.

7

Conclusions

In this paper, we adapted a pointer jumping based method
to explore exact inference in junction trees with limited
data and structural parallelism on manycore systems. The
proposed method parallelizes both evidence collection and
distribution. Due to the sequential update for each clique
with respect to its children, the performance of the pointer
jumping based evidence collection depends on the topology of the input junction tree. Our experimental results
show that for junction trees with limited structural parallelism, the proposed algorithm is well suited for manycore
platforms. In the future, we plan to improve the load balance across threads within each iteration of pointer jumping. In addition, we are considering extending the algorithm by integrating the methods exploring structural parallelism and data parallelism so that the algorithm can automatically choose the best method for a given junction tree.
We also plan to investigate the parallelization of clique update with respect to its children during evidence collection.
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