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Abstract

We develop new algorithms and architectures for ma-
trix multiplication on configurable hardware. These
designs significantly reduce the latency as well as the
area. Our designs improve the previous designs in [7]
and [1] in terms of the area/speed metric where the
speed denotes the maximum achievable running fre-
quency. The area/speed metrics for the designs in [7],
[1], and our design are 14.45, 4.93, and 2.35, respec-
tively, for 4 x 4 matrix multiplication. The latency
of the design in [7] is 0.57us, while our design takes
0.15us using 18% less area. The area of our designs is
smaller by 11% — 46% compared with the best known
systolic designs based on [9] with the same latency for
the matrices of sizes 3 x 3—12 x 12. The performance
improvements tend to grow with the problem size.

1 Introduction

Matrix multiplication is a frequently used kernel op-
eration in a wide variety of graphic, image, robotics,
and signal processing applications. Several signal and
image processing operations consist of matrix multi-
plication. Most previous implementations of matrix
multiplication on FPGAs focused on trade-offs be-
tween area and maximum running frequency [1][7].
In this paper we develop designs which provide im-
proved trade-offs between area and latency.

We significantly reduce the number of registers in-
volved in the data movement. n? registers of 16-bit
words and n? + 6n?/s, (1 < s < n) registers of 8-bit
words are involved in the data movement for n x n
matrix multiplication in [9]. Only 4n registers of 8-
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bit words are involved in the data movement in our
design (based on Theorem 1). A closed form function
representing the area of a design is derived by in-
corporating architecture / algorithm details and the
FPGA vendors’ specifications. The function enables
the designer to make trade-offs between area and la-
tency before launching time-consuming low-level sim-
ulation.

Mencer et. al [7] implemented matrix multiplica-
tion on the Xilinx XC4000E FPGA device. Their
design employs bit-serial multipliers using Booth en-
coding. They focused on trade-offs between area and
maximum running frequency with parameterized cir-
cuit generators. For a specific example of 4 x 4 ma-
trix multiplication, 954 CLBs are used to achieve the
maximum running frequency of 33 MHz.

Amira et. al [1] improved the design in [7] using the
Xilinx XCV1000E FPGA device. Modified Booth-
encoder multiplication was used along with Wallace
tree addition. Emphasis was once again on maximiz-
ing the running frequency. For a specific example of
4 x 4 matrix multiplication, 296 CLBs are used to
achieve the maximum running frequency of 60 MHz.
Area/speed (the number of CLBs divided by the max-
imum running frequency) was used as a performance
metric.

We improve the previous designs in [7] and [1] in
terms of the area/speed metric. The area/speed met-
rics for the designs in [7], [1], and our designs are
14.45, 4.93, and 2.35, respectively. The design area
denotes the number of CLBs and its translation is
performed in terms of the equivalent amount of logic
on different FPGA devices. Details can be found in
Section 3.4. The energy efficiency of our designs is
also evaluated and reported as a separate work [5].

Prasanna and Tsai [9] achieved the theoretical
lower bound in latency for matrix multiplication with
a design based on a linear array. Their method pro-
vides trade-offs between the number of registers and
the latency. For performance comparison, we have



implemented their design on the same target FPGA
device used in the implementation of our designs. The
areas of our designs for 3 x 3—12 x 12 matrix multipli-
cations (based on Theorem 1 in Section 2) are smaller
by 11% —46% compared with the designs based on [9]
with the same latency. Our designs (based on Theo-
rem 2 in Section 2) also improve the performance in
terms of areaxlatency (AT) metric by 53.2% — 69%
for matrices of sizes 3 x 3 — 12 x 12. Experiments on
larger matrices show that the performance improve-
ments increase with the matrix size.

The rest of the paper is organized as follows. Al-
gorithms and architectures for area and time effi-
cient implementation of matrix multiplication are
presented in Section 2. Section 3 describes imple-
mentation and compares performance with previous
designs. Section 4 concludes the paper.

2 Fast Algorithms for Matrix
Multiplication

Compared with the design in [9], our algorithm sig-
nificantly reduces the number of registers involved
in data movement. n? registers of 16-bit words and
n? +6n2/s, (1 < s < n), registers of 8-bit words are
involved in the data movement in [9]. Only 4n regis-
ters of 8-bit words are involved in the data movement
in our design.

We present our algorithms and architectures in two
theorems and two corollaries. Pseudo-code for cycle-
specific data movement and the detailed architectures
are also provided. Theorem 1 improves the best
known algorithm for matrix multiplication [9] with
respect to the number of registers. This leads to op-
timal time complexity with a leading coefficient of 1
for matrix multiplication on a linear array. It uses
only two I/O ports, which makes our design attrac-
tive for hosts with limited I/O capability. Theorem
1 is extended for trade-offs between latency and area
using block multiplication (Corollary 1). While the
short proof of Theorem 1 appears in [5], the full and
extended proof is provided in this paper.

The second algorithm is developed to exploit fu-
ture increases in the density of FPGA devices to real-
ize improvements in latency as larger devices become
available (Theorem 2). It uses more multipliers and
I/0 ports. Corollary 1 and Theorem 2 are integrated
into Corollary 2. Corollary 2 provides more compre-
hensive trade-offs between area and latency.

Theorem 1 n x n matrix multiplication can be per-
formed in n?® + 2n cycles using n PEs with a MAC
(multiplier-and-accumulator), 4 registers, and a local

memory of n words per PE and 2 1/0 ports (Figure 3
shows a PE and Figure 1 shows an array connecting
the PFEs).

Proof: The algorithm in Figure 2 and the architec-
ture in Figure 1 and Figure 3 are devised to com-
pute ¢;; = > p_y @ik X by; for all i,j. ax, by, and
cij represent the elements of n X n matrices A, B,
and C. PE; denotes the j-th PE from the left in
Figure 1, j = 1,2,..,n. PE; computes column j of
matrix C, cij, ¢ , ..., Cnj stored in local memory. In
Phase k, row k of matrix A (a;,1 < ¢ < n) and
column k of matrix B (bj,1 < j < n) traverse the
PE,,PE,, PE3, ..., PE, in order and allow PE; to
update c}; = c}; + a;x X b; where c}; represents the
intermediate value of c;;. Once by; arrives at PEj,
a copy of by; resides in PE; until ag, ask, asg,... ank
pass through PE;. We observe that the following two
essential requirements should be satisfied: 1) Since
a;k, stays at each PEj; for just one cycle, by; should
arrive at PEj; no later than a;, for any 4,1 <7 <n.
2) Once by; arrives at PE;, a copy of by; should re-
side in PE; until a,y, arrives. We show how the above
two essential requirements for our implementation are
satisfied with minimal number of registers. In addi-
tion, we evaluate the number of cycles to finish the
operation and the amount of local memory per PE.

1) b; should arrive at PE; no later than a;, for
any 4,1 < i < m: Matrix B is fed to the lower
I/O port of PE; (Figure 3) in row major order
(bu, b12, b13, ceny blny b21, b227 ) Matrix A is fed to
the upper I/O port of PFE; in column major or-
der (aj1,a91,0a31, ..., Gn1,a12,a22,...), N cycles be-
hind the matrix B.  For example, ai; is fed to
the upper I/O port of PE; during the same cycle
as boy is fed to the lower I/O port of PE;. The
number of cycles needed for by; to arrive at PEj; is
(k—1n+2j—1. ajpneedsn+ (E—1)n+i+j—1
cycles to arrive at PE;. The requirement is satisfied
since (k—1)n+2j—1<n+(k-1n+i+j—1
for all 7, j. For example, we show how by, arrives at
PE,, no later than a1o for ¢},, = ¢}, + a12 X bay. bay
needs (2 — 1)n +n cycles to arrive at PE; and needs
(n—1) more cycles to move to PE,,, requiring a total
of 3n — 1 cycles. ajz needs n+ (2 —1)n+ 1 cycles
to arrive at PE; and n — 1 more cycles to move to
PE,, requiring a total of 3n cycles.

2) Once by; arrives at PE;, a copy of by, should
reside in PE; until a,, arrives: We show how to min-
imize the number of registers to store copies of by;
(k=1,2,..,n) in PEj;, for each j. For this we prove
that only two registers (denoted BM and BL in Fig-
ure 3) are enough to hold by; at PE; (to store two
consecutive elements, b(x11); and by;). For example,



when b34 arrives at PFEy, b14 is in BL and byy4 is in BM.
If we can prove that a, has arrived at PEy, b4 can
replace b4 in BL. Note that by4 is no longer needed
in PEy after ¢/, = ¢}, +an1 X b14 has been performed
using a,1 which has already arrived at PE,. In gen-
eral, by; is needed until a,j; arrives at PE; in the
{n+ (k—=1)n+n +j — 1}-th cycle. bgqo); arrives
at PE; in the {(k + 1)n 4+ 2j — 1}-th cycle. Since
(k+1)n+2j—1>n+(k—1)n+n+j—1 for all
J, k, and n, bg; can be replaced when b 2); arrives
at PE;. This proves that PE; needs only two tem-
porary registers (denoted as BM and BL in Figure 3)
to hold by; (k=1,2,..,n).

3) We show that n2 + 2n cycles are needed to com-
plete the matrix multiplication. The computation fin-
ishes one cycle after a,, arrives at PF,,, which is the
{n+(n—1)n+n +n—1}-th or {n?+2n—1}-th cycle.

4) Local memory of n words is used to store inter-
mediate values for a column of matrix C in each PE.
[

P
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Figure 1: Family of Architectures

For t=1 to n do
For all j, 1<j<n, do in parallel
PEJ. shifts data in BU right to PEjﬂ
If (BU=bkj) , copy it into BM
For t=n+l to n?+n do
For all j, 1<j<n, do in parallel
PEJ. shifts data in A, BU right to PEJ.“
If (BU=bkj) , copy it into BL or BM (alternately)
If (A=a,), cij' =c;. + a;, x bkj

J
(bkj is in either BM or BL)

Figure 2: Algorithm used in the proof of Theorem 1

Corollary 1 n X n matriz multiplication can be per-
formed in (rn? + 2r2n) cycles using n/r PEs with 1
MAC;, 1 local memory of n/r words and 4 registers
per PE and 2 I/0 ports where n is divisible by .

Proof: n x n matrix multiplication can be decom-
posed into 7% n/r x n/r matrix multiplications. Using

> A >
; LI .
From P[:/r : To Plll, ;
» BU N

SRAM or
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C

i

Figure 3: Architecture of PE; used in the proof of
Theorem 1

Theorem 1 with n replaced by n/r, the result follows.
]

Corollary 1 provides trade-offs between area and
latency. A smaller value of n/r reduces the number
of PEs resulting in lesser area. However, it increases
the number of cycles to complete the matrix multi-
plication.

Theorem 2 n x n matrix multiplication can be per-
formed in (n?/r + 2n/r) cycles using n/r PEs with
r2 MACs, r? local memories of n/r words and
4r registers per PE and 2r 1/0 ports(Figure 4 shows
a PE for r=2) where n is divisible by r.

Proof: The n x n matrices A, B, and C are divided
into 72 submatrices of size n/r xn/r, respectively. Let
Ay, Bay , Cay , 1 < 2,y < r denote the submatrices.
Then we have Cpy = >3 Auk X Bry, 1 < z,y <
r. The basic idea is to perform Cy, = 22:1 Apr X
By, in parallel for all z,y, 1 < z,y < r using r
MAGCs per PE. A, X Byy for each z,y,1 < z,y <r
is performed using a MAC per PE as in Theorem
1. However, a direct application of Theorem 1 would
require 472 registers per PE and 2r? 1/0 ports. Later
we will show how to reduce it to 4r registers per PE
and 2r I/O ports. PE; denotes the j-th PE from
the left in Figure 1, j = 1,2,..,n/r. PE; computes
column j of all submatrices Cyy, ,1 < z,y <r . Each
local memory of n/r words in PE; is used to store
intermediate results for column j of a submatrix Cy,
for any z,y, 1 < 2,y < r, requiring a total of r2 local
memories of n/r words per PE. A MAC is used to
update column j of each submatrix Cyy ,1 < z,y <,
thus requiring a total of r> MACs per PE.

1) For each 1 < z,y < r, Ayr X By, for all k,1 <
k < r can be performed in (n?/r +2n/r) cycles using



From PE,, To PE,,,

o—

Figure 4: Architecture of PE; used in the proof of
Theorem 2

n/r PEs with one MAC and 4 registers per PE and
2 I/0 ports: Ay X Byy for each 1 < z,k,y < r can
be performed in (n?/r?+2n/r) cycles using n/r PEs
with one MAC and 4 registers per PE and 2 I/O ports
using Theorem 1. Input of last column in submatrix
A, to the array can be overlapped with input of the
first row in submatrix By, for k = 1,2,...,r — 1.
Using the overlapping, Azr X By for kK =1,2,3...,r
can be performed in a pipelined fashion, each taking
n?/r? cycles. At the start, n/r cycles are needed to
input the first row of submatrix Bi,. At the end, after
the last column of submatrix A, is fed, n/r more
cycles are needed to move it through the array of n/r
PEs to complete the updates for Cy,. This discussion
leads to n/r + r x n?/r2 +n/r =n?/r+2n/r cycles.

2) Cy, = Chy+Agp X By forall 1 <, k,y <7 can
be performed in (n?/r + 2n/r) cycles using n/r PEs
with 72 MACs, 72 local memories of n/r words per
PE and 4r registers per PE and 2r 1/O ports. C;, is
the intermediate result for Cy,. Instagek,1 <k <,
C., = C, + Azr X Byy is performed in parallel for
all 1 <z,y <r.1/O ports, IOA1,IOAs,...,IOA, are
used to feed submatrices A1k, Aok, ..., A to the ar-
ray. I/O ports IOBy, IOBa, ..., IOB,. are used to feed
submatrices By, Bga, ..., Bir to the array. A MAC,
MAC,,, is used to perform C’;y = Cg’cy + Ak X Bry
for each 1 < z,y < r. Agg can be shared among r
MACs, MAC,y, 1 <y < in each PE while By, can
be shared among r MACs, MAC,,, 1 <z <. This
sharing allows us to reduce the number of registers
required per PE and the number of I/O ports from
472 and 2r? to 4r and 2r, respectively. A direct ap-

plication of Theorem 1 without sharing would use 4
registers per PE and 2 I/O ports to feed each MAC,
requiring 4r? registers per PE and 2r? 1/O ports as
a total. Column j of a submatrix C;, is updated
by M AC,, and stored in a local memory of size n/r,

LMy, for each z,y,1 <z,y <rin PE;.
3) Figure 4 shows our architecture for r = 2

and Figure 5 shows the accompanying algorithm. Let
Azy, Bey, and Cypy,1 < z,y < 2 denote subma-
trices of size n/2 X n/2, respectively. In the first
stage, C;/,y = Az X Byy, are performed in parallel
for all 1 < z,y < 2 by feeding Ai1, As1, B11 and
B/12 into the 4 input ports. In the second stage,

Cypy = C;y + Azo X By, is performed in parallel for

all 1 < z,y < 2. Each stage takes n?/4 + n cycles
from Theorem 1. Since overlapping is possible be-
tween the end of the first phase and the start of the
second phase, the total number of cycles is n?/2 + n.
For other values of r, the proof follows using the same
idea. m

For t=1 to n/2 do

For all j do in parallel
PE; shift words in BU1 & BU2 to the right(to PEM)*
If (BU1 =b,, ), copy it into BM1
If (BU2 =b, ), copy it into BM2

For t=n/2+1 to (n/2)*+n/2 do

For all j do in parallel

PEJ. shift words in A1,A2,BU1,BU2 to the right(to PEJ.H)*
If (BU1 = b11kj), copy it into BM1 after moving the word in BM1 into BL1
If (BU2 = b12kj), copy it into BM2 after moving the word in BM2 into BL2
If (A1= a,;,), REG11,=REG11;+a,;;x b, REG12=REG12+a, ;X b,y
If (A2= a,,,), REG21=REG21+a,,,x b, REG22=REG22+a,,x b
(by4y is in either BM1 or BL1)
(b, is in either BM2 or BL2)

11kj 12kj

*Matrix B11 and B12 enters the third and fourth I/O port of
PE, in row major order

*Matrix A enters the first and second port of PE1 in column major
order n/2 cycles behind Matrix B

Figure 5: Algorithm used in the proof of Theorem 2

By emphasizing on the number of MACs used, The-

orem 2 and Corollary 1 can be combined into Corol-
lary 2.

Corollary 2 n x n matriz multiplication can be per-

formed in (n? /m~+2n?% /m) cycles using min(m, n?/m)

PEs with max(1,m?/n?) MACs, max(1,m?/n?) lo-
cal memories of min(m,n?/m) words, min(4,4m/n)



registers per PE and max(2,2m/n) I/0 ports where
n? is divisible by m and 1 < m < n?.

Proof: For 1 < m < n, the proof follows from Corol-
lary 1 by setting n/r = m. For n < m < n?, the
proof follows from Theorem 2 by setting nr =m. m

A smaller value for m reduces the number of MACs,
number of registers, and number of I/O ports result-
ing in lesser area. But it increases the number of
cycles. Corollary 2 provides trade-offs between la-
tency and area for 1 < m < n?. Corollary 2 provides
more comprehensive trade-offs between area and la-
tency than Corollary 1 and Theorem 2. Note that
Corollary 1 and Theorem 2 provide trade-offs between
latency and area for 1 < m < n and n < m < n?,
respectively.

3 FPGA Implementation

Our approach is to use a domain-specific modeling
technique proposed in [4]. The model is applicable
only to the design domain spanned by the family of
algorithms and the architectures to be considered.
The family represents a set of algorithm-architecture
pairs which share a common structure and similar
data movement. The domain is a set of design points
resulting from unique combinations of algorithm and
architecture level changes. The abstraction is inde-
pendent of the commonly used levels such as gate,
register, and system level. For example, if the num-
ber of multipliers and the number of registers change
values in a domain, a domain-specific model is built
using them as key parameters. The details can be
found in [4].

We choose a Xilinx Virtex-1I FPGA device to eval-
uate our designs. We estimate the area by deriving
domain-specific area functions. Each domain repre-
sents a set of architectures and algorithms spanned
by algorithm level changes. We identify key compo-
nents and the area for each component to make an
approximate estimate of the total area required. Per-
formance comparison with previous designs are made
in terms of area/speed metric and areaxlatency (AT)
metric.

3.1 Identifying Key Components, Pa-
rameters and Domain

The family of architectures in Figure 1 and the PEs
in Figures 3 and 4 are used for our algorithms. We
identify registers of 8-bit words, MACs, SRAMs (Se-
lectRAMs), BSRAMs (Block SelectRAMs) [10] as key
components. SRAM is a CLB-based local memory

and BSRAM is a built-in on-chip storage. In the off-
chip model, the storage for input matrices is assumed
to be outside the FPGA. I/O ports are used for data
access. The on-chip model uses BSRAM in the Xilinx
Virtex-II FPGA devices as on-chip storage.

We build four domains for Theorem 1, Corollary
1, Theorem 2 and Corollary 2. Only one parameter,
n, is used for Theorem 1. Two parameters, n and
r, are used for Corollary 1 and Theorem 2. n de-
notes the size of matrices. r is introduced for block
multiplication using submatrices of size n/r. Two pa-
rameters n, m are used for Corollary 2. n denotes the
size of matrices and m denotes the number of MACs.
Our algorithms ensure that the number of all the key
components depends on only two parameters.

Table 1 lists the key parameters and the number
of key components represented by the parameters for
each domain. For given matrices of size n x n, the
space spanned by the parameters forms a domain over
which trade-offs between area and latency are made.
Each unique combination of parameter values forms a
design point. For example, in the domain for Corol-
lary 1 off-chip model, n = 16,7 = 4 represents a
design point where 4 PEs are used for 16 x 16 matrix
multiplication. Each PE has 4 registers, 1 MAC, and
1 SRAM and there are 2 I/O ports connecting the
array of PEs to off-chip memory.

3.2 Estimation of Area for Key Com-
ponents

We estimate the area needed for implementing k
instances of each key component. For simplicity, we
assume that each component consumes same amount
of area regardless of its location. As an example,
Figure 6 shows the estimation of the area needed
for storing k 16-bit words on Xilinx XC2V1500
device with 166 MHz clock. FEach sample point
represents a low level simulation to estimate the
area. The curve for registers can be approximated
by a linear function while the curve for SRAMs can
be approximated by a step function. Since SRAMs
can have only multiples of 16 words, the curve for
the area of SRAMs can be approximated as a step
function. Each CLB in the XC2V1500 FPGA device
has 4 slices. For other components, area can be
similarly characterized. Components with non-linear
characteristic can be characterized by tables. Let
Ags(k), Ari6(k), Amurr(k), Asran (k), Apsrant (k)
and Ajo (k) denote area estimation for 8-bit reg-
isters, 16-bit registers, 8-bit multipliers, SRAMs,
BSRAMs, and I/O ports.



Table 1: Key parameters and key components for the domains (note: BSRAMs and I/O ports are used for

on-chip model and off-chip model, respectively)

Domain | Parameters || No. of PEs | Reg/PE | MACs/PE | BSRAMs | I/0 ports | SRAMs/PE
Theorem 1 | n n 4 1 2n2 2 1 of n words
Corollary 1 | n,r n/r 4 1 2n? 2 1 of n/r words
Theorem 2 | n,r n/r 4r r? 2n° 2r 7 of n/r words
Corollary 2 | n,m min max max 2n? max max(1, m?/n?) of
(m,n?/m) | (4,4m/n) | (1,m?/n?) (2,2m/n) | min(m,n?/m) words

Note: *n is divisible by r, (1 <m < n?). *n? is divisible by m.
Minimum unit size of BSRAMs and SRAMs are 1024 and 16.
For example, [2n?/1024] BSRAMs are needed to store 2n? words.
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Figure 6: Comparison of areas needed to store 16-bit
words (Xilinx XC2V1500)

3.3 Functions to Estimate Area and
Latency

Functions to represent area and latency are derived in
the domains for Corollary 1, Theorem 2, and Corol-
lary 2. The area is obtained by A =", A;(k;) where
A;(k;) denotes the area estimation for k; components
of type ¢ in the design. The values of k; depend on the
parameters for each domain (refer to Table 1). For ex-
ample, in the domain for Theorem 2, k; is determined
by the specific values assigned to n,r. If n = 16,7 = 4,
then krg = 16 which implies that 16 8-bit registers
are used. Note that assigning specific values to the
parameters not only determines a design point in the
domain but also determines the number of compo-
nents for each type. The latency is determined by
the algorithm and is represented using the parame-
ters chosen for each domain.

Table 2 illustrates the functions to represent area
and latency for the domain of Corollary 1. Functions
for other domains are obtained in the same way. For

the off-chip model, I/O ports are used to fetch ele-
ments from outside the FPGA. In the on-chip model,
BSRAMs of 16-bit 1024 words are used for on-chip
storage of input matrices.

3.4 Performance Comparison

The functions in Table 2 are built only for the pre-
diction of the performance and not used for perfor-
mance comparison. The areas and latencies of our de-
signs in Tables 3 and 4 are obtained through low level
simulation using Xilinx ISE 4.1i and Mentor Graph-
ics ModelSim 5.5e for Xilinx XC2V1500 as a target
FPGA device. Therefore, the areas in Tables 3 and 4
include the overhead for routing as well as the areas
for components.

Our designs improve the previous designs in [7] and
[1] in terms of the area/speed metric (Refer to Ta-
ble 3). Since each CLB has different amount of logic
on different FPGA devices used in the designs in [7]
and [1], translation should be made in the number
of CLBs used for fair comparison. 954 CLBs of the
Xilinx XC4000E FPGA device used in the design of
[7] for 4 x 4 matrix multiplication can be translated
into 477 CLBs of the Xilinx XCV1000E FPGA de-
vice used in [1]. 140 CLBs of the Xilinx XC2V1500
used in our design of 4 x 4 matrix multiplication to
achieve 166 MHz can be translated into 280 CLBs
of the Xilinx XCV1000E FPGA device used in [1].
In addition, our designs use 4 dedicated multipliers
which can be translated to 110 CLBs. After transla-
tion, the area/speed metrics for the designs in [7] and
[1] are 14.45 and 4.93, respectively. The area/speed
metric for our designs is 2.35.

We also implemented the best known linear array
based design by Prasanna and Tsai [9] on the same
FPGA device we used for our design. The implemen-
tation occupies 155 CLBs and the area/speed metric
adjusted as indicated above is (155 x 2+ 110)/166 =
2.53. It is 7% higher than our design. The gap



Table 2: Functions to represent energy, area, and latency for Domain of Corollary 1

Functions For the domain of Corollary 1

Area (slices) | on-chip | 2Anppr+2[2/16]Agp a0 +42 Ars and [2n%/1024] BSRAMs

off-chip %AI\,{ULT + % [%/161 Asrpan + 4%AR8 and 2 8-bit I/O ports

Latency (cycles) (T?’)(?—j + 27n +1)

Table 3: Area/speed comparison of previous designs against ours for 4 X 4 matrix multiplication

Design FPGA Area Area Speed | Area/Speed Latency
(CLBs) | (equivalent) | (MHz) (ps)
Mencer et al [7] XC4000E 954 477 33 14.45 0.57
Amira [1] XCV1000E 296 296 60 4.93 n/a
Proposed (Theorem 1) [| XC2V1500 140 390 166 2.35 0.15
Prasanna and Tsai [9] || XC2V1500 155 420 166 2.53 0.15

widens as the size of the matrices grows. For ex-
ample, 12 x 12 matrix multiplication, our design uses
(417 x 24 110 x 3)/166 = 7.0. The design based on
[9] uses (921 x 2 + 110 x 3)/166 = 13. Our design
improves the design in [9] by 46% in terms of the
metric.

Since the latency of the design in [1] is not clearly
stated, we compare the latency of our design against
that of the design in [7] for 4 x 4 matrix multipli-
cation. The latency of the design in [7] is 19 cy-
cles x 1/33MHz = 0.57us. Our design takes 25
cycles x 1/166MHz = 0.15us. One cycle is added
for flushing the 2-stage pipeline multipliers used in
our design(4? + 2 x 4 + 1 = 25). The equivalent area
used by our design is smaller by 18% compared with
that of the design in [7].

For sizes of the matrices other than 4 x 4, no data
is provided in [7] and [1]. Table 4 compares area and
latency of our designs (based on Theorem 1 and The-
orem 2) against the design in [9] for various sizes of
matrices. The area of our designs based on Theorem
1 is smaller by 11% — 46% compared with the designs
based on [9] with the same latency. The gap widens as
the size of the matrices grows. Our designs based on
Theorem 2 reduce the latency with modest increase
in area as compared with the designs based on [9] and
Theorem 1. Comparison of performance based on the
AT (areaxlatency) metric shows that designs based
on Theorem 2 are better than the designs based on [9]
by 53.2—69% for matrices of sizes 3 x 3—12x 12. Fig-
ure 7 shows the trade-off curve between latency and
area. FExperiments on larger matrices show that the
reduction becomes larger with increase in the sizes of
matrices [5]. The improvement in latency of our de-
signs is due to the reduction of I/O cycles via using
a cache(the collection of SRAMs in the array). The
improvement in area is obtained through great reduc-

tion of registers(compared with [9]) which is possible
through rescheduling of matrix elements.
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Figure 7: Trade-offs between latency and area for ma-
trices of chosen sizes

4 Conclusions

New algorithms and architectures were developed for
matrix multiplication to provide improved trade-offs
between area and latency as compared with the state-
of-the-art FPGA-based designs. A function to rep-
resent the impact of algorithm change on the total
area is derived to enable the designer to understand
the trade-offs before time consuming low level sim-
ulation. Low level simulation using Xilinx ISE 4.1i
and Mentor Graphics ModelSim 5.5e and the recent
Xilinx XC2V1500 as a target FPGA were performed
to evaluate the chosen designs.



Table 4: Performance comparison of various designs.

Design Metric Matrix size (nxn)
3x3 | 6 x6 | 9x9 | 12 x 12 | 24 x 24 | 48 x 48
Proposed latency 0.09 0.29 0.60 1.01 3.75 14.41
(Theorem 1) area 393 786 1179 1572 3912 9360
AT 37.7 231.1 707.4 1594.0 14670.0 134840.2
Proposed latency 0.03 0.145 0.2 0.51 1.88 7.30
(Theorem 2) area r=3 | 444 | r=2 843 | r=3 | 1767 | r=2 1686 | r=2 4104 | r=2 11280
AT 13.3 122.2 353.4 859.9 7713.5 81542.1
latency 0.1 0.07 0.34 1.25 4.82
area n/a | r=3 | 1178 | r=9 | 4957 | r=3 2356 | r=3 5464 | r=3 10928
AT 117.8 347.0 801.0 6846.4 52665.0
latency 0.05 0.25 0.94 3.61
area n/a | r=6 | 2233 n/a r=4 | 3051 | r=4 6924 | r=4 13848
AT 111.7 762.8 6506.8 50053.0
latency 0.17 0.63 2.41
area n/a n/a n/a | r=6 | 4466 | r=6 9944 | r=6 19888
AT 759.2 6229.9 47922.8
latency 0.08 0.31 1.20
area n/a n/a n/a | r=12 | 8761 | r=12 | 19204 | r=12 38408
AT 700.9 6015.7 46274.7
Design based | latency 0.09 0.29 0.60 1.01 3.75 14.41
on [9] area 487 1260 2359 3683 10010 34693
AT 43.8 365.4 1415.4 3719.8 37537.5 499926.1

Note: The unit of latency is psec. The area is the number of slices. For n > 16, estimation values are used.

AT is the areaxlatency metric.
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