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Abstract—We develop new algorithms and architectures for
matrix multiplication on configurable devices. These have reduced
energy dissipation and latency compared with the state-of-the-art
field-programmable gate array (FPGA)-based designs. By pro-
filing well-known designs, we identify ‘“‘energy hot spots,” which
are responsible for most of the energy dissipation. Based on this,
we develop algorithms and architectures that offer tradeoffs
among the number of I/O ports, the number of registers, and
the number of PEs. To avoid time-consuming low-level simula-
tions for energy profiling and performance prediction of many
alternate designs, we derive functions to represent the impact of
algorithm design choices on the system-wide energy dissipation,
area, and latency. These functions are used to either optimize the
energy performance or provide tradeoffs for a family of candidate
algorithms and architectures. For selected designs, we perform
extensive low-level simulations using state-of-the-art tools and
target FPGA devices. We show a design space for matrix multi-
plication on FPGAs that results in tradeoffs among energy, area,
and latency. For example, our designs improve the energy per-
formance of state-of-the-art FPGA-based designs by 29%-51%
without any increase in the area-latency product. The latency
of our designs is reduced one-third to one-fifteenth while area is
increased 1.9-9.4 times. In terms of comprehensive metrics such
as Energy-Area-Time, our designs exhibit superior performance
compared with the state-of-the-art by 50%-79%.

Index Terms—Algorithm design, configurable hardware, en-
ergy-delay tradeoff, field-programmable gate array (FPGA),
linear array, matrix multiplication, performance estimation.

1. INTRODUCTION

RAMATIC increases in the density and speed of field-pro-

grammable gate arrays (FPGAs) make them attractive as
flexible and high-speed alternatives to DSPs and ASICs [7],
[12],[16], [25]. Indeed, FPGAs have become an attractive fabric
for the implementation of computationally intensive applica-
tions such as signal, image, and network processing tasks used
in mobile devices [11], [18], [21]. Matrix multiplication is a
frequently used kernel operation in a wide variety of graphics,
image processing, robotics, and signal processing applications.
Several signal and image processing operations can be reduced
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to matrix multiplication. Most of the previous work on matrix
multiplication on FPGAs focuses on latency optimization [1],
[15], [17], [22]. However, since mobile devices typically op-
erate under various computational requirements and energy con-
strained environments, energy is a key performance metric in
addition to latency and throughput [3]. Hence, in this paper, we
develop designs that minimize the energy dissipation. Our de-
signs offer tradeoffs between energy, area, and latency for per-
forming matrix multiplication on commercially available FPGA
devices. Recent efforts by FPGA vendors have resulted in rapid
increases in the density of FPGA devices. Hence, we also de-
velop a design that attempts to further minimize the energy dis-
sipation and latency in exchange for an increase in area, to take
advantage of further increases in FPGA density.

Our effort is focused on algorithmic techniques to improve
energy performance, instead of low-level (gate-level) optimiza-
tions. We evaluate various alternative designs at the algorithmic
level (with accompanying architectural modifications) on their
energy performance. For this purpose, we construct an ap-
propriate energy model based on the methodology proposed
in [8] to represent the impact of changes in the algorithm on
the system-wide energy dissipation, area, and latency. The
modeling starts by identifying parameters whose values change
depending on the algorithm and have significant impact on the
system-wide energy dissipation. These parameters depend on
the algorithm and the architecture used and the target FPGA
device features. We derive closed-form functions representing
the system-wide energy dissipation, area, and latency in terms
of the key parameters.

The energy, area, and latency functions provide us with a high
level view on where to look for possible savings in system-wide
energy, area, and latency. These functions allow us to make
tradeoffs in the early design phase to meet the constraints. Using
the energy function, algorithmic- and architectural-level opti-
mizations are made. To illustrate the performance gains, exten-
sive low-level simulations using Xilinx ISE 4.1i and ModelSim
5.5 e, and Virtex-1II as an example target FPGA device, are then
performed. Xilinx XPower is used on the simulation data to
verify the accuracy of the energy and area estimated by the func-
tions. Our optimized algorithm and architecture (Corollary 1 in
Section III, for example) save 51% of the system-wide energy
dissipation for matrices of sizes 15 x 15, when compared with
the design from the state-of-the-art Xilinx library [26]. Latency
is reduced by a factor of 15 while area is increased by a factor
of 9.4.

To pursue the possibility of further reduction in system-wide
energy dissipation and latency in exchange for an increase in
area, we also develop an algorithm and architecture (Theorem 1
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in Section IIT) with an increased number of MACs. Low-level
simulations show further reduction in the system-wide energy
dissipation and latency. For example, for matrices of size
12 x 12, the system-wide energy dissipation is reduced by an
additional 40%, resulting in 69% reduction when compared
with the design from the Xilinx library [26]. The latency and
area reduce and increase by factors of 23 and 11.8, respectively.

The remainder of the paper is organized as follows. Section II
summarizes the related work in the literature. Algorithms and
architectures for energy-efficient implementation are presented
in Section III. An energy model specific to our implementation
is described in Section IV. It includes extracting key parameters
from our algorithm and architecture to build a domain-specific
energy model and deriving functions to represent system-wide
energy dissipation, area, and latency. Section IV-B shows
the optimization procedure for our algorithms and architec-
tures in an illustrative way. Analysis of the tradeoffs between
system-wide energy, area, and latency is also provided. Sec-
tion V provides implementation details and explains the
simulation method along with its statistical representativeness.
Section VI analyzes the performance of our algorithms and
architectures through various known metrics in addition to the
system-wide energy dissipation. Section VII concludes the

paper.

II. RELATED WORK

To the best of our knowledge, there has been no previous work
targeted at energy-efficient implementation of matrix multipli-
cation on FPGAs.

Mencer et al. [17] implemented matrix multiplication on the
Xilinx XC4000E FPGA device. Their design employs bit-se-
rial MACs using Booth encoding. They focused on tradeoffs
between area and maximum running frequency with parameter-
ized circuit generators. For the specific example of 4 x 4 matrix
multiplication, 954 CLBs are used to achieve a maximum run-
ning frequency of 33 MHz.

Amira et al. [1] improved the design in [17] using the
Xilinx XCV1000E FPGA device. Their design uses modified
Booth-encoder multiplication along with Wallace tree addition.
The emphasis was once again on maximizing the running fre-
quency. For the specific example of 4 X 4 matrix multiplication,
296 CLBs are used to achieve a maximum running frequency
of 60 MHz. Area/speed or, equivalently, the number of CLBs
divided by the maximum running frequency was used as a per-
formance metric.

Even though our designs mainly target the tradeoffs among
energy dissipation, area, and latency along with algorithmic
level energy optimization, they also improve the designs in
[17] and [1] in terms of the area/speed metric. The area/speed
metrics for the designs in [17] and [1], and for our design
are 14.45, 4.93, and 2.35, respectively. For fair comparison,
translation of the number of CLBs for different FPGA devices
is performed on the basis of the equivalent amount of logic.
For example, 140 CLBs of the Xilinx XC2V1500 used in our
design of 4 x 4 matrix multiplication to achieve a running
frequency of 166 MHz can be translated into 280 CLBs of the
Xilinx XCV1000E FPGA device used in [1].
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Fig. 1. Energy distribution of the design proposed in [22].

Kumar and Tsai [22] achieved the theoretical lower bound for
latency for matrix multiplication with a linear systolic design.
They provide tradeoffs between the number of registers and the
latency. Their work focused on reducing the leading coefficient
for the time complexity. Our work focuses on minimizing en-
ergy dissipation under constraints for area and latency. We sig-
nificantly reduce the number of registers involved in the move-
ment of intermediate results and elements of input matrices.
n?+(6n?/s),1 < s < n, registers of 8-b words are involved in
the data movement for 7 X n matrix multiplication in [22]. In our
design, only 2n registers of 8-b words are involved in the sys-
tolic data movement (based on Theorem 1). Extra 2n registers
of 8-b words are required to store copies and are not involved in
the systolic data movement. Their work is not implemented on
FPGAs.

The most appropriate reference design with which the perfor-
mance of our designs should be compared comes from Xilinx
[26]. The state-of-the-art design from Xilinx library performs
matrix multiplications for limited sizes (3 x 3). Xilinx XPower
[26] can be used to measure the power dissipation of designs im-
plemented on Xilinx FPGA devices. For a fair comparison, we
use the same design environment, the same target device, and
the same power measurement tool. Details of the simulations
can be found in Section VI. Xilinx just provides a point design
optimized at the gate level. Our work constructs a design space
spanned by possible design choices in our algorithm.

III. ENERGY-EFFICIENT ALGORITHMS/ARCHITECTURES FOR
MATRIX MULTIPLICATION

For performance comparison purposes, we have implemented
the latency-optimal systolic design [22] on FPGA devices. The
energy distribution profile of the design reveals that much of
the total energy is dissipated in the registers (see Fig. 1). For
example, 78% of the energy is used in the registers for 12 x 12
matrix multiplication.

By identifying the energy hot spot, we propose new energy-
efficient algorithms and architectures for matrix multiplication.
We present our algorithms and architectures in two theorems
and two corollaries. Pseudocode for cycle-specific data move-
ment, the detailed architectures, and a snapshot of an example
computation are also shown. Theorem 1 improves the latency-
optimal algorithm for matrix multiplication [22] in terms of the
number of registers used in the designs. Our design has optimal
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time complexity with a leading coefficient of 1 for matrix mul-
tiplication on a linear array. Theorem is extended to Corollary 1
for tradeoffs among energy dissipation, area, and latency. Corol-
lary 1 is used to identify energy-efficient designs under latency
and area constraints.

The second algorithm is developed to exploit further in-
creases in the density of FPGA devices to realize improvements
in energy dissipation and latency (Theorem 2). It uses more
MAC:s and I/O ports. Corollary 1 and Theorem 2 are integrated
into Corollary 2. Corollary 2 provides more comprehensive
tradeoffs among energy dissipation, area and latency than
Corollary 1.

Based on the location of the input and output matrices, we
have two design scenarios: off-chip design and on-chip design
[see Fig. 2(a) and (b)]. In the off-chip design, we assume that
the input matrices are stored outside the FPGA. I/O ports are
used for data access. While we assume that the input matrices
are stored in an external memory outside the FPGAs, we do not
include the energy used by the external memory. However, in
the on-chip design, we store all input and output matrices in
an on-chip memory of the FPGA devices. The on-chip memory
refers to an embedded memory in FPGAs. For example, a Block
SelectRAM in the Xilinx Virtex-II devices can be used for the
on-chip memory. Thus, the energy used by the on-chip memory
is included in the on-chip design.

Theorem 1: n x n matrix multiplication can be performed
in n? + 2n cycles using 3 I/O ports and n processing elements
(PEs), each having a MAC (MAC-and-accumulator), 4 registers,
and 2 local memories of n words (Fig. 2(a) and (b) shows a
linear array connecting the PEs and Fig. 2(c) shows a PE).

Proof: The algorithm in Fig. 2(d) and the architecture in
Fig. 2(a)-(c) are devised to compute ¢;; = ZZ:1 air, X brj
for all 4, j. a;i,br;, and ¢;; represent elements of the n x n
matrices A, B, and C'. PE; denotes the jth PE from the left in
Fig. 2(a), 7 = 1,2,...,n. PE; computes\column j of matrix
C,cij,c¢25,. .., Cnj, which is stored in the local memory Cbuf.
In Phase k, column k of matrix A(a;x,1 < ¢ < n) and row k of
matrix B(bg;,1 < j < n) traverse PE;,PEy, PEs, ..., PE,
in order and allow PE; to update ¢ ;= cgj + a;r X by;, where
c ; represents the intermediate value of c¢;;. Once by; arrives
at PE;,, a copy of by; resides in PE; until aqx, ask, ask,... ank

(a) Off-chip design and (b) on-chip design. (c) Architecture of PE; used in Theorem 1. (d) Algorithm used in Theorem 1.

pass through PE;. We observe that the following two essential
requirements should be satisfied: 1) since a;, stays at each PE;
for just one cycle, by; should arrive at PE; no later than a;y,
for any ¢,1 < ¢ < n and 2) once by; arrives at PE;, a copy of
bi; should reside in PE; until a,,;, arrives. We show how these
two essential requirements for our systolic implementation are
satisfied with a minimal number of registers. In addition, we
evaluate the number of cycles required to finish the operation
and the amount of local memory per PE. An illustrative snapshot
for n = 3 is provided for more clarity.

1) by; should arrive at PE; no later than a;;, for any
C,1 < 72 < n: matrix B is fed to the lower I/O
port of PE; [see Fig. 2(c)] in row major order
(b117 blg, b137 ey b1n7 b21, b22./ .. ) Matrix A is fed
to the upper I/O port of PE; in column major order
(@11,021,031, - - -, 0n1,012,022,...),n cycles behind
matrix B. For example, a1; is fed to the upper I/O port of
PE; in the same cycle as by is fed to the lower I/O port
of PE;. The number of cycles required for by to arrive at
PE;is (k—1)n+2j—1. a; requires n+(k—1)n+i+j—1
cycles to arrive at PE;. The requirement is satisfied since
(k—1)n+2j—1<n+(k—-1)n+i+yj—1for
all ¢ and j. For example, we show how bs,, (the last
element of matrix B in phase 2) arrives at PE,, no later
than a1o (the first element of matrix A in phase 2) for
A = i + a12 X bay. by, needs 3n — 1 cycles. ajo
needs 3n cycles.

2) Once by; arrives at PE;, a copy of b; should reside
in PE; until a,, arrives: we show how to minimize the
number of registers to store copies of by (k = 1,2,...,n)
in PE;, for each j. We prove that two registers [denoted
BM and BL in Fig. 2(c)] are sufficient to hold by; at PE;
(to store two consecutive elements, b(j1); and bg;). For
example, when b3, arrives at PEy, b4 is in BL and boy is
in BM. If we can prove that a,; has arrived at PE,, b3y
can replace b14 in BL. Note that b14 is no longer needed
in PEy after ¢/, = ¢, + an1 X by4 is performed using
an1. In general, by; is needed until a,,, arrives at PE; in
the {n + (k — 1)n + n + j — 1}-th cycle. b(;19); ar-
rives at PE; in the {(k + 1)n + 2j — 1}th cycle. Since
(k+Dn+2j—1>n+(k—1)n+n+j—1forall
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Fig. 3. Snapshot of the data flow for 3 x 3 matrix multiplication (Theorem 1).

J:k, and n, by; can be replaced when b(;2); arrives at
PE;. Also, the time difference between by, 1 2); and by is
{k+1)n+2j-1}—{n+(k-1)n+n+j—-1} =4,
which has a minimum value of 1. Hence, in the worst
case, b(j42); arrives one cycle after by; is no longer re-
quired, which means that b(k+2)j can replace by;. This
also shows that by 4.2); cannot arrive while b 4.1); is used
since by, y0); barely arrives after by ; is no longer required.
This proves that PE; needs at least two temporary regis-
ters, BM and BL, to hold bx;(k = 1,2,...,n).

n? + 2n cycles are needed to complete the matrix mul-
tiplication. The computation finishes one cycle after a,,,
arrives at PE,,, whichis the {n+ (n—1)n+n+n—1}-th
or {n? 4 2n — 1}th cycle.

On completion of the above matrix multiplication, column
Jj of the resulting output matrix C is in Cbuf of PE;, for
1 < j < n. To move the matrix C out of the array, we
use an extra local memory CObuf and two ports Cout
and Cin in each PE. Once column j + 1 of the resulting
output matrix C is available in the Cbuf of PE;, itis
moved to CObuf of PE; for1 < j <n —1. Column 1 is
moved out of the array via Cout of PE;. Columns 2 to n
are moved out of the array in a pipelined fashion through
CObufs of PE, _; to PE;. Using CObuf, the moving of
the output matrix C for the current matrix multiplication
out of the array can be overlapped with the next matrix
multiplication involving Cbuf. Without the overlapping,
it takes extra n? — 2n cycles to move the resulting output
matrix C out of the array. Note that the first element of the
output matrix, cp; is available after n2+ 1-th cycle and it
takes n?2 — 1 cycles to move the rest of the output matrix
out of the array. [ |

A snapshot of the execution of the algorithm is provided for
n = 3 in Fig. 3. It shows the contents of the registers, A, BU, BN,

3)

4)

and BL of each PE during each cycle of the matrix multiplication
process. For example, a3z, bas, b11, and byy stay in PE; during
cycle 6. a3y and by; (in the dark circles) are used to update
¢y = chy+as1 Xby1. Note that by is no longer needed after this
update and hence can be replaced by bs;, which arrives in cycle
7. Elements of matrix A stay in register A for one clock cycle
and pass through while elements of matrix B are prefetched into
registers, BU, BM, and BL of each PE in the linear array and stay
until they are no longer needed.

Corollary 1: n xn matrix multiplication can be performed in
(rn? 4 2r2n) cycles using three I/O ports and (n/r) PEs, each
having one MAC, two local memories of (n/r) words, and four
registers, where 7 is divisible by 7.

Proof: m x n matrix multiplication can be decomposed
into 73(n/r) x (n/r) matrix multiplications, assuming that n is
divisible by r. Using Theorem 1 with n replaced by (n/r), the
proof follows. u

Corollary 1 provides tradeoffs between area and latency.
Larger values for r reduces the number of PEs, which results
in less area. However, it increases the number of cycles to
complete the matrix multiplication. Combined with power and
area estimation of modules, Corollary 1 provides tradeoffs
among energy dissipation, area, and latency.

Theorem 2: n X n matrix multiplication can be performed in
((n?/r)+(2n/r)) cycles using 3r /O ports and (n/r) PEs, each
having 2 MACs, 272 local memories of (n/r) words, and 4r
registers [Fig. 4(a) shows a PE for r = 2], where n is divisible
by 7.

A detailed proof is provided in the Appendix. Here, we show
only the basic idea. Corollary 1 decomposes a n X n matrix mul-
tiplication into 73(n/r) x (n/r matrix multiplications and per-
forms them in a serial manner to reduce the area with increased
latency. Theorem 2 performs the r3(n/r) x (n/r) matrix mul-
tiplications in a parallel manner to reduce the latency with in-
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xyik xy*
*bxykj is an elelment of k-th row and j-th column in submatrix B xy*
*cxyij’ is an elelment of i-th row and j-th column in submatrix C xy*
(b)
Fig. 4. (a) Architecture of PE;. (b) Algorithm for Theorem 2.

creased area. A direct application of Theorem 1 to reduce the
latency by the factor of 72 would increase the resource 2 times.
This means 372 1/O ports and (n /) PEs with 7> MACs, 472 reg-
isters, and 27 local memories of (n/r) words per PE. We devise
a new data movement scheme to reduce the number of registers
and I/O ports by the factor of 7, saving greatly the area and the
energy consumption. Once a submatrix of size (n/r) x (n/r)
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from A or B is loaded, it is shared by the » MACs instead if a
MAC during its stay in each PE without any increase in latency.
The registers consume a considerable amount of energy due to
frequent switching of intermediate results. Besides, we overlap
the input of two subsequent submatrices to reduce the latency
from (n?/r) + 2n to (n?/r) + (2n/r) cycles. Fig. 4(a) shows
our architecture for » = 2 and Fig. 4(b) shows the accompa-
nying algorithm. Refer to the Appendix for more details.

Corollary 1 and Theorem 2 combined together widen the
design space where the tradeoff among area, latency, and en-
ergy dissipation is possible. It must be noted that the number of
MAGC:s is a key parameter to determine the whole architecture.
Based on the number of MACs, Theorem 2 and Corollary 1 can
be combined into Corollary 2.

Corollary 2: n x n matrix multiplication can be performed
in max((n®/m?), (n/m)) x min(n? + 2n,m? + 2m) cycles
using m MACs, 2m local memories of (min(m?,n?)/m)
words, 4 min(n, m) registers, and 3 max((m/n),1) I/O ports,
where n? is divisible bymand1l < m < n2.

Proof: For 1 < m < n, the proof follows from Corollary
1 by setting 7 = (n/m). For n < m < n2, the proof follows
from Theorem 2 by setting = (m/n). ]

Smaller values for m reduce the number of modules such as
MAG:s, registers, and I/O ports used in the design, resulting in
a lesser area but the latency is seen to increase. Combined with
the latency of a design and the area and the power dissipation
of the modules, Corollary 2 provides tradeoffs among energy
dissipation, area, and latency for 1 < m < n2. Corollary 2
provides a more comprehensive set of tradeoffs than Corollary
1 or Theorem 2 since the number of MACs used varies within a
wide range for a given problem size n. Note that Corollary 1 and
Theorem 2 provide tradeoffs among energy dissipation, area,
and latency for 1 < m < n and n < m < n?, respectively, and
hence can be viewed as subsets of Corollary 2. A more detailed
analysis of all designs with respect to energy, area, and latency
is presented in Section IV-C.

IV. PERFORMANCE MODELING AND OPTIMIZATION

Given the goal of algorithmic-level optimization of energy
performance for matrix multiplication on FPGA devices, we
need an energy model to represent the impact of individual al-
gorithmic-level choices on the energy performance. Based on
this model, we make the design tradeoffs to obtain energy-ef-
ficient designs. The candidate designs are implemented in Sec-
tion V-A.

A. Domain-Specific Energy Model

Our approach for the performance modeling is to use a do-
main-specific energy model [8]. The model is applicable only
to the design domain spanned by the family of algorithms and
architectures being evaluated. The family represents a set of al-
gorithm-architecture pairs that exhibit a common structure and
similar data movement. The domain is a set of point designs
resulting from unique combinations of algorithm- and architec-
ture-level changes. The domain-specific energy model abstracts
the energy dissipation to suit the design domain. The abstrac-
tion is independent of the commonly used levels such as gate,
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register, or system level. Rather, it is based on the knowledge
of the family of algorithms and architectures. The parameters
are extracted considering their expected impact on the total en-
ergy performance. For example, if the number of MACs and the
number of registers change values in a domain and are expected
to be frequently accessed, a domain-specific energy model is
built using them as key parameters. The parameters may include
elements at the gate, register, or system level as needed by the
domain. It is a knowledge-based model that exploits the knowl-
edge of the designer about the algorithm and the architecture.

We also use the knowledge to derive functions that represent
energy dissipation, area, and latency. Beyond the simple com-
plexity analysis, we make the functions as accurate as possible
by incorporating implementation and target device details. For
example, if the number of MACs is a key parameter, we imple-
ment a sample MAC on the target FPGA device to estimate its
average power dissipation. Random input vectors, as many as
are needed for the desired confidence interval [13], are gener-
ated for simulation. A power function representing the power
dissipation as a function of m, the number of MACs, is gener-
ated. This power function is obtained for each module related
to the key parameters. Based on the designer’s optimization
goal and the time available for design, a balance needs to be
struck between accuracy and simple representation of the func-
tions. The estimation error of the functions derived in this paper
ranges from 3.3% to 7.4%. Since the model is intended for algo-
rithmic-level analysis in the early stage of the design, the error
is considered satisfactory.

Our family of architectures and algorithms for matrix
multiplication forms a domain and we limit algorithm-level
exploration for energy optimization to the design space spanned
by this domain. The family of architectures and algorithms in
Figs. 2 and 4, and the parameters in Table I represent the design
space. We build two domains for Corollary 1 and Theorem 2.
Two parameters, n and r, are used. In Corollary 1, n denotes the
size of input matrices. r is introduced for block multiplication
using submatrices of size (n/r). In Theorem 2, r determines
the number of I/0 ports (3r), the number of MACs (r?), and the
submatrices of size (n/r). Due to the nature of our algorithms,
the number of each key module depends only on these two
parameters.

We identify registers of 8-b and 16-b words, MACs, SRAMs
(distributed SelectRAMs in the Xilinx devices), and BSRAMs
(Block SelectRAMs in the Xilinx Virtex-II devices) [26] as key
modules. Choosing specific values for the parameters in Table I
results in a design point in the design space. For example, n =
24,p = 6,reg = 4,m = 1l,sram = 2, K, = 2, and K;, =
0 represents a design where 24 X 24 matrix multiplication is
implemented using six PEs with four registers, one MAC, and
two SRAMs per PE. The input and output matrices are stored in
two ([2 x 24 x 24/1024] = 2) BSRAMs on the device and no
I/O ports are used.

An energy model specific to the domain is constructed at the
module level by assuming that each module of a given type
(register, multiplier, SRAM, BSRAM, or I/O port) dissipates
the same power independent of its location on the chip. This
model simplifies the derivation of system-wide energy dissipa-
tion functions. The energy dissipation for each module can be
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TABLE 1
RANGE OF PARAMETERS FOR XILINX XC2V 1500

Parameter Range FPGA constraints
Problem size (n) 2,34,...
No. of PEs (5 n/l, nis divisible by /,
o. of PEs
! is integer
) b h=2,3,4,... ) )
No. of registers/PE (reg) 8/16-bit registers
(0<k<log, n)
2-st ipeli
No. of MACS/PE (m) et e;;:’;g'dpe ne.
No. of SRAMs/PE (ﬂb" /I(ﬂ 16 words minimum
(sram)
No. of BSRAMS/PE (K,) 202 /1024 1024 16-bit words
(on-chip design) ( n -| minimum
No. of I/0 ports (K,,) k .
(off-chip design) 3b 8/16 bits

determined by counting the number of cycles the module stays
in each power state and low-level estimation of the power used
by the module in the power state, assuming average switching
activity. Additional details of the model can be found in [8].

Table II lists the key parameters and the number of each key
module in terms of the two parameters for each domain. In addi-
tion, it shows the latencies which also depend on the parameters.
By choosing specific values for the parameters in Table 11, a dif-
ferent design is realized in the design space. For example, a de-
sign with n = 16 and r = 4 represents a design where 16 x 16
matrix multiplication is implemented using four PEs with four
registers, one MAC, and one SRAM per PE.

B. Functions to Estimate Energy, Area, and Latency

Functions that represent the energy dissipation, area, and la-
tency are derived for Corollary 1 and Theorem 2. The energy
function of a design is approximated to be ) ; tiP;, where t;
and P; represent the number of active cycles and average power
for module :. For example, Py,1¢ denotes the average power
dissipation of the multiplier module. The average power is ob-
tained from low-level power simulation of the module. The area
function is given by > ; Ai, where A; represents the area used
by module 7. In general, these simplified energy and area func-
tions may not be able to capture all of the implementation details
needed for accurate estimation. However, we are concerned with
algorithmic-level comparisons, rather than accurate estimation.
Moreover, our architectures are simple and have regular inter-
connections, and so the error between these functions and the
actual values based on low-level simulation is expected to be
small. In Section V-B, we evaluate the accuracy of the energy
and area functions. The latency functions is obtained easily be-
cause the theorems and corollaries already give us the latency
in clock cycles for the different designs.

Table II shows the number of modules used by the designs for
n X 1 matrix multiplication with 8-b input precision and 16-b
output precision. For the off-chip design, I/O ports are used to
fetch elements from outside the FPGA. In the on-chip design,
BSRAMs of 1024 16-b words are used for on-chip storage of
input matrices. SRAMs are CLB-based memory blocks used
for storing intermediate results. The power and area values of
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TABLE II
NUMBER OF MODULES USED AND THE LATENCY OF VARIOUS DESIGNS
Domain | K€Y parameters No. of No. of No. of No. of No. of No. of Latency (cycles)
(range) PEs register/PE | MAC/PE | SRAM/PE | BSRAM | 1/O ports
>
Corollary 1 Z’:(drifi:ille by ’f 4 1 2 120’; " 3 m*+2r'n
= e
Theorem 2 Z’r: (dri\:isnille by r g r r 2t 120’;4 3 ”7+2_r”
Corollary 2 :’:zl illlfl:blscn;;m min[m,%] max(4,47mj max[l,r:—zzj max[Z, 2”:2] (120};} max[3,37m] max[;—z,;]rmn(n +2n,m" +2m)
TABLE III
ENERGY AND TIME PERFORMANCE MODELS

Corollary 1
Metric Performance model
Latency (cycles) Loy =1 {(n/r)2 +n /r}
Effective latency (cycles) |L.,, =+ (n/r)
Energy (on-chip) Eop=Le {(n/f')([’"“h + P, +2Py,, +4P +4P,, +|'2n /1024'| > oy F (/1) W,}
Energy (off-chip) Egpi = Lo {0/ 1) (P + Prgy + 2Py + 4P + 4Py )+ 2P, + P, +(n/ 1)P, |
Area (on-chip) Ay = (1 1)( Ay + Ay + 24, + 44, +44, + 4, ) and [2n2/1024'| BSRAMs
Area (off-chip) Ay =(nlr )( s F Ayga 2 Ap 00y +4Apg +4A, +Anﬂw) and two 8-bit input ports, one 16-bit output port
Theorem 2
Metric Performance model
Latency (cycles) Ly, =n"1r+2nlr
Effective latency (cycles) |L,,.,=n"/r

Energy (on-chip) Epns = Loy {nr(P"m,, + Py + 2P0 ) 1 (48 + 48 ) + on /10241 usaany F (11 ”,M}

Energy (off-chip) Epps = Lipa 107 (P + Pray + 2Pagusg )+ 1 (8Peg + 4Poy )+ 2rP, + 1Py +(n/ 1)P,y, |

Area (on-chip) Apyy =07 (A + Ay +24g,,) +1(4A45+44,)+(n/r) 4,5, and [ 207 /1024 | BSRAMs

Area (off-chip) Appy =00 (A, + Ay +2 A, ) +n(44,+44,, )+ (n/r) A, and 2r 8-bit input ports, r 16-bit output ports

each module are shown in Table IV. For example, Psgawm 1S
the average power used by SRAM (16-b word), where z is the
number of entries. In the actual implementation of a SRAM, the
number of its entries should be multiples of 16. Pygget denotes
the remaining power dissipation of a PE (after the modules have
been accounted for), and takes care of glue logic and control
logic. Similar numbers representing the area of each module
are also obtained. A g.c: denotes the area of a PE that accounts
for glue logic and control logic. The latencies are obtained in
terms of seconds by dividing them by the clock frequency. Using
Table II, functions that represent energy, area, and latency for
Corollary 1 and Theorem 2 are shown in Table III. Functions
for other designs can be obtained in the same way. An average
switching activity of 50% for input data to each module at a
running frequency of 150 MHz is assumed. Multiply operation
is performed using dedicated embedded multipliers available in
the Virtex-II device.

Note that throughput is important, since many applications
for matrix multiplication process a stream of data. Our design
in Corollary 1 is a pipelined architecture, with the first (n/r) cy-
cles of the computations on the next set of data being overlapped

TABLE 1V

POWER AND AREA FUNCTIONS FOR VARIOUS MODULES
Module Power Function (mW) Area Function (slice)
Block multiplier (8x8 bit) P, =12.50 Ay =16
Adder (8 bit) P, =211 Ay =4
SRAM (16-bit word,
x number of entries) Py =0. 126[]6]+2 18] Ay, =18. 44(16-‘ +16.40|
BSRAM (16 bit, 1024 entries) | Py, =16.37 Apspany =16%
Register (8 bit) Frs=2.12 Ay =
Register (16 bit) Ppo =2P Ape =8
Qutput port (16 bit) B,=170
Input port (8 bit) F=10

* Block multiplier or BSRAM uses area equivalent to 16 slices.

with the last (n/r) cycles of the computations on the current set
of data. Thus for a stream of matrices, an (n/r) x (n/r) sub-
matrix can be processed every (n/r)? cycles. Thus, the effec-
tive latency becomes (n/r)?, which is the time between the ar-
rivals of the first and last output data of the current computation.
Hence, the design in Corollary 1 is a throughput-oriented design
since one output is available every clock cycle for a stream of
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Fig. 5. Energy, area, and latency tradeoffs of Corollary 1 as a function of the block size (n/r). (a) Off-chip and (b) on-chip design for n = 48.

matrices. The design in Theorem 2 is also throughput-oriented
since r output data items are available every clock cycle. Its ef-
fective latency becomes (n?/r).

C. Tradeoffs Among Energy, Area, and Latency

The functions in Table III are used to identify tradeoffs
among energy, area, and latency. For example, Fig. 5 illustrates
the tradeoffs among energy, area, and latency for 48 x 48
matrix multiplication for the off-chip and on-chip designs of
Corollary 1. It can be used to choose energy-efficient designs
to meet given area and latency constraints. For example, if 800
slices are available and the latency should be less than 6000
cycles (36 us), an energy-efficient design is obtained using
(n/r) = 4. The energy dissipation, area, and latency for such a
design, evaluated using the functions in Table III, are 6.85 pJ,
524 slices, and 5400 cycles (32.4 us), respectively. Fig. 5 shows
that, as the block size (n/r) increases, the area increases and the
latency decreases, because the degree of parallelism increases.
While the energy dissipation decreases to (n/r) = 15 or 16,
it starts increasing afterwards. The reason for this behavior is
as follows. The energy used by the local storages, Cbuf and
cobuf, is 2n3(0.126[(1/16)(n/r)] + 2.18) and is hence pro-
portional to O(n*/r). The energy used by the rest of modules,
except I/0, are proportional to O(n?). The energy for I/O is
proportional to O(rn?). As (n/r) increases (r decreases), the
energy used by I/O decreases relatively faster, and thus the total

energy decreases. However, after (n/r) > 16, the energy used
by the local storage becomes the dominant factor. This helps
us to identify the optimal block size for energy-efficient matrix
multiplication.

Tradeoff analysis for the on-chip model also shows similar
behavior. The on-chip design uses BSRAMs instead of I/O
ports. Since the energy used in I/O ports is more than the energy
used in the BSRAMs, the energy used in the on-chip design is
less than the energy used in the off-chip design. However, the
choice between the off-chip and on-chip design depends on the
situation—whether the matrix multiplication is stand-alone or
a part of an application (e.g., an application consists of multiple
kernels).

Theorem 2 provides asymptotic improvement in energy
and latency performance in the on-chip model. As shown in
Table II, asymptotically, the energy dissipated in the BSRAMSs
and the latency of the Xilinx reference design increase as
O(n®) and O(n?), respectively, assuming a unit of energy is
used per cycle for retaining a word in the BSRAM. Energy
dissipation and latency for the designs based on Theorem 1
and [22] increase as O(n*) and O(n?), respectively, under the
same assumptions. Theorem 2 improves these complexities
to O(n*/r) and O(n?/r), respectively, where (n/r) is the
block size for block multiplication and n is divisible by r with
7 > 1. Further increases in the density of FPGAs can be used
to increase the number of multipliers and hence nr, leading to
asymptotic reduction in energy dissipation and latency.
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Fig. 6. Energy, area, and latency tradeoffs of Theorem 2 as a function of r. (a) Off-chip and (b) on-chip design for n = 48.

Fig. 6 shows the tradeoffs among energy, area, and latency
for Theorem 2. As the value of r increases (or block size (n/r)
decreases), the area increases and the latency decreases. How-
ever, the energy dissipation continuously decreases. Thus, the
designs based on Theorem 2 reach the minimal point of energy
dissipation when the block size is the smallest unlike the de-
signs based on Corollary 1. Note that the local storages consists
of registers, Cbufs, and CObufs. The energy used by the reg-
isters in the designs based on Theorem 2 is O(n?/r) while the
energy used by the registers in the designs based on Corollary
1 is O(n?) for the same problem size. Thus, the energy used by
the registers in the designs based on Theorem 2 decreases as r
increases while the energy used by the registers in the designs
based on Corollary 1 is constant. The same analysis applies to
the energy complexity of BSRAMs.

D. Other Optimization Techniques for Energy Efficiency

To optimize the energy performance of our design, we em-
ploy several energy-efficient design techniques [9]. One such
technique is architecture selection. FPGAs give the designer
the freedom to map almost any architecture onto hardware. Dif-
ferent architectures have varying energy performances, laten-
cies, and throughputs. In our design, we have chosen a linear
array of processing elements. In FPGAs, long interconnects dis-
sipate a significant amount of power [24]. Therefore, for en-
ergy-efficient designs, it is beneficial to minimize the number of
long interconnects. A linear array of PEs accomplishes this goal.

Each processing element communicates only with its nearest
neighbors, minimizing the use of long wires. Additionally, the
linear array architecture facilitates the use of two more tech-
niques: parallel processing and pipelining. Both parallel pro-
cessing and pipelining decrease the effective latency of a de-
sign. Parallel processing does so by increasing the amount of
resources while pipelining does so by increasing the resource
utilization. By decreasing effective latency, both techniques can
lead to lower energy dissipation. However, these techniques can
also increase the power dissipation, which can have a nega-
tive effect on the energy dissipation. The designer must reach
a compromise between low latency and high power in order to
achieve a low-energy design. Another technique that we employ
is the choosing of the appropriate bindings. In an FPGA, there
can be many possible mappings of the computation and storage
elements to the actual hardware. For example, in the Xilinx
Virtex-11, the storage Cbuf can be implemented as registers, a
distributed SelectRAM, or a Block SelectRAM. Each of these
types of storage dissipates a different amount of energy and can
lead to implementations with wide variation in energy dissipa-
tion. When the number of entries >64, a Block SelectRAM is
used since it is energy-efficient as a large memory; otherwise, a
distributed SelectRAM is used. Similar decisions can be made
for other elements of the design, such as choosing multiplication
unit. The architecture of the target Virtex-II FPGA offers two
options to implement a multiplier: 1) Block Multiplier, which
is an ASIC-based embedded multiplier and 2) slices to build a
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Fig. 7. (a) Pipelining stages. (b) Data hazard.
configured multiplier. By default, the Xilinx ISE XST tool uses
the Block Multiplier for multiplication. In our designs, all of the
multiplications are performed using the Block Multipliers since
they are energy-efficient when any of the inputs is not constant.

V. DESIGN SYNTHESIS AND SIMULATION

Based on the high-level performance estimation, the chosen
designs are implemented and simulated to obtain the accurate
results. Our target device is Xilinx Virtex-II which is a high-
performance platform FPGA from Xilinx [26]. We have chosen
the XC2V1500 and XC2V3000 models with a —5 speed grade
for comparison. These models have 48 and 96 18 x 18-b Block
Multipliers, respectively.

A. Implementation Details

Based on the observation in Section IV-C, we implemented
the designs using VHDL in the Xilinx ISE 4.1i environment.
All parameters are specified using “Generic” variables in
VHDL syntax. By changing the values of the Generic vari-
ables, different numbers and types of modules are instantiated
(see Table II), and eventually the whole architecture is syn-
thesized accordingly. Note that the design for Theorem 1 has
one parameter n, and Corollary 1 and Theorem 2 have two
parameters n and . These are only necessary parameters for
design synthesis. For the off-chip design, all matrix data are
fed via I/O ports. Thus, the total energy includes the energy
used for I/O. For the on-chip design, the data are stored in
the BSRAMs first and fed into the first PE from the BSRAM.
However, the energy used to store the data in BSRAM via I/O
ports is not included unlike the case of the off-chip design.

The whole design as well as the design for a PE are pipelined.
Fig. 7(a) shows the pipeline stages of each PE and Fig. 7(b)
shows the pipelining in each PE. Cbuf is implemented using
a dual-port SRAM. Note that there is data feedback which is
required for accumulation of intermediate values for matrix C.
To accumulate the intermediate values, one data comes from
the MAC and the other one comes from Cbuf. If n > 2, the
memory read for intermediate value occurs after the value is
written to Cbuf. However, if n < 2 for Theorem 1 or (n/r) <
2 for Theorem 2, data hazard occurs. Since two clock cycles
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are required between the memory write and read, the distance
between read-after-writes (RAWSs) has to be two clock cycles to
prevent the data hazard.

Other than the data paths for all designs, control logic is also
parameterized based on n and 7. The first approach for con-
trol logic is that one centralized control logic generator provides
most of the control signals for the first PE and then the rest of
the PEs receive the delayed control signals from their respec-
tive previous PEs. Since all PEs perform the same operations in
a systolic manner, the delayed control signals are well suited in
our design. Another approach is to have one control logic gen-
erator in each PE, which means that distributed control logic
generators are used. In both approaches, the control logic gen-
erator consists of simple counters and combinational logic. The
centralized control logic uses less area but more interconnects
compared with the distributed control logic. In our design, the
difference in the energy dissipation of two approaches is negli-
gible. Thus, we choose the mixture of distributed and central-
ized controls in our designs. Each PE of the off-chip design for
Theorem 1 and Theorem 2 has 6 control signals from the control
logic (i.e., centralized control). The centralized control signals
are generated from the control logic (outside PE) and are fed
to the first PE. Note that only the first PE gets the control sig-
nals and the rest of PEs use them in a pipelining manner [see
Fig. 2(a) and (b)]. Then, all signals are passed to the next PE
with one or two clock delays. Address generation for Cbuf and
CObu f are generated inside PE in a distributed manner. The first
control signal CtRegLoad is used to load the input data to BM
or BL. Itis asserted every (n/r) cycles (see Fig. 3). CtMuxTo-
Mult is used to determine which BM or BL is multiplied with
A. This signal is identical to CtRegLoad except for the first
(n/r) cycles. CtMultCe and CtRamWe are the enable signals
for the multiplier and SRAM. Both are asserted when the com-
putation starts. CtFlush is asserted after one set computation
for (n/r) x (n/r) matrix multiplication is completed and a new
set of computation starts. Cbuf needs to be flushed before the
next result is stored. It is asserted at (n/7)% + (n/r) + 3 and
is on for (n/r) cycles and is off for (n/r)?> — (n/r) cycles.
In the data path, using this signal, we accumulate the interme-
diate values for matrix C' with previous intermediate values or
0 (flushing effect). CtCoutMux is used to determine whether
the results come from an accumulator or CObu f. It triggers the
data pulling from the current CObu £ to the previous PE. In fact,
the current PE sends the data of CObuf to the previous PE. It
is asserted at (n/r)? + 4 and is on for (n/r) cycles and is off
for (n/r)? — (n/r) cycles. For the on-chip design, the control
logic includes the additional signals such as address generation
for on-chip memory. In addition, the energy used by the control
logic is separately measured and accounts for about 10% of the
designs.

B. Simulation Method

Using the high-level model defined in Section IV-B, several
designs can be obtained by optimizing on latency, area, or
energy. In this paper, we attempt to arrive at minimal energy de-
signs. The candidate designs are implemented in VHDL. These
designs are synthesized using Xilinx Synthesis Technology
(XST) in Xilinx ISE 4.1i. The place-and-route file (.ncd file) is
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TABLE V
PERFORMANCE COMPARISON OF VARIOUS OFF-CHIP DESIGNS AGAINST
THE XILINX DESIGN

Matrix size

Design Metric 3x3  6x612x12 15x15 24x24  48x48
Energy(nJ) 244 1954 1563 3053 12506 100049

Xilinx desig Latency(usec) 018 144 1152 2250 9216 737.28
Area(slices) 251 251 251 251 251 251

EATX1E-12 1.1 70.6 4520 17243 289293 18514777

Block size (n/r) 3 6 12 15 12 12|

Energy(nJ) 17.3 110.0 795 1509 6361 50892

(reduction, %) 29% 44% 49% 51% 49% 49%]
Latency(usec) 006 024 096 150 7.68 61.44

Proposed
design

(Corollary 1)|(speedup. times)| 3.00 6.00 12.00 1500 1200  12.00
Area(slices) 477 949 1894 2364 1894 1894

(increase, times) | 1.90 3.78 755 9.42 7.55 7.55|

EATX1E-12 05 251 1446 5351 92534 5922165

Block size (n/r) 3 6 6 5 8 8|

Energy(nJ) 311 1588 1271 2729 8983 71862

(reduction, %) 27% 19% 19% 11%  28% 28%]

bg::;ggn Latency(usec) | 010 030 236 586 1317 10540
[22] (speedup, times)| 1.87 488 488 3.84 7.00 7.00|
Area(slices) 451 1124 1124 877 1698 1698

(increase, times) | 1.80 448 448 349 6.76 6.76)

EATX1E-12 1.4 52.7 3372 14016 200950 12860824

obtained for Virtex-II XC2V1500 and XC2V3000 (speed grade
—5). The input test vectors for the simulation are randomly
generated such that their average switching activity is 50%.
ModelSim 5.6 b, from Mentor Graphics, is used to simulate the
designs and generate simulation results (.vcd file). These two
files are then provided to the Xilinx XPower tool to evaluate
the average power dissipation. Energy dissipation is further
obtained by multiplying the average power with the effective
latency.

While measuring the power dissipation of the designs on an
actual device can provide the most accurate energy dissipation
values, XPower is chosen because it is one of the most widely
available tools. Also, the values from XPower are known to be
reasonably accurate. Using tools such as XPower, high accuracy
is achieved if the switching activities of individual logic inter-
connect, clocks, and I/O are taken into account to obtain their
power dissipations. In our estimates, these switching activities
are determined based on the actual designs and the switching ac-
tivity of input vectors during the simulation (that is, no default
switching activity is assumed). Based on XPower, our design for
matrix multiplication dissipates 29%—51% less energy than that
of the Xilinx design (see Table V). The performance improve-
ment is well above the accuracy margin of XPower.

The estimates from Section IV-B are also against the actual
values based on synthesized designs to test the accuracy of the
performance estimation functions. We observe that the estima-
tion error of our functions ranges from 3.3% to 7.4% for energy
dissipation and 3.3% to 4.1% for area. The estimation method
(the domain-specific modeling) used in this paper and its accu-
racy are extensively discussed in [8].

To address the dependency of energy dissipation on the input
matrices, matrices are randomly generated and fed to our design
and the Xilinx design for 3 x 3 matrix multiplication. The fol-
lowing equation is employed to estimate the confidence interval
for our simulation:

ey

s
Tt z240—F—.

/2 /M
The confidence interval is the interval into which the real av-
erage (over all possible input matrices in this example) falls
with a certain probability (confidence) [13]. 7, z, /2, s, and M
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represent the average energy over (randomly generated) sample
input matrices, the standard normal percentile, the standard de-
viation, and the number of sample matrices, respectively. The
probability that the real average energy dissipation belongs to
the interval in (1) is 1 — « [13].

Fig. 8(a) compares the energy dissipation over 50 randomly
generated 3 X 3 input matrices of our design with that of the
Xilinx design. The 95% confidence intervals are compared in
Fig. 8(b). Based on 95% confidence intervals, the average en-
ergy dissipation of our design for 3 X 3 input matrices is 7.81 nJ
(32%) less than that of the Xilinx design. All designs in the paper
follow the simulation method based on this confidence interval.

VI. DESIGN ANALYSIS AND PERFORMANCE COMPARISON

Using the functions in Table III, energy-efficient designs are
identified for various sizes of matrices around (an arbitrary) area
constraint of 2000 slices. This is about 25% of the total avail-
able area in XC2V1500. The area does not necessarily increase
with the size of the input matrices. The identified designs are im-
plemented and simulated, as described in Section V-B. Table V
compares the performance of our designs against the Xilinx de-
sign and a best-known latency-optimal design [22] on a linear
array for various sizes of matrices. All values for energy and
area are based on low-level simulation. All designs include con-
trol logic, and the on-chip designs includes on-chip memories
(BSRAM) and its address generation logic.

Xilinx provides an optimized design for 3 x 3 matrix multi-
plication only. The three rows of matrix A are stored in three
registers, and the entire matrix B is stored in another set of nine
registers. A single multiplier and an adder are used to perform
multiplication and accumulation to obtain one row of matrix C.
This is repeated with the two more rows from matrix A.

The Xilinx design uses only 251 slices while a XC2V1500
device can hold up to 7800 slices in addition to memory banks
(BSRAMs) and I/0 ports. For n > 3, we used block matrix
multiplication using the 3 x 3 design. The Xilinx design is
run at 150 MHz. The comparisons are based on individual
metrics as well as more comprehensive metrics, such as
energy X area X latency (EAT) product [2]. The area is the
number of slices used in the design. An embedded multiplier
or a BSRAM is counted as 16 slices each since they occupy the
equivalent area. Fig. 5 shows that our design is able to trade
off the area with the energy and the latency. For example, our
design for 3 x 3 matrix occupies only 1.9 times of the area
used by the Xilinx design (see Table V). The latency is reduced
to one third and the energy is reduced by 29%. However, our
design is a parallel design and, hence, uses more area than the
serial design from Xilinx.

The largest reduction in energy dissipation is 51% and can
be obtained by using (n/r) = 15 or 16. Our designs improve
the performance of the Xilinx reference design by 29%-51%
with respect to energy and a factor of 3-15 with respect to
latency while increasing the area by a factor of 1.9-9.4. Xilinx
design saves power by slowing the clocks of the registers which
read/writes data once in a several cycles. Our improvement
comes threefold. First, we greatly reduce the latency by paral-
lelizing the design since energy is power multiplied by latency.
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TABLE VI
PERFORMANCE COMPARISON OF VARIOUS ON-CHIP DESIGNS
Design Metric Matrix size

3x3 6x6 12x1215%x15 24x24  48x48
Block size (n/r) 3 6 12 15 12 12
Energy(nJ) 16.0 105.9 775 1510 6200 49598

Proposed
(Corollary 1) Latency(usec) | 0.06 024 096 150 7.68 61.44
Area(slices) 434 861 1699 2083 1699 1699
EATX1E-12 04 219 1264 4717 80896 5177370

Second, we reduce the amount of switching by reducing the
number of registers on the systolic path. Third, we use the
prediction functions to choose the most promising design in the
domain-specific design space.

The designs based on [22] with the same latency as ours re-
duce the energy dissipation by 27%-31% when compared with
the Xilinx design. Analysis of energy and area functions re-
veals that the performance improvement of our designs over the
Xilinx design due to the reduction in latency and energy-effi-
cient binding. In terms of energy—area—time (EAT), our designs
based on Corollary 1 offer superior performance by 50%-79%
compared with the Xilinx design.

The latency of our design ranges from 1/3-1/15 of the Xilinx
design, resulting in less energy consumption. The leakage en-
ergy (leakage power X latency) is proportional to the product
of area and latency. The area—latency product of our design is
smaller than that of the Xilinx designs, and thus leakage energy
of our designs is smaller as compared to the Xilinx designs.

Table VI shows the energy, area, and latency of on-chip de-
signs in Corollary 1 for various problem sizes. While the com-
parison of off-chip and on-chip designs is not fair, it is useful
to analyze the effect of I/O ports and on-chip memory. For the
off-chip design, data are fed via the I/O ports of the FPGA. The
power used by a 16-b I/O port is 80 mW. The input ports use
less power than the output ports since the output ports need to
handle a large fan-out. For the on-chip design, all data are stored
in BSRAMs. The power dissipation of the read and write oper-
ations on a single-port BSRAM with 50% access rate is 35 mW.

Comparison between our design (based on Theorem 1) and Xilinx design for 3 X 3 matrix multiplication. (a) Energy dissipation for randomly generated

800
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c
u
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Fig. 9. Energy distribution over logic, net, and I/O for Theorem 1 and 2.

Thus, data access from a BSRAM is more energy-efficient than
from an I/O port. However, we likely have a combination of
both situations, where we read the data from input ports and
store the result in BSRAMs for further computation. The final
result would be obtained after several computations and output
via output ports. Thus, the design tradeoffs have to be performed
at a system level where multiple kernels are integrated.

Fig. 9 shows the energy distribution among logic, net, and I/O
ports for Theorems 1 and 2. The figures are based on the off-chip
designs. Logic energy represents the energy used by the combi-
national logic in the design. Net energy is the energy used by
interconnect wires, and I/O energy by input/output ports. Note
that the algorithm of Theorem 2 uses more energy in the nets
than in the logic, unlike Theorem 1. For example, the ratio of
(logic energy)/(net energy) is 1.21 for Theorem 1 and 0.75 for
Theorem 2. The reason is that Theorem 2 has a more complex
design for a PE and uses more interconnects between PEs. In
the low-level simulation, Theorem 1 runs at 150 MHz. How-
ever, Theorem 2 runs at 143 MHz or less due to a more complex
design involving more interconnect wires.

Another factor that affects the energy dissipation in
Theorem 2 is the parameter, r, which determines the de-
gree of parallelism. Table VII shows the results from the
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TABLE VII
PERFORMANCE COMPARISON OF VARIOUS OFF/ON-CHIP DESIGNS FOR
THEOREM 2
Design Metric Matrix size
6x6 | 8x8 12x12 16x16
Block size(n/r) 2 2 2 3 4 2 4
Frequency(MHz)| 143] 143| 143 117 127] 143 130
Theorem 2 |Energy(nJ) 73.4]158.9] 481 503 430| 1212 1062
(Off-chip) [Latency(usec) 0.13] 0.22] 050 041 0.28] 0.90 0.49
Area(slices) 1669] 2233| 3358 5879 6592| 4472 8850
EATX1E-12 154 79.4| 813 1213 804| 4851 4627
Block size(n/r) 2 2 2 3 4 2 4
Frequency(MHz)|] 143] 143] 143 100 110f 143 110
Theorem 2 |Energy(nJ) 64.8] 146.6] 456 480 412| 1113 1225
(On-chip) |Latency(usec) 0.13] 0.22] 050 0.48 0.33] 090 0.58
Area(slices) 1827| 2416| 3558 6670 6770] 4700 9203
EATX1E-12 14.9] 79.3] 818 1535 913]| 4684 6559

low-level simulation of the off-chip and on-chip designs for
Theorem 2. As 7 increases, the usage of logic and interconnect
increases and the latency decreases by a factor of r. Since the
latency decreases as r increases, we can arrive at a design with
reduced energy by decreasing r. If r = 4 for n = 16, we use
a larger device, XC2V3000, instead of the XC2V1500, since
the XC2V 1500 can hold only 48 multipliers, while our design
requires 64 multipliers. We do not use CLB-based multipliers
due to low energy efficiency.

VII. CONCLUSION

New algorithms and architectures were developed for matrix
multiplication to significantly reduce the energy dissipation and
latency, when compared with the state-of-the-art FPGA-based
designs. These improve the latency-optimal design and provide
tradeoffs among energy, area, and latency. In our methodology,
“energy hot spots,” which dissipate most of the energy, are iden-
tified through energy estimation functions. Algorithmic-level
optimizations are performed to reduce the dissipation in these
“energy hot spots” without an increase in latency. Low-level
simulations were also performed to evaluate the chosen designs.
The validity of our approach is also illustrated extensively with
other designs such as discrete cosine transform [23], fast Fourier
transform [10], and signal processing applications [9].

While we have shown many techniques for energy-efficient
matrix multiplication, many FPGAs (e.g., Virtex-II/pro) do not
provide low-level power features such as control for multiple
power states or lower static power. When more features such
as dynamic voltage scaling with dynamic frequency scaling
are available, our design techniques can easily be ported to the
newer FPGAs and exploit the new features at the algorithmic
level effectively.

APPENDIX

Proof: [Proof of Theorem 2]

The n x n matrices A, B, and C are divided into 2 subma-
trices, each of size (n/r) x (n/r), assuming n is divisible by r.
Let Ay, Bey, Cuy, 1 < z,y < 7, denote the submatrices. Then,
we have C,.y = > Auk X Biy, 1 < z,y < 7. We compute
Cpy = > 41 Azk X Byy in parallel for all z,y,1 < z,y < r
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using 72 MACs per PE. A, x By, foreachz,y,1 < z,y <r,
can be performed using 3 I/O ports and (n/7) PEs, each having
one MAG, 4 registers, and two local memories of (n/r) words
per PE, as stated in Theorem 1. Since the computations for all
the submatrices of matrix C' need to be performed in parallel in
each PE, we need to duplicate the resources of a PE by a factor of
r2, which is the number of the submatrices of C' to be computed
in parallel. This would require 372 1/O ports and each PE to have
r2 MACs, 472 registers, and 212 local memories of (n/7) words.
We show how the number of registers and I/O ports can be re-
duced to 4r registers per PE and 3r I/O ports. PE; denotes the
j-th PE from the leftin Fig. 4(a), j = 1, 2,...,(n/r). PE; com-
putes column j of all submatrices Cy,,1 < z,y < 7. An MAC
is used to update column j of each submatrix Cpy, 1 < z,y <7,
requiring a total of 72 MACs per PE.

1) For each pair of z and y,1 < z,y < 7, we show how
Coy = Y1 Ak X Byy can be performed in ((n?/r) +
(2n/r)) cycles using (n/r) PEs with an MAC and 4 reg-
isters per PE and 3 I/O ports. C,, represents the interme-
diate results for C,. Using Theorem 1, we can perform
C, = Cy, + Az X By, for any specific combination
of z,k, and y,1 < z,k,y < r,in ((n?/7?) + (2n/r))
cycles using the aforementioned PEs. For each pair of =
and y,1 < 2,y < r,Cpy = >.1_; Aui X By, is ob-
tained by performing C;,, = C7, + Ay X By, in a serial
manner with & increasing from 1 to r. A preliminary anal-
ysis reveals that this would take ((n?/r%)+(2n/r)) xr =
((n?/r) + 2n) cycles. However, a close look at the data
movement in the Proof of Theorem 1 reveals that the
input of the last column of submatrix A, to the array
can be overlapped with input of the first row of submatrix
B(ks1yy for k = 1,2,...,r — 1. Using the overlapping,
C, = Ch,+ Az x By, fork = 1,2,3...,7 can be per-
formed in a pipelined fashion, taking (n2/r?) cycles for
each k. At the start, (n/r) cycles are needed to prefetch
the first row of submatrix By,. At the end, after the last
column of submatrix A, is input, (n/r) additional cycles
are needed to move it through the array of (n/r) PEs to
complete the updates for C,,. This leads to an execution
time of (n/7) + r x (n?/r?)+ (n/r) = (n?/r) + (2n/r)
cycles, instead of ((n?/r) + 2n) cycles.

2) We show how C,, = >, _, Asr X By, can be per-
formed in parallel for all pairs of x and y,1 < z,y < 7,
in (n?/r) + (2n/7)) cycles using (n/r) PEs with 72
MACsS, 272 local memories of (n/r) words, and 4r reg-
isters per PE, and 3r I/O ports. Cy,, is the intermediate
result for Cy,,. In stage k,1 < k < r, Cfry = C;y +
Azk X By, is performed in parallel forall 1 < z,y < r.
I/0 ports, [OA1,I0As5, ..., IOA, are used to feed sub-
matrices A1y, Ask, - - ., Ay simultaneously to the array.
I/0 ports IOB1,10Bs,, ..., I0B, are used to feed sub-
matrices By, Bi2, . . ., By, simultaneously to the array.
An MAC, MAC,,, is used to perform C;, = Cj, +

Az X DBy, for each pair of z and y,1 < z,y < 7.

Note that elements of A, can be shared among » MACs,

MAC,,,1 < y < r,in each PE while elements of By,

can be shared among » MACs, MAC,,,1 < z < r,in
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3)

4)
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each PE. For example, in any stage k,1 < k£ < r, all
the r MACs, MAC,,,1 < y < r, in parallel perform
C;y = C;y + A, X By, and need A,y This sharing al-
lows us to reduce the number of registers required per PE
from 472 to 4r and the number of I/O ports from 372 to 3r.
A direct application of Theorem 1 without sharing would
use 4 registers per PE and 3 1/O ports to feed each MAC,
requiring 472 registers per PE and 372 1/0 ports to the
array. Column j of submatrix C,, is updated by MAC,,,
and stored in a local memory of size (n/r), Cbuf,,, for
eachz,y,1 < z,y < r,in PE;.

One set of local memories (Cbufs) of (n/r) words in
PE; is used to store intermediate results for column j
of submatrix C,, for any z,y,1 < =,y < r. Another
set of local memories (CObufs) of (n/r) words is re-
quired to buffer the final results from PE;; to PE;.
Thus, a total of 272 local memories of (n/r) words per
PE are required. Starting from the ((n?/r) + 1)-th cycle,
n? results of c;; are generated from all PEs during the
next n + (n/r) — 1 cycles. CObuf is necessary in each
PE otherwise the final c;; from one matrix multiplica-
tion would be overwritten by the intermediate c;; of the
next matrix. PE; stores either the output from PE;; via
ports Cl;,, C2;,, ..., Cryy, or c,’i]- from MAC,,, of PE; in
CObu fs. For the first (n/r) cycles, the final ¢}; at PE; is
output to PE;_; via ports ports Clgyg, C20us, - - - ; Croyt.
For the next (n”/r) — (n/r) cycles, the stored ¢j; of PE;
in CObuf is output to PE;_;. The outputs from PE;
are the resulting matrix C. Starting from the ((n?/r) +
3)-th cycle, PE; stores the final c}; of PE;; via ports
Clin, C2ip, . . ., Cry, in CObufs for (n?/7) cycles.

Fig. 4(a) shows our architecture for » = 2 and Fig. 4(b)
shows the accompanying algorithm. Let A,,, B,,, and
Cyy,1 < z,y < 2, denote submatrices, each of size
(n/2) x (n/2). In the first stage, C’;y = Az1 X By, are
performed in parallel for all 1 < x,y < 2 by feeding the
elements of Ai1, A2y, B11, and Bis through the 4 input
ports. In the second stage, C;Ey = C;y + Ago X Byy is
performed in parallel for all 1 < z,y < 2. Each stage
takes (n2/4) + n cycles from Theorem 1. Since overlap-
ping is possible between the end of the first phase and the
start of the second phase, the total number of cycles for
both stages combined is (n?/2) + n, as explained before.
For larger values of r, there is greater parallelism within
the PEs and hence the execution time greatly reduces.
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