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Abstract

We present a junction tree decomposition based algo-

rithm for parallel exact inference. This is a novel par-
allel exact inference method for evidence propagation in
an arbitrary junction tree. If multiple cliques contain ev-
idence, the performance of any state-of-the-art parallel
inference algorithm achieving logarithmic time perfor-

cal diagnosis, consumer help desks, pattern recognition,
credit assessment, data mining, genetics, etc. [3, 12, 16].

Inference on a Bayesian network is the computation
of the conditional probability of thejuery variables,
given a set ofevidencevariables as the knowledge to
the network. Inference on a Bayesian network can be
exactor approximate Exact inference is NP hard [11].
The most popular exact inference algorithm for multi-

mance is adversely affected. In this paper, we proposepe connected networks was proposed by Lauritzen and

a new approach to overcome this problem. We decom-

pose a junction tree into a set of chains. Cliques in each
chain are partially updated after the evidence propaga-
tion. These partially updated cliques are then merged
in parallel to obtain fully updated cliques. We derive
the formula for merging partially updated cliques and

estimate the computation workload of each step. Exper-

iments conducted using MPI on state-of-the-art clusters
showed that the proposed algorithm exhibits linear scal-
ability and superior performance compared with other

parallel inference methods.

1. Introduction

Speigelhalter [8], which converts a Bayesian network
into a junction tree then performs exact inference on
the junction tree.

The complexity of the exact inference algorithms in-
creases dramatically with the density of the network, the
cligue width and the number of states of the random

variables. Each potential table of a junction tree repre-

sents a joint probability distribution. A joint probabylit
distribution assigns a probability to every possible com-
bination of states of these random variables, and thus
consists ofrV probabilities, where is the number of
states of random variables ands the clique width. The
potential table is quite large even for moderately large
andw. Therefore, although the problems considered in
Section 7 can be solved on a single processor, problems

Afull joint probability distribution for any real-world ~ With larger scales can not be solved on a single processor
tribution increases intractably large as the number of P& performed in real time. In order to accelerate exact
variables used to model the system grows. It is known inference and solve large scale inference problems, we

that independence and conditional independence relan€ed to develop parallel techniques.

tionships can greatly reduce the size of the joint proba-
bility distributions. This property is utilized bgayesian
networkdg8]. Bayesian networks have been used in arti-
cial intelligence since the 1960s. Now they have found
applications in a number of domains, including medi-
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Several parallel implementations of exact inference
have been presented, such as Pennock [11], Kozlov and
Singh [7], and Szolovits [17]. However, some of those
methods, such as [7], are dependent upon the structure
of the Bayesian network. Their performance can be
poor when applied to an arbitrary network. Others, such
as [11], exhibit limited performance for multiple evi-
dence inputs, since the evidence is assumed to be only
in the root of the junction tree. If there are multiple evi-



dences existing in several cliques, these woeksot the It is known that traditional exact inference using
junction tree for each of these cliques. These works thenBayes' rule fails for networks with undirected cycles [8].
perform exact inference in each of the rerooted trees.  Most inference methods for networks with undirected
The paper is organized as follows: Section 2 dis- cycles convert a network to a cycle-free hypergraph
cusses the background of Bayesian networks and junc-called ajunction tree A junction tree is de ned as
tion trees. Section 3 discusses the related work on par-J = ( T; P) whereT represents a tree aftddenotes the
allel exact inference. Section 4 explores the exact infer- parameter of the tree. Each vert@xknown as a clique
ence algorithm in junction trees. Section 5 presents theof J, is a set of random variables. AssumiGgandG
junction tree decomposition algorithm for parallel exact are adjacent, theeparatorbetween them is de ned as
inference. Section 6 presents the parallel algorithm andG \ C;. All junction trees satisfy theunning intersec-

analyzes its cost. Experimental results are shown in Section property(RIP). P is a group opotential tables The

tion 7. Section 8 concludes the paper. potential table ofG, denoted ¢ , can be viewed as the
joint distribution of the random variables @. For a

2. Background cligue withw variables, each taking different values,
the number of entries in the potential tabler¥s. Fig-

Consider a set ofn random variablesw = ure 1 (b) shows a junction tree.

fA1;A;  ;Ang. The probability that random vari- In a junction tree, exact inference proceeds as fol-

able A; takes the valua is P(A; = a) wherea 2 lows: Assuming evidence i€ = fA; = ag and

f0;1; ;r 1gandr isthe number of states of variable Ai 2 G, EisabsorbedatG by instantiating the variable

A;. Ajoint distributionP (W) = P(A1;Az;  ;An) Ai, then renormalizing the remaining constituents of the

assigns a probability to every possible combination of clique. The effect of the updated; is propagated to

states of these random variables. Thus, the joint proba-all other cliques by iteratively setting;, = ¢, =

bility consists ofr" probabilities, a large number even s WhereG is the clique to be update& is the sepa-

for moderately large. rator betweer@; and its neighbor that has been updated,;

A Bayesian netwoﬂexp|oits conditional indepen_ denotes the Updated pOtential table. Mathematica”y

dence to represent a joint distribution more compactly. the evidence propagation is represented as [8]:

Figure 1 (a) shows a sample Bayesian network. A X

Bayesian network is de ned & = ( G; P) whereG is a s = Y @)

directed acyclic grap{DAG) andP is the parameter of Yns

the network. The grap is denoteds = (V; E) where - X 3)

V = fA1; Az 11 Angis the node set anBis the edge X s S

set. Each nodA; represents a random variable. If there
is an edge fromf; to A; i.e. (Aj;A;) 2 E, A; is called
aparentof A;. pa(A;) denotes the set of all parents
of A;. Given the value opa(A;), A; is conditionally

independent of all other preceding variables. The pa- .
rameterP represents a group ebnditional probability ~ 3- Related Work on Parallelizing Exact In-

After all cliques are updated, the distribution of a query
variableQ 2 C, is obtained by summing up all entries
with respect ta@Q = ¢ for all possiblegin ¢, .

tableswhich are de ned as the conditional probability ference

P (Ajjpa(A;)) for each random variablg; . Given the

Bayesian network, a joint distributidh(V) can be given There are several works on parallel exact infer-
as [8]: ence, such as Pennock [11], Kozlov and Singh [7] and

Szolovits [17]. However, some of those methods, such
as [7], are dependent upon the structure of the Bayesian
_ network. The performance of this method also depends
- Pr(A;jpa(A;)) @) upon the structure of the network. Others, such as [11]
1=t and [10], exhibit limited performance for multiple evi-
Theevidencen a Bayesian network are the variables dence inputs, since the evidence is assumed to be in the
that have been instantiated with values &g fA¢, = root of the junction tree. Rerooting techniques are em-
;7  Ae. = @.0,& 2f1;2;:::;ng. Given the ev- ployed to deal with the case where the evidence appears
idence, we can inquire the distribution of any other vari- at more than one clique. In this paper, for the sake of
ables. The variables to be inquired are catie@ryvari- comparison, we simply call these rerooting based paral-
ables. The process ekact inferenc@volves propagat-  lel exact inference methodsaditional methods Some
ing the evidence throughout the network and then com- other works address certain individual steps of exact in-
puting the updated probability of the query variables.  ference. Reference [9] discusses the structure conver-

P(W)= P(A1;Az;  An)



variableE 2 f 0; 1; ; e g takes state in an observa-
tion, thenP (E = e€) is the evidence. Suppose cliqGe
includesk, and c is the potential table of. SinceE
takes only state, ¢ can be adjusted by yielding 0 for
all entries wherd& does not take:

c= c(E=¢ (4)

¢ is the updated version ofc. Because the local ev-
idence absorption is performed on each clique indepen-
dently, this step can be implemented in parallel.

Evidence propagation is the major step of exact infer-

ence in junction trees. It brings the effect of evidence to
every clique of a junction tree. The evidence propaga-
tion algorithm should ensutecal consistencef a junc-
tion tree [8], which is implemented by evidence prop-
agation: evidence collectiomnd evidence distribution
Evidence collection starts at the leaf cliques of a junc-
tion tree. These cliques update themselves and propa-
gate beliefs to other neighbors. In evidence collection,
each clique absorbs the evidence in the subtree rooted
at the cligue. The direction of belief ow in evidence
distribution is opposite to that in evidence collection. It

Figure 1. An example of (a) Bayesian net- broadcasts the evidence to all cliques in the junction tree.
work and its (b) Junction tree. The bold The query step is straightforward: As the joint dis-

circle indicates the root of the junction tribution of the random variables in a clique can be ob-
tree. tained from the potential table of the clique, the prob-

ability distribution of the query variables can be com-
puted by marginalizing the potential tables. Equation (5)
provides the joint distrljbution of the random variables in
cligue C, wherez = ¢ is a normalization factor.

In the formula derivation and algorithm analysis of this
paper, we simply assuni¢ = 1. Equation (6) gives
the probability distribution of the query varial@from

P (Q). As Equations (5) and (6) do not involve interac-
tion between cliques, this step can be executed in paral-

sion of the junction tree from Bayesian networks. In
[18] the node level primitives are parallelized.

In this paper, we deviate from all these and present a
dramatically different method for exploring paralleliza-
tion in evidence collection. Our algorithm starts with
the junction tree and converts it to a set of chains. The
performance of our algorithm is not sensitive to the loca-

tion and number of evidence variables. Our method canlel'
also be used to load balance in exact inference and co- _1
: , PO= 5 c (5)
operate with other parallel techniques such as node level
primitives. P(Q) = P(C (6)

cnQ
4. Exact Inference on Junction Trees
5. Junction Tree Decomposition

The computation of exact inference on a junction tree
consists of three steps: First, the clique potential ta- 5.1. Parallel Evidence Propagation in
bles that include evidence variables are updated. This is Chains
calledlocal evidence absorptionSecond, the evidence
is propagated throughout the entire junction tree. Thisis A chainis a special tree without any branches. Par-
calledevidence propagatianThird, the probability dis-  allel evidence propagation in chains is a part of the par-
tribution of the query variables is computed from the po- allel exact inference in junction trees. Figure 2 gives an
tential table of the cliques that include query variables. example of a chain of cliques. Assume cligie con-
This step is simply calleduery. tains evidence variables and has absorbed the evidence.

In evidence absorption, we need to update poten-We use ,, to denote the updateda,. Other cliques
tial tables by introducing evidence. Assuming evidence in this chain need to update their potential table using



A, The sequential updating process iteratively uti- 5.2. Parallel Evidence Propagation in
lizes Equations (2) and (3):a, is updated using a, , Trees
and 4, is updated using a,, so on and so forth. Pen-
nock [11] proposed a pointer jumping technique for up-  Evidence propagation in a tree includes evidence col-
dating a chain of random variables. This technique canlection and evidence distribution. For the sake of illus-
be generalized for evidence propagation in a chain of tration, we consider evidence distribution in this subsec-
cliques. Assume there areprocessors and processor tion. Assuming the evidence initially exists in the root
is assigned to cliqué\; in Figure 2. In step 0, each clique only, evidence distribution ensures that the evi-
processor updates its potential table with respect to itsdence can be propagated to all other cliques. The pointer
parent. Mathematically, the processor handling clique jumping technique mentioned in the previous subsection

computes: can be generalized to evidence distribution in trees. Pen-
nock [11] proposed a method which applies a pointer
_ Ain jumping technique to the evidence distribution in a tree.
A AT, A Although the algorithm presented in [11] is based on the
Ainy X poly tree where each node denotes a single random vari-
= A ) able, it is straightforward to apply the pointer jumping

Aja \A ; . ; : .
P AINA G technique to junction trees where each node is a clique

consisting of several random variables.

where , . . , indicates updating a,., using a,. Evidence distribution using pointer jumping propa-
Aisr VA iSpthe separator of the two cliques and gates the evidence from the root to all cliquemig(D +
A\ = . Aia s AiNAj4 denotes the 1) steps, wherd the maximum deptiof the junction
variables that belong t8; but not toA ;.1 . After this  free. Thedepthof a clique in a junction tree is de ned
step, the A, has been fully updated. as the length of the path from the root to the clique.
In Step 1, each clique updates its potential table with We denote the parent of cligue in the given junction
respect to its grandparent, which is given by: treepa(A;), pa2(A;) = pa(pa(A;)) andpak(A;) =
p pa(pa 1(A;)) wherek =1:2; :log(D +1). Inthe
A2 AjanAie  Aia X initial step, each clique updates its potential table with
Aisz A = Ais A a1 Al A Ai respect to its parerga(A;), then in Step 1 each clique
AiMAia updates its potential table again according to its grand-
_ XHZ X o ®) parentpa®(A;). In Stepk, the potential table A, is
R_Q N Ai updated with respect tpak(A;). As there aréD + 1)
T AINAL cliques in the path of depth, afterlog(D + 1) steps,
P the evidence at the root has been propagated to all the
where  a,.;w pl = AvanAa Az 8N dlicuesin this junction tree. This is illustrated in Fig-
A A, = A A 9 denotes the yre 2.
resultant potent|al table o after step 0. The formula for pointer jumping based evidence dis-
Stepk(k = 2;3; ) proceeds exactly as Step 1, tribution in a junction tree is similar to that in chains.
however, ., .isreplacedby ,  inFormula(8).  The propagation ow is from root to leaves, so each
The processor handling cliqueomputes: clique has a unique ancestor. According to formula (9),
updating evidence the distribution in junction tree is
) /'iiék X ol given by:
Ai+zkA i~ Tk 1 Aj (9) k 1 X
Al kA i AnA L, « — Ai k 1
Ai pak(Ai) T Tk 1 pak (A;)
Ai\ pak(Ai) pak(Ai)nA;
where X ! denotes the resultant potential tablefoéf- (10)

ter stepk-1. After Stepk; 1  k logn, the potential

tables of the rst2¢ cliques have been updated. After In this case, as some cliques share parents or other an-
logn steps, all n processors are done, and all the po- cestors, they receive the evidence from ancestors simul-
tential tables are updated. Figure 2 illustrates the stepstaneously and update their potential tables in parallel us-
of evidence propagation in a chain. Evidence propaga-ing Formula (10).

tion in a chain using pointer jumping can be completed = However, the pointer jumping technique can not be
in O(log n) parallel time for a chain witm cliques. applied to the evidence collection in a junction tree di-
rectly. In evidence collection, the evidence ow starts at
LAl log functions in this paper are of base 2. the leaf cliques and terminates at the root. Each clique




cligues in a given junction tree, we initialitehains for
this junction tree. Each chain is a path from a leaf clique
to the root. As the computation time for path search is
much less than that for potential table computation, we
simply assignN cliques of the given junction tree
processors, wheré p  N. Each processor is in
charge ofN=p cliques and checks if there exists a leaf
cligue. For each leaf clique, the processor performs a
path search starting at this clique. Figure 3 shows an
example of tree decomposition.

Figure 2. lllustration of parallel evidence
propagation in a chain with  n cliques and

an arbitrary junction tree using pointer Figure 3. An example of tree decomposi-
jumping.  The cliques with bold circles tion. (a) A junction tree. (b) The chains
have absorbed the propagated evidence. decomposed from the junction tree. The

cliques in a dash circle should be merged
after evidence propagation.

gets fully updated only if it receives evidence from all its
parents. Note that A; is a parent of\; in evidence col-
lection, therA; become a child oA; in evidence distri-
bution, because the evidence ow direction is reversed.
As shown in Figure 3 (a), clique 1 is fully updated after
it gets the evidence from 5, 6 and 7. Clique 1 gets evi-
dence from node 5 after two steps and from 6 and 7 after
three steps. Therefore, it takes longer time for clique

After tree decomposition, the parallel evidence prop-
agation is performed on these chains from the leaves to
the root. The evidence propagation using pointer jump-
ing is performed in these chains in parallel. It is not
necessary to synchronize the pointer jumping in these
chains during evidence propagation. After the propaga-
1 to get fully updated so that it can send complete evi- tion, the evidence on each chain is collected at the root.

dence to its ancestors. If a clique has a large number OfHovyever, if a clique is dupllca_ted |r_1to more than one
descendants (or it has a large number of ancestors whefghain. then each copy of this cllque_ is only partially up-
the edges are reversed), such delays reduce the perfod@ted. These partially updated copies should be merged
mance of pointer jumping. In order to take advantage of to obtain a fu_IIy updated clique. This is discussed in the
pointer jumping, we execute pointer jumping in chains NeXt subsection.

decomposed from a junction tree, instead of performing

pointer jumping in the junction tree directly. 5.4. Merging Partially Updated Cliques
5.3. Decomposing a Junction Tree into Some cliques of a junction tree are duplicated several
Chains times in tree decomposition. For example, clidui

Figure 3 is duplicated to three chains. These copies get
We decompose a tree into a set of chains so that thepartially updated independently in each chaiblique
parallel evidence propagation discussed in Section 5.1mergingis the fusion of partially updated cliques to ob-
can be applied. Assuming there drkeaves out oiN tain a fully updated clique. For example, in Figure 3,



merging clique 4 can be viewed as merging clique 4 in 5.5. Derivation of The Partially Updated
subchaid 6 and subchaid 7. Cligue Merge Function M

Since the evidence propagates from leaf to rootin ev-
idence collection, we can partially update a cliqueinany  In order to obtain the expression for clique merge
chain by using the potential table of its parent. For ex- functionM in Equation (12), we rst derivé/ for a sim-
ample, in Figure 3 (b), the evidence propagated to clique ple case and then calculate the general formiof
1 is from three chains: clique 2 that appears in two  Consider the simplest case shown in Figure 4 (a)
chains, and clique 3 in another chain. Therefore, insteadwWhere evidence ows from cliqué to A; and clique
of directly merging all copies of clique 1 in these chains, A3 to A1, respectively. Assumé; = fA;B;Cg,
we can obtain the fully updated potential tablg, by ~ Az = fB;EgandAz = fD;Eg, whereA E are
using the potential tables of the separators betwegn  random variables. We intend to merge partially updated
and its parent in each chains, is the potential table of ~ cliques corresponding #;. According to Equation (3),
the separator betweet) andA; , whereS; = A;j\A ;. the partially updated potential table for cligheg in the
The potential table a, can be fully updated bylique  left chainis given by:

merge functiorM: _ o
wma, = @fABCg

- . . : (fA;B;Cg) (B)
Ac=MOAT AlpaiA) AN pas(a)); - (B) (13)

AN par(Ay) (11) If we update A, from both chains, we obtain the fully
updated potential table, , by using Equation (3) twice:
where ,, is the potential table oA; before evidence

propagation! is the number of chains that contaifs; A= @ FAB;Co)

pa(A;) is the parent ofA; on thekth chain of thel o (fAB;Cg (C)

chains; a,\ pa,(a;) is the potential table of the inter- = ©) (14)
@

section betweeA; andpay (A;).

Equation (11) can be simpli ed: During the evidence where ) (C) is obtained by marginalizing
collection in the rst_chain, evidence is propagated " (fA;B;CQ); @ (fA;B;Cg) is the partially
from pa;(Ai) to A; via the separatoA; \ pai(Ai). updated potential table of cligua; = fA;B;Cg,

Therefore, a; has been updated bya,\ pa,(a;)- Ac- based on the rst two chains. As there are only two
cording to Equations (2) and (3), the updated poten- chajns in this case, Equation (14) is equal to the fully
tial table of A; in the 1st chain is denoted(l)A = updated potential table, .

. 1°

Al AN pai(A)= A pai(a), WHere anpa (a;) is
optained by ma_rgir!a_lizingAi and 4 pas (A, is ob-_
tained by marginalizing the updated potential function

pay (A, ? Therefore, we can use, ,,, the potential
table ofA; updated in the rst chain, to substitute,

and , | pa,(a,) in Equation (11):

A =M @ad At AN par(a)
(12)

Comparing Equations (11) and (12), we see that us-
ing Equation (12) has two merits: rst, it reduces the
number of parameters; second, as all parameters in
Equation (12) are updated potential tables, we can per-
form in-place rewriting on the original potential table
during evidence propagation and therefore save local
memory. As each copy of a clique keeps its own po-
tential table, we do not have to synchronize the potential
table updating. Assuming each clique is handled by a
unigue processor, each processor executes Equation (12) Equation (14) gives the expression of the clique
to merge all cliques in parallel. merge functiorM for merging partially updated cliques

Figure 4. lllustration of cligue merging. (a)
the simplest case; (b) the general case.



from two chains. Assume Equation (14) holds for merg- it, as well as the evidence variable &et The informa-

ing cliques fronk chains, that is: tion regarding each clique's parent and children is also
stored in the same processor. This is used later in Lines
14-16 of the algorithm for evidence distribution. In this
stage, each processor works in parallel to identify if any
cligues assigned to it contain evidence variables irf
where K 1A is the partially updated potential table of a clique contains evidence variables, the potential table
A based on the rstk 1) chains;Sy is the intersec-  of the clique is updated by using Equation (4).

kK DA S
AT (WA= DA B (15)
(k 1)Sk

tion betweerA and its parent in thkth chain; K 1)S, In Lines 4-6, for leaf cliques assigned to the proces-
is the potential table o8y obtained by marginaﬁzing sor, each processor identi es chains (paths) from these
A- Now, we prove that the expression flgr in leaf cliques to the root. In this stage, we have the same
Equation (15) also holds for those nodes duplicated in data layout as in the previous stage. In addition, the
(k + 1) chains. structure of the junction tree is stored as an adjacency
If we need to merge one more clique from ttie+ listin each processor. Each processor uses the adjacency
1)th chain, using Equation (3) and the previous results list to identify the chains for the leaf cliques it contains.
iteratively, we have: Notice that we use a straightforward method to identify
chains in each processor. The processors do not collab-
(K)A Sksr _  (k 1)A Sk Sk orate in this stage.
(K)Siat (K DSe (K)Skn After the chain identi cation stage, we perform data
remapping before we move on to the next stage. The
= =_WA % S Sl (16) purpose of data remapping is to improve the parallel per-
ms: @s: (K) S+ formance in successive stages. The data remapping here

includes two steps: rst, as some cliques are assigned
to multiple chains after chain identi cation, each pro-
cessor duplicates such cliques so that each chain has a
copy; second, we redistribute the cliques on the chains
' to processors, so that we can improve the performancein
the following stages where pointer jumping is used. We
allocate the cliques in the chains in a round robin fash-
ion. In order to perform this, each processor has all the
M WA Ailpax(Ai)r 0 Al pac(A;) information needed to identify the clique-to-processor
mapping function. Each processor locally creates the

Equation (16) is exactly the expression for fully updat-
ing a by absorbing evidence propagation frémpar-
ents. Therefore, by induction, Equation (15) can be used
to merge cliques from an arbitrary number of chains
which gives the expression for clique merge functién

in Equation (12):

1A S2 Ss Sk+1
(17) message to be sent to other processors to perform the
WS @S2 (K) Sk remapping. For each clique in a chain, a pointer to its
. parent (if any) is appended so that pointer jumping can
6. Parallel Exact Inference Algorithm be performed. For each clique that appears on a chain,
a pointer to the owner of the clique is also maintained.
6.1. Algorithm Steps This information is used in the merge step.

In Lines 8-10, we use pointer jumping to perform par-

The proposed method provides several opportunitiesallel evidence collection in the chains decomposed from
to parallelize exact inference. For example, decomposi-the junction tree. Each processor works logd iter-
tion leads to independent parallel activities; each chain ations, whered is the maximum length of chains con-
can be parallelized using pointer jumping. In this sec- taining cliques allocated to the processor. In each itera-
tion, we present an implementation using pointer jump- tion, the processor updates all cliques on it using sepa-
ing. A high level description of the algorithm ow is rator potential tables received from the children of these
given in Algorithm 1. cliques. The processor also sends updated separator po-

The input to the algorithm is an arbitrary junction tree tential tables to the corresponding parent of each clique.
JT, evidenceE and query variable®. In the initial In addition, the processor updates the pointer of each
stage (Lines 1-3), the data layout is as follows: we arbi- clique so that it points to the grandparent of the clique.
trarily assign the cliques idT top processorél p The processors work in parallel and coordinate to
N), ensuring that each processor is assigned approxi-merge partially updated potential tables corresponding
mately N=p cliques. A processor is called tlmvner to the cliques handled by it (Lines 11-13). In this stage,
of a clique if the clique is assigned to it. Each proces- if a processor is the owner &, it collects all the sepa-
sor keeps the potential tables of the cliques assigned tarator potential tables related £ from all the chains in



which A appears. We use these data to fully update the
potential table ofA. The data layout in clique merge is

the same as in the previous stage. Using Equation (15),

Algorithm 1 Parallel Exact Inference

Input: Junction tree] T, Set of evidence variablegs
and set of query variabl&3

each processor updates the potential tables of cliques itOutput: Probability distribution ofQ

owns. After this stage, we operate on the original junc-
tion tree, though all potential tables have been fully up-
dated with respect to evidence collection.

We use pointer jumping to perform parallel evidence
distribution (Lines 14-16) in the original junction tree.
We use the data layout for the original junction tree
(Lines 1-6). Note that we perform pointer jumping on
the junction tree instead of on the chains created in Lines
4-6. Using pointer jumping for evidence distribution
takeslog(D + 1) iterations, where the depth of the junc-
tion tree isD. In each iteration, all the potential tables
assigned to a processor need to be updated.

In Algorithm 1, the last stage is local computation
for query variable se® (Lines 17-19). We use the data
layout for the original junction tree (Lines 1-6). Each
processor checks cliques assigned to it in parallel. If a
cligue contains query variables @, the processor uses
Equations (5) and (6) to obtain the distribution of the
query variables.

6.2. Analysis of the Algorithm

For the sake of illustration of potential speedup, we
analyze the complexity of our algorithm in termsooin-
putation costand communication cost In this paper,
computation cost is de ned as the computations per-
formed by each processor on data in local memory; com-
munication cost is de ned as the amount of data any

1: for each cliquéA; in paralleldo

2:  Use Equation (4) for local evidence absorption

3: end for

4: for each leaf cliqué ; in paralleldo

5. Create a chain as the path framto the root

6: end for

7. Data remapping: change from the distribution of
JT among processors to distribution of chains
among processors

. for each processor in paraligd

9:  Perform evidence collection (using pointer jump-
ing. Use Equation (9))

10: end for

11: for each processor in paraligd

12:  Merge partially updated cliques using Equa-
tion (17) by collecting information at the owner
of each clique

13: end for

14:
15:

for each processor in paralléd
Perform evidence distribution (using pointer
jumping. Use Equation (10)) ahT

: end for

: for each cliqué?; in paralleldo

18: Use Equations (5) and (6) to obtain query re-
sponse
19: end for

processor communicated with other processors. In thedepth of the junction tree, we identify a chain by us-

following, we give bounds on these costs, even though
different processors may incur different costs.

In Algorithm 1, the rst stage is local evidence ab-
sorption (Lines 1-3). We usH to represent the num-
ber of cliques in the original junction tregy denotes
the number of processors. We assign approximaiély
cliques to each processor, whexe N=p. In or-
der to absorb evidence using Equation (4), we need to
visit each entry of a potential table, which hagr")
entries. For each entry, absorbing the evidence re-
quiresO(rw?) time of local computation [18]. There-
fore, the computation cost in local evidence absorption
iSO(N® r rw?)= O(Nw?r%*! =p). As no commu-

nication is needed in this stage, we have no communica-

tion cost.

In the chain identi cation stage (Lines 4-6), each pro-
cessor uses adjacency list to identify the chains for the
leaf cliques it contains. We identify if a cliqu& is
a leaf by looking up in the adjacency list. This takes
O(1) time for each clique. The number of leaf cliques
in a processor is bounded Y% AssumingD is the

ing at mostD hops. Therefore, for each processor,
the computation cost of the chain identi cation stage is
O(N° D) = O(DN=p). There is no communication in
this stage.

After the chain identi cation stage, we perform data
remapping. In data remapping, the chains in each pro-
cessor are allocated amopgrocessors, so that we can
use pointer jumping to accelerate the evidence propaga-
tion. Each processor works independently of other pro-
cessors and sends the information of the chains it has
uniformly to other processors. The computation cost in
this stage is at mo€2(DN=p), because we need to visit
each element of the chains in a processor to allocate the
chains. The number of chains is bounded\byp, and
the length of chains is bounded (D). Note that a
cligue can be duplicated at mdstimes, and moving a
potential table from one processor to another leads to
O(r") communication cost. The communication cost
for data remapping is bounded B(Ir Y N=p).

The evidence collection stage is presented in Lines
8-10. The computation cost of pointer jumping in these



chains depends on the number of jumps and the cost
of rewriting the potential tables. Although the actual
performance of pointer jumping is sensitive to several
factors, such as data layout and cache architecture, we
focus on the in uence of the data size in this analysis.
The data layout in this stage is the same as the layout
at the end of the previous stage. Because the longest
chain hadD edges, oD + 1 cliques, according to the
pointer jumping technique, the number of jumps needed
is bounded byD(log(D +1)) . The size of a potential ta-

ble is bounded b®(r"), wherer is the number of states

of these random variables involved in the junction tree
andw is the maximum width of the cliques. For each
entry of the potential table, a processor spe@disv?)

time for local computation. Each processor has at most
IN=p cliques. The computation cost of these operations

is bounded byd(rw? r" IN=p) for at mostog(D +1) Eigure 5._ II_Iustr_ation_ of (a) clique dist_ribu-
steps, i.e.O((INw2rW+1 Jog(D + 1)) =p). The scal- tlpn pf o_rlglnal junc_tlon tree and (b) clique
ability rangeisl p  DI. In pointer jumping, each distribution of chains decomposed from

clique sends an updated separator potential table of size the junction tree.
O(r%s) to its parent, wherevs is the maximum width
of the separators. As there a@€IN=p) cliques in each
processor, and we neémy(D +1) pointer jumpingiter-  that of evidence collection in chains, which is bounded
ations, the communication cost to complete Lines 8-10 by O((Nw?2r(W*1 |og(D + 1)) =p). Note that the scal-
is O((INr ™= log(D +1)) =p). Note that there isa bar- apijlityis1 p N, since we operate on the original
rier synchronization at the end of each pointer jJumping junction tree layout. The pointer jumping in evidence
iteration. distribution requires each clique to send an updated sep-
Next, we perform the clique merge operation (Lines arator potential table to all its children. As a clique has
11-13), in which the chains are merged to get back the at mostl children, each clique sends a separator poten-
original junction tree layout. This is done by each pro- tial table of sizeO(r"s) to at mostl processors. Thus,
cessor sending information about each clique it pro- the communication cost ®((INr *s log(D + 1)) =p).
cessed, to the owner processor of the clique (see Fig- In Algorithm 1, the last stage is local computation
ure 5). We assume that there &rehains. Therefore a  for query variable se@ (Lines 17-19). Each proces-
clique can be duplicated at mdst 1 times. So, for  sor processes approximateéli=p cliques. Calculating
each cliqueA, the processor which owrs updates a the distribution of query variables from a given poten-
atmost(l 1) times. The computation cost to update tial table takesO(w?r¥*1) time, since this calculation
once is bounded b@(w?r"*1) ) [18]. Thus, the com-  needs to perform local computation of c@frw?) to
putation cost for clique merge @(NIw ?rW*D =p). In each of theO(r%) entries of the potential table. Thus,
this stage, for each clique, the owner processor needs tdhe computation cost for this stagedgw?r ("*1) N=p).
obtain a separator potential table from all its children ( As all processors work separately in this stage, there is
children at most). The size of a separator potential table no communication.
is O(r%s). Therefore, the communication cost of this Based on above analysis, we arrive at the upper
stage iO(NIr Vs =p). bound on the total computation cost for junction tree de-
The evidence distribution is presented in Lines 14-16. composition based parallel exact inferenC¢DN=p +
Using pointer jumping for evidence distribution takes (Iog(D + 1)) Iw?r*'N=p); the total communication cost
log(D + 1) steps, as the depth of the junction tree is of iSO(Ir""N=p+ NI(log(D + 1)) r"s=p).
lengthD. In each step, all the potential tables of cliques
on their owner processor need to be updated. Therefore6.3. Speedup Estimation
there are approximatelj=p potential tables for each
processor to process in every pointer jumping iteration. We compare the performance traditional paral-
The updating process is the same as the potential tabldel exact inference methods with that of the proposed
updating in evidence collection, except that we operate method. By traditional parallel exact inference, we
on the original junction tree instead of chains. Thus, the mean pointer jumping with rerooting for each evidence
computation cost of evidence distribution is similar to clique. The computation cost of traditional parallel exact



inference is given b@((KNw 2r% log(D +1)) =p); 1

p N whereK is the number of cliques containing ev-
idence variables. Thepeedus, is de ned as the ratio
of the two total cost expressionsdenotes the number
of leaf cliques in the given junction tree. When the num-
ber of states of random variabless large or the clique
width w is large,r increases sharply compared with
other expressions. In such a scenario, we can simplify
the speedup by removing terms that do not contdin
As the maximum depth of a junction tré® 1, we
havelog(D +1) 1. Therefore, the speedup is given

by:
(KNw 2r% log(D + 1)) =p
DN=p + (llog(D + 1)) w2r¥N=p
KN (log(D + 1)) w?r%
" DN +(llog(D +1)) w2r¥N
K log(D +1)
Ilog(D +1)

Sp:

K=l (18)

In Equation (18), we hav&, / K because tradi-
tional method needs to apply evidence collection and
distributionK times for a junction tree whei€ cliques
contain evidence. We ha\&, / 1=I because junction
tree decomposition causes duplication of some cliques.
This can happen for at madstimes. According to Equa-
tion (18), for a junction tree with large andw, if we
haveK |, the proposed method is at least as good as
the traditional method. However, since not all cliques
need to be duplicatddtimes, the speedup can be better
than the above estimate. Note that actual speedup de-
pends on the overheads in the implementation and the
input instance.

7. Experiments

We conducted experiments on a state-of-the-art clus-
ter at the San Diego Supercomputer Center (SDSC) [14].
The DataStar Cluster at SDSC employs IBM P655 nodes
running at 1.5 GHz with 2 GB of memory per proces-
sor. It uses a Federation interconnect, and has a theoret-
ical peak performance of 15 Tera-Flops. Furthermore,
each node is connected to a GPFS (parallel le system)
through a ber channel. The DataStar Cluster runs Unix
with MPICH for message passing. IBM Loadleveler was
used to submit jobs to batch queue.

We used two random junction trees of different sizes
to analyze and evaluate the performance of our method.
One junction tree had 100 cliques and 18 leaves; the
other had 500 cliques and 83 leaves. Each clique con-
sisted of several random variables. The smallest clique
in our experiments contained only two variables, while
the largest had 10. All variables were binary. There-
fore, the potential tables for these cliques were of length

Figure 6. Computation time for individ-
ual steps of junction tree decomposition
based exact inference. (a) Chain creation;
(b) Evidence collection; (c) Evidence dis-
tribution; (d) Clique merging. The number
of cliques are 100 and 500 respectively.



Figure 7. Computation time for junction Figure 8. lllustration of computation time
tree decomposition based exact inference versus the percentage of cliques contain-
(proposed method) and rerooting based ing evidence variables.

exact inference (traditional method) on

junction trees with (a) 100 cliques and (b)

500 cliques. o ] ) )
it, i.e. each processor was in chargeNsfp cliques in

this step.
In order to illustrate the scalability of our method,

4 1024. These potential tables were stored as real num-we recorded the computation time of the major steps,
ber arrays. We randomly chose half of the cliques as including chain creation, evidence collection, evidence
evidence cliques, so that the two junction trees neededdistribution and clique merging (see Figure 6). Notice
to absorb evidence from 50 cliques and 250 cliques, re-that the computation time for creating the chain was
spectively. We conducted the experiments with 1, 4, 16 much less than that for the other three steps. Also notice
and 64 processors. that the actual performance of pointer jumping depended

The data layout was as follows: We assigned the on data size, layout and the processor architecture fea-
cliques to the processors so that each processor was ifiures. The computation time decreased almost linearly
charge of approximati=p cliques, whereN is the to- in Figure 6 as the number of processors increased. The
tal number of cliques anplis the number of processors. axes of these gures are logarithmic. We can see that
Speci cally, in each processor, there wexep clique the proposed algorithm exhibited scalability for the ex-
potential tables and all separator potential tables relate act inference in junction trees.
to these cliques. Also, each processor kept a partial pro- We compared the total time for the proposed method
cessor mapping table for cliques adjacent to its own. in Figure 7 with the traditional method [10] on the junc-
In chain creation, each processor checked if there weretion tree with 100 cliques. Notice that we used logarith-
any leaf cliques among the cliques assigned to it. Eachmic axes, so the speedup was linear with the number of
processor identi ed the chains corresponding to the leaf evidence cliques. We can see that the proposed method
cligues assigned to it. After evidence collection and dis- exhibited scalability, and was superior to the traditional
tribution, each processor merged the cliques assigned tanethod. In Figure 8, we show that our method's con-



stant computation time was independent of the number [5] Intel Open Source Probabilistic Networks Library.

of cliques containing evidence, while the computation http://www.intel.com/technology/computing/pnl/. -
time for traditional methods increased with the number [6] L. V. Kale, B. H. Richards, and T. D. Allen. Ef cient
of cliques containing evidence. However, because of parallel graph coloring with prioritization. lhecture

Notes in Computer Scienceolume 1068, pages 190—
208. 1995.

[7] A. V. Kozlov and J. P. Singh. A parallel Lauritzen-
Spiegelhalter algorithm for probabilistic inference. In

the overhead for decomposition, the proposed method
took more time when only one clique contains evidence.
From Figure 8, we see that the speedup of our proposed

method was more obvious for the junction tree with Supercomputingpages 320-329, 1994

larger numbers of evidence cliques. Our method main- (8] S. L. Lauritzen and D. J. Spiegelhalter. Local computa-
tained a constant computation time for different numbers tion with probabilities and graphical structures and their
of cliques containing evidence, while the computation application to expert system&.Royal Statistical Society
time for the rerooting technique based exact inference B, 50:157-224, 1988.

method increased with the number of cliques containing [9] V- K. Namasivayam, A. Pathak, and V. K. Prasanna.
evidence. Scalable parallel implementation of Bayesian network to

junction tree conversion for exact inference Piroceed-
ings of the 18th International Symposium on Computer

8. Conclusion Architecture and High Performance Computingages
167-176, 2006.

In thi d | d | llel ti [10] V. K. Namasivayam and V. K. Prasanna. Scalable par-
n this paper, we developed a novel paraliel exact in- allel implementation of exact inference in Bayesian net-

ference algorithm ba_lsed _On junCtiQn tree decompositi_on. works. InProceedings of the 12th International Con-
We decomposed a junction tree into a group of chains ference on Parallel and Distributed Systerpages 143—
and performed evidence propagation on those chains in 150, 2006.

parallel. Then, the cliques that were duplicated into [11] D. Pennock. Logarithmic time parallel Bayesian infer-

multiple copies were merged to obtain the fully updated ence. InProceedings of the 14th Annual Conference
clique potential functions. Pointer jumping based tech- on Uncertainty in Arti cial Intelligence pages 431438,
niques were used in both evidence collection and evi- 1998.

S. J. Russell and P. NorvigArti cial Intelligence: A

dence propagation. The experimental results indicate [12]
bropag P Modern Approach (2nd EditionPrentice Hall, Decem-

the scalability of this method. As part of our future ber 2002.

work, we intend to investigatg the parallelization_ of the 13] P. Sadayappan, F. Ercal, and J. Ramanujam. Partigionin
merge step, and load balancing of the computation. For graphs on message-passing machines by pairwise min-

load balancing, the complexity of each chain will be es- cut. Information Sciences — Informatics and Computer
timated, and the chains will be assigned to processors. Science: An International Journall11(1-4):223-237,
We also intend to study minimizing the increase in the 1998.
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