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Abstract

Supercomputer companies such as Cray, Silicon Graph-
ics, and SRC Computers now offer reconfigurable com-
puter (RC) systems that combine general-purpose proces-
sors (GPPs) with field-programmable gate arrays (FP-
GAs). The FPGAs can be programmed to become, in ef-
fect, application-specific processors. These exciting super-
computers allow end-users to create custom computing ar-
chitectures aimed at the computationally intensive parts of
each problem. This report describes a parameterized, par-
allelized, deeply pipelined, dual-FPGA, IEEE-754 64-bit
floating-point design for accelerating the conjugate gradi-
ent (CG) iterative method on an FPGA-augmented RC. The
FPGA-based elements are developed via a hybrid approach
that uses a high-level language (HLL)-to-hardware descrip-
tion language (HDL) compiler in conjunction with custom-
built, VHDL-based, floating-point components. A reference
version of the design is implemented on a contemporary
RC. Actual run time performance data compare the FPGA-
augmented CG to the software-only version and show that
the FPGA-based version runs 1.3 times faster than the soft-
ware version. Estimates show that the design can achieve a
4 fold speedup on a next-generation RC.

1. Introduction

1.1. Background

The conjugate gradient (CG) method, which was discov-
ered by Hestenes and Stiefel [8], is used to solve systems of
equations, Ax = b. Naive implementations failed on large
systems of equations and CG fell out of favor. However,
Reid’s work lead to renewed interest in the algorithm [15],
and Krylov subspace methods such as CG were affirmed as
one of the top 10 algorithms of the twentieth century [21].

The reconfigurable computer (RC), which was proposed
by Estrin [6], is a “fixed plus variable structure” (F+VS)
computer that can be “temporarily distorted into a prob-
lem oriented special purpose computer.” The advent of
the microprocessor forced the RC into relative obscurity.
However, the FPGA has precipitated a reawakening, and
companies like Cray, Silicon Graphics, and SRC Comput-
ers (SRC) now offer RCs that use GPPs and FPGAs as the
F+VS structure [3, 17, 19].

1.2 FPGA-based computational kernels

FPGA-based floating-point computational kernels tar-
geting specific problem domains such as molecular dynam-
ics have been demonstrated [10, 22, 16], as have general-
purpose floating-point scientific kernels such as linear alge-
bra routines [5, 26, 12, 4]. Underwood argues that by 2009,
FPGAs will have an order of magnitude peak floating-point
performance over GPPs [20]. These efforts have set the
stage for research into floating-point scientific computing
on modern RCs.

1.3. Scientific computing on RCs

For floating-point scientific computing, modern RCs are
still immature. For example, they do not have enough lo-
cal memory banks to support highly parallel computations.
Several companies such as Celoxica, Mitrionics, and SRC
Computers, have HLL-to-HDL compiler technology that al-
lows FPGA-based development using high-level languages
[2, 11, 18]. These products do a good job with integer and
fixed-point applications such as digital signal processing.
For floating-point applications, however, current RCs and
HLL-to-HDL compilers make programmer access to the
FPGAs range from moderately difficult to nearly impossi-
ble. Clearly, additional research on the mapping of floating-
point scientific kernels onto RCs is necessary.



1.4. Overview of this paper

This research effort employs a hybrid development ap-
proach wherein an HLL-to-HDL compiler is used in con-
junction with custom-built, VHDL-based, floating-point in-
tellectual property (IP) cores to map an IEEE-754 64-bit
floating-point CG design onto an FPGA-augmented RC.
Section 2 provides a brief overview of CG, discusses some
of the desirable features of a “good” implementation, and
identifies the software that was selected for this research.
Section 3 provides a brief overview of the hybrid devel-
opment process. Section 4 presents high-level designs for
the software-only and FPGA-augmented CG versions. Sec-
tion 5 details the FPGA-based portion of the design. Sec-
tion 6 gives a brief description of the RC hardware used
during this investigation and describes the implementation.
Section 7 compares the actual run time performance of the
two CG versions, and estimates the performance on a next
generation RC. Section 8 presents the conclusions.

2. Conjugate gradient

2.1. Overview of CG

CG is probably the most widely known iterative method
for solving linear equations, Ax = b, whenever A is a real,
square, symmetric, positive-definite (RSSPD), sparse ma-
trix. CG-related literature resources are ubiquitous–any text
dealing with sparse linear equations would include a dis-
cussion of CG, e.g., [24, 1]. A GoogleTM search for “conju-
gate gradient” resulted in over 1.3 million hits, and an Ama-
zon.com search yielded 65 books having “conjugate gradi-
ent” in the title. Therefore, this section is not a rigorous
mathematical treatment of CG; however, it gives enough
of the intuition such that the algorithm can be understood.
Fundamentally, CG(f(x),x0), is an iterative algorithm for
finding the nearest local minimum of function, f(x), where
x is an n-vector of independent variables, and x0 is a start-
ing point. If one takes the quadratic form of vector x,

f(x) =
1
2
xT Ax− bT x + c, (1)

and matrix A is an RSSPD matrix, it can be shown via “a
little bit of tedious math” that f(x) is minimized by the so-
lution to Ax = b [9]. A plot of f(x), when A is a 2 × 2
RSSPD matrix, yields a bowl-shaped parabolic surface. The
x value at the lowest point in this bowl is the solution to
Ax = b. It is also the local and global minimum, which can
therefore be found using CG. For matrices having n > 2,
an (n + 1)-dimensional parabolic surface corresponding to
f(x) can be imagined. Intuitively, one can “walk down-
hill to find the lowest point.” Unlike the method of steepest
descent, which uses the local gradient for going downhill,

and can therefore end up taking multiple steps in the same
direction, CG uses A-orthogonal (conjugate) search direc-
tions that facilitate more rapid convergence.

The algorithm shown in Figure 1 is a synthesis of those
given in [9, 24, 1, 8]. In the absence of ill-conditioned ma-

1: x = x0 ! approximate solution
2: r = b−Ax ! residual
3: p = r ! search direction
4: δn = δc = rT r ! scratch pad
5: while (∆ is too big)
6: q = Ap ! need q
7: α = δn/pT q ! and α again
8: x = x + αp ! new solution
9: r = r− αq ! new residual

10: δc = δn ! keep current and
11: δn = rT r ! new scratch values
12: p = r + δn

δc
p ! new direction

Figure 1. Conjugate gradient algorithm

trices, roundoff error, etc., each loop iteration yields a bet-
ter x by “walking” in the direction derived from A and p.
CG typically uses some distance measure to test for conver-
gence, hence the terminology “∆ is too big” on line 5.

2.2. Features of a good CG implementation

Clearly, a “good” implementation has to be both correct
and efficient. As noted in Section 1.1, CG initially fell out of
favor because of naive implementations. Furthermore, CG
should allow the user to specify convergence criteria such
as type of convergence test, tolerances, and maximum num-
ber of iterations. A good CG implementation should also
allow for preconditioning and residual correction. Concern-
ing lines 2 and 6 of the CG algorithm, a) most of the work
takes place in matrix-vector multiply, b) CG does not ac-
tually need the matrix, only the matrix-vector product, and
c) the matrix is invariant across iterations. Therefore, in
addition to the features already mentioned, a good imple-
mentation should a) use a highly optimized matrix-vector
multiply, b) insulate itself from having to know about the
matrix by using callbacks, reverse-communication, or some
similar technique, and c) allow matrix-vector multiply to
save a copy of matrix A (if reading the matrix is costly).

2.3. Selected software CG

The best course of action for this research effort was
to find an existing CG implementation suitable for high-
performance use. This approach has, as British philosopher
and mathematician, Bertrand Russell, once wrote, “all the
advantages of theft over honest toil.” Saad’s SPARSKIT li-



brary [25], which is used to implement sparse matrix scien-
tific applications, includes a CG module that exhibits many
of the features mentioned in Section 2.2. For example, the
SPARSKIT reverse communication approach makes it very
easy to add a preconditioner without modifying the design.
This reverse communication mechanism also makes it easy
to substitute a more efficient matrix-vector multiply routine
without impacting the design. SPARSKIT is already writ-
ten, debugged, and being used in actual scientific applica-
tions. Therefore, SPARSKIT was selected as the software
base from which the CG designs in this investigation were
formulated.

3. Hybrid development process

Several vendors now offer HLL-to-HDL compilers to
improve programmer productivity. Since traditional HLLs
do not have mechanisms for expressing parallelism, HLL-
to-HDL compiler vendors have taken one of three ap-
proaches, 1) extend an existing HLL – as with Celox-
ica’s Handel-C, 2) create a new HLL – as with Mitrion-
ics’ Mitrion-C, or 3) use a standard HLL but include prag-
mas to guide the compiler – as with SRC’s Carte com-
piler. Independent of the mechanism, the goal is deeply
pipelined, highly parallelized hardware. Therefore, vendors
also provide features such as pipelined loops, communica-
tion channels, synchronization primitives, and application
programmer interface (API) calls to access vendor-supplied
IP cores.

During a typical RC development effort, one partitions
the design into software modules, which are targeted for ex-
ecution on GPPs, and hardware modules, which are targeted
for execution on FPGAs. Software modules that call hard-
ware modules include some vendor-specific calls to con-
trol/use the FPGA, e.g., the Cray XD1 fpga load call re-
configures the FPGA.

Some HLL-to-HDL development environments such as
Celoxica’s DK Design Suite (DK) support a hybrid develop-
ment approach. This hybrid approach allows the developer
to use a hardware description language such as VHDL to
create customized IP cores and import them into the HLL
environment. As a result, the developer can use all the ven-
dor HLL features such as parallel code blocks, pipelined
loops, and channels, yet still have HLL access to the cus-
tomized IP cores. Figure 2 illustrates the hybrid approach.
The software modules are compiled with the normal soft-
ware compiler to produce object files. The hardware mod-
ule HLL code is compiled with the HLL-to-HDL compiler
to produce input to the synthesis module. The user HDL
code is also given as input to the synthesis module. Ven-
dors provide some mechanism allowing the HLL-to-HDL
compiler and/or linker to obtain visibility into the user’s IP
cores, e.g., DK’s interface declaration or Carte’s info file.
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compiler
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executable bitgen
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code
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Figure 2. Hybrid development process

The netlists produced by synthesis are fed into the place and
route (PAR) module. PAR output feeds bitgen to produce
the FPGA logic configuration bitstream. The linker ingests
the object files, library files, IP core interface information,
and produces the executable.

4. High-level CG designs

4.1. Compressed sparse row format

Before presenting the CG designs, a brief description of
compressed sparse row (CSR) format is in order. CSR for-
mat is often used when a matrix has a relatively small num-
ber of non-zero values, nz ¿ nm, where nz is the number
of non-zeros, n is the number of rows, and m is the number
of columns. CSR employs three vectors, val, col, and ptr,
to store only the non-zero values and identify the row and
column indices.

val The non-zero values as the matrix is traversed row-
wise. Vector val is of length, nz .

col The column index of each non-zero value. Thus, if
val(k) = aij then col(k) = j. Vector col is of length,
nz .

ptr The location in val where each matrix row starts, i.e.,
the first element of row i is val(ptr(i)). The range of
index values for row i is ptr(i) ≤ j < ptr(i + 1),
i.e., row i contains leni = ptr(i + 1) − ptr(i) non-
zero values. To keep the len calculations consistent,
ptr(n + 1) = nz + 1. Vector ptr is of length, n + 1.



An example depicting the CSR format for a 4 × 4 sparse
matrix is shown in Figure 3.
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Figure 3. CSR format

4.2. Software-only CG design

The software-only CG shown in Figure 4 consists of
three major components; a main routine, some MatrixMar-
ket elements [14], and the SPARSKIT library. In an actual
operational scenario, the MatrixMarket elements, coocsr
routine, and the part of main on the left side of Figure 4
would correspond to the producer of the linear equations be-
ing solved, e.g., the simulation code. The rest of the main
routine, and the cg, amux, and ddot routines on the right
side of the figure would correspond to the solver itself.

mmio

main

A
1
...A
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cg amux

ddot

coocsr

SPARSKITMatrixMarket

A

p

q = Ap

A

solverproducer

flags

work

b

x
0 x

Figure 4. Software-only CG design

The main routine is a simple driver program, which es-
sentially measures how long it takes for CG to solve a set of
linear equations. The MatrixMarket portion consists of sev-
eral RSSPD sparse matrices (A1 . . . Am) stored in Matrix-
Market coordinate format, and the associated mmio input-
output routines. The SPARSKIT coocsr routine converts
the coordinate format into CSR format. The cg routine is a
reverse-communication-enabled implementation of the CG
iterative method. The ddot and amux routines are dot prod-
uct and sparse matrix-vector multiply.

At run time, main reads in the matrix, converts it to
CSR format, and uses a known x vector to generate b. It

then initializes a set of flags, some work space, and in-
vokes the cg routine sending b, starting point x0, flags, and
work; matrix A is not passed to cg. Whenever cg needs a
matrix-vector product, it sets the appropriate request value
in flags, uses work to communicate the p vector back to
the main routine, and returns. The main routine loop ex-
amines the flags to determine the course of action (done,
matrix-vector multiply, or error). If cg needs a matrix-
vector product, main sends matrix A and vector p to the
amux sparse matrix-vector multiply routine. When amux
returns the q = Ap matrix-vector product, main uses work
to communicate q back to cg. The main routine sets the
appropriate reentry indicator in flags and calls cg, which
continues with the iteration. When cg is done, it sets the
done value in flags, uses work to communicate x back to
the main routine, and returns. The main routine writes the
solution to a text file, displays the input matrix name, num-
ber of iterations, wall-clock run time, and then terminates.
Since a known x vector was used to generate b, verification
of the solution is trivial.

4.3. FPGA-augmented CG design
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Figure 5. FPGA-augmented CG

The FPGA-augmented CG is shown in Figure 5. It con-
sists of four major components; the main routine, the Ma-
trixMarket elements, the SPARSKIT library, and a hard-
ware module. The software components are as described
in Section 4.2. The hardware module implements a special-
ized sparse matrix-vector multiply as a replacement for the
amux routine.

The run time operation is virtually identical to the
software-only design but with one important distinction.
Since the A matrix is invariant during the entire CG calcula-
tion, the hardware module pulls a copy of matrix A exactly
one time, stores it in its local memory and uses it for subse-
quent iterations. Amortization of the A matrix transfer cost
across all iterations of CG is a key design feature.



5. Hardware module design

5.1. Module overview

A profile of the software-only version of CG showed that
it spent over 95% of the execution time in sparse matrix-
vector multiply. As noted in [4], the other operations “have
little impact on performance.” Thus, the hardware module
is a specialized sparse matrix-vector multiply circuit. The

Table 1. Design parameters
Parameter Description

k dot product data path width
αv vendor adder loop latency
αm multiplier IP core latency
αa adder IP core latency

nmax max number of matrix rows
nzmax max number of non-zeros

parameters shown in Table 1 specify the design character-
istics. As shown in Figure 6, the design consists of two
pipelined cooperating FPGAs, F1 and F2; and a set of local
memory banks to hold the val, col, and jptr vectors. The
F1 configuration includes a VHDL-based, k×k dot product
IP core; on-chip arrays to store the p and ptr vectors; an
output channel to send the dot products over to F2; an input
channel to receive the qi products from F2; an output direct
memory access (DMA) channel to send the qi back to GPP
memory; and some control circuitry. The F2 configuration
includes a partial summation unit; an n-row by αv-column
partial summation array, S; an input channel to receive the
dot products from F1; an output channel to send the qi prod-
ucts back to F1; a VHDL-based, αv-input accumulator IP
core; and a controller.

5.2. VHDL-based IP cores

To meet timing constraints, simplify the hardware mod-
ule code, and reduce compilation time, pipelined, VHDL-
based IP cores were developed using the 64-bit IEEE
floating-point adder and multiplier IP cores described in [7].

The dot product core accepts two 64-bit floating-point
k-vectors every clock cycle. After the pipeline is filled, it
emits one 64-bit floating-point dot product every clock cy-
cle. There are lg k non-leaf levels in a full binary tree having
k leaf nodes. As noted in Table 1, αm and αa are the laten-
cies of the floating point IP cores used in this design, so the
latency of the dot product core is αm +αa lg k clock cycles.
Figure 7(a) shows an example for k = 4.

The accumulator core accepts αv 64-bit floating-point
values every clock cycle. After the pipeline is filled, it pro-
duces one 64-bit floating-point sum every clock cycle. In
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Figure 6. HW module block diagram

the general case, αv may not be a power of two, and delay
units are needed to synchronize the pipeline stages. There
are dlg αve non-leaf levels in a binary tree having αv leaves,
and the adder IP latency is αa, so the latency is αa(dlg αve)
cycles. Figure 7(b) shows an example for αv = 6.
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Figure 7. VHDL-based IP cores

5.3. Partial summation unit

A simple loop, as in Figure 8, to accumulate the serially
delivered dot products is inefficient because of the pipelined
floating-point units. A solution is to use the partial summa-
tion unit shown in Figure 6. The idea is to have an n-row by
αv-column partial summation array, S, and a meta-data ar-
ray, jptr, which associates an index with each dot product.
The jth incoming dot product “belongs” to q(jptr(j)) and
is added to S(jptr(j), j mod αv). This scheduling ap-
proach guarantees an αv-cycle interval between subsequent
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Figure 8. Naive adder loop

writes to the same memory location and allows a pipelined
loop. Summation

qi =
j=αv∑

j=1

S(i, j)

is the ith element of the output vector.

5.4. Hardware module operation

The hardware module has four operational sequences;
startup, input, execute, and output as described herein.

During the startup sequence, which occurs once per CG
run, the CSR format sparse matrix A is DMAed from GPP
memory and stored in the hardware module. The val and
col vectors are stored in the local memory banks, and ptr
is stored in block RAM (BRAM) memory on F1. To allow
the dot product unit to fetch k values from val and k values
from col every clock cycle, the vectors are striped across
the local memory banks. The number of simultaneous lo-
cal memory bank reads, and the width of the banks, are a
constraint that the developer must consider when design-
ing RC-based applications. The SRC-6, for example, only
allows six simultaneous 64-bit reads. To conserve mem-
ory bank resources in this design, multiple col values are
packed into each local memory bank. In Figure 9, for exam-
ple, four elements of col are packed into a single 64-bit lo-
cal memory word, and four additional local memory banks
are used for the val vector. To simplify routing, and allow
for higher clock rates, each val memory bank is attached to
exactly one leaf node in the dot product unit. Thus, zeros
are padded at the end of each matrix row that does not have
a multiple of k values. This process is called k-alignment.
The idea, for k = 4, is shown in Figure 9.

During the input sequence, which happens once per CG
iteration, p is stored in BRAM memories in F1. Since the
dot product unit must fetch k different values each clock
cycle, k copies of p are created in parallel, one for each yi

input of the dot product unit, as shown in Figure 9. As noted
in Section 1.3, there are simply not enough local memory
banks to support highly parallel execution. The decision in
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Figure 9. Local memory banks

this implementation to create k copies of p is admittedly
not scalable; in future RCs, one could map these copies of
p onto local memories, which have megawords of storage.

At the beginning of the execute sequence, the first k el-
ements of val, v1 . . . vk, are placed in registers at the x in-
put lines of the dot product unit. Simultaneously, the corre-
sponding k-elements of col, c1 . . . ck, are used as addresses
into the p memories, as shown in Figure 9. This causes
the appropriately paired aij and pj values to enter the dot
product unit at the same time. On the next clock cycle, the
second k-group is processed, and so forth. The dot prod-
ucts are sent to F2, where the partial summation unit does a
partial summation into the S array.

During the output sequence, which occurs once per itera-
tion, the accumulator unit in F2 sums each S row to produce
the qi, which are sent to F1 and then DMAed back to GPP
memory.

6. Implementation

6.1. Description of target RC

From a practical perspective, SRC’s Carte programming
environment is more tightly integrated than Cray’s or SGI’s.
Carte automatically handles inter-chip communication and
other necessary (but uninteresting) details. Thus, the devel-
oper can concentrate on mapping the algorithm onto hard-
ware. Carte also directly supports the hybrid development
model. Thus, an SRC-6 Model T210-0 MAPStation run-
ning Carte v2.1 was used as the target RC. The SRC-6 has



two 2.8GHz Intel Xeon processors with 512KB cache and
1GB RAM as the fixed structure. The variable MAP Series
MPC processor contains two Xilinx Virtex II 6000 FPGAs
(xc2v6000) running at 100MHz. Each of these FPGAs has
144, 2KB BRAMs and 144 mult18x18 integer multipliers.
There are six banks of on-board memory (OBM) associated
with the FPGAs. Each bank has a 64-bit word width and a
depth of nearly 0.5M words. With six banks, the FPGAs can
read or write up to 48 OBM bytes per clock cycle. The MAP
is connected to the Xeon motherboard through a memory
interface, so DMA is used to move data between the OBM
and GPP memory. The MAP has a streaming DMA capa-
bility, and an inter/intra-FPGA streaming capability that al-
lows computation to overlap communication and facilitates
parallelism.

6.2. Partial summation unit: postscript

Before describing the implementation, a few words
about the partial summation unit specified in Section 5.3
are needed. In Carte parlance, a simple floating-point adder
loop creates a “loop-carried dependence” on the accumula-
tion variable. For the implementation at hand, this corre-
sponds to a 14 cycle/iteration penalty, which is intolerable.
The SRC floating-point accumulator macro, fp accum 64
does not allow a reset/read except when entering/exiting a
loop. Since the application needs to accumulate one set of
dot products per matrix row, a nested loop is needed. How-
ever, Carte flushes inner loop pipelines, which significantly
reduces the performance of this application. Finally, the
VHDL-based accumulator IP cores described in [13] will
not work in pipelined loops since the latency depends upon
the number of elements in the input stream. In short, exist-
ing accumulation solutions fail for this application. Hence,
the partial summation unit is needed.

6.3. Implementation summary

The two CG designs in Section 4.2, and Section 4.3 were
coded for the SRC-6 platform. The same set of files were
used in both implementations to ensure a valid side-by-side
comparison. The hardware module is not needed for the
software-only version, and the amux routine is not needed
for the FPGA-augmented version; the main routine was al-
tered slightly to accommodate both versions.

The bulk of the effort was in implementing the hardware
module, which used the parameters shown in Table 2. The
k value is constrained by the six local memory banks in
the MAP. Since dot product fetches k values from val and
k values from col every clock cycle, k = 4 is the widest
data path that will fit on the target platform. The αv value
is based on the “clocks per iteration” inner loop summary
of Carte. The αm and αa latency values are documented

Table 2. Implementation parameters
Parameter Value

k 4
αv 14
αm 10
αa 14

nmax 2,048
nzmax 262,144

in [7]. The nmax value is constrained by the 144 BRAMs
used to implement the partial summation array on F2. An
nmax × αv = 2, 048 × 14 array of 64-bit words requires
8 × 14 = 112 BRAMs, so nmax = 2, 048 is the largest
matrix order that can be processed on the target RC. The
nzmax value is constrained by the ptr values. Since the
16-bit unsigned integer, ptri, is the index of the ith k-group
in the k-aligned val and col arrays, then 216 is the number
of possible k-groups, and nzmax = 216 × k = 262, 144 is
the largest number of non-zero values that can be processed
on the MAP Series MPC. After several false starts, and with
a considerable amount of effort in the code and test phase,
a reference implementation was produced. The Carte com-
piler was able to pipeline every loop, and meet both timing
and areas constraints. Table 3 shows post PAR statistics for
both FPGAs.

Table 3. Post PAR statistics
F1 F2

slices 14,335 20,602
mult18x18 95 0

BRAM 36 112
clock 9.993ns 9.996ns

7. Results

7.1. Description of test matrices

To compare the two CG versions under a number of dif-
ferent conditions, the nine RSSPD sparse matrices in Ta-
ble 4 were used as test inputs to both CG versions. The three
trial 1 matrices for n ∈ (1000, 1500, 2000) each contain ap-
proximately 12, 000 non-zero elements. Each trial 1 data set
can fit in the 512KB cache of the Xeon processor. The three
trial 2 matrices contain approximately 55, 000 non-zero el-
ements (slightly larger than the 512KB cache). Trial 3 ma-
trices contain approximately 250, 000 non-zero elements
(about five times larger than the Xeon cache). These test
matrices are relatively dense and have an order, n, which is
not that large. However, the resource constraints of current



RCs limited the sizes that were possible, and it was obvious
that an RC could only compete if the data would not fit in
GPP cache. Therefore, the decision was made to use matrix
sizes that would fit on the FPGA and not fit in GPP cache.
As newer RCs become available, one can expect larger ma-
trix sizes to be possible.

Table 4. Test matrices
nz

Trial KBmax n=1000 n=1500 n=2000
1 166 12,528 12,418 13,834
2 572 54,694 51,832 55,386
3 2,512 253,274 251,462 254,066

A brief description of the matrix-generation algorithm,
and proof that it is correct, is in order. Given a real, non-
singular, lower triangular n × n matrix, L, a new matrix,
A = LLT , is generated. The following proof shows that A
is an RSSPD matrix as required by the CG algorithm. That
A is real and square (RS) follows trivially from A = LLT .
Symmetry (S) requires A = AT , i.e., LLT = (LLT )T . For
any two matrices, M1 and M2,

(M1M2)
T = MT

2 MT
1 , (2)

so (LLT )T = (LT )T LT = LLT , and A is symmetric. A
is positive definite (PD) if, ∀x 6= 0 | xT Ax > 0. The
proof by contradiction starts by assuming A = LLT is not
positive-definite, i.e.,

∃x 6= 0 | xT LLT x ≤ 0. (3)

Using Equation 2, and letting v = LT x, yields,
[
xT L

]
LT x =

[
(LT x)T

]
LT x = vT v ≤ 0. (4)

However,
vT v = (‖v‖2)2, (5)

where ‖v‖2 =
√∑

i v2
i is the 2-norm. Equation 4 contra-

dicts Equation 5, since (‖v‖2)2 > 0. Therefore, Equation 3
is false, and A = LLT is positive-definite.

7.2. Test conditions

The b vector is generated as b = Axh, where xh is an
n-vector consisting of all 100’s. The initial guess, x0, is an
n-vector consisting of all 0’s. The convergence test used is
given by,

‖r‖2
‖b−Ax0‖2 ≤ 10−9

where ‖r‖2 is the 2-norm of the residual, and ‖b−Ax0‖2 is
the 2-norm of the initial residual, as shown on line 2 of Fig-
ure 1. In all 18 cases, CG was run on an unloaded system,
terminated normally, and had a solution vector, x = xh.

7.3. Test results
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Figure 10. Run time comparison

Figure 10 shows the wall-clock run time of the FPGA-
augmented version and the software-only version of CG.
For the trial 1 and trial 2 test cases, which fit (or nearly
fit) in the 512KB cache of the Xeon processor, the FPGA-
augmented CG run time is higher than the run time of the
software-only version. However, for trial 3 test cases, which
do not fit in Xeon cache, the FPGA-augmented CG run time
is lower than the run time of the software-only version. Trial
3 demonstrates a speedup greater than 1.3 for all three ma-
trix sizes. Table 5 shows the iterations and run times from
trial 3. In large scientific simulations, where CG is run thou-

Table 5. Iterations and run times
n nz iter tsw tfpga

1,000 253,274 4,348 6.96 5.20
1,500 251,462 7,770 12.19 9.04
2,000 254,066 10,968 17.74 13.46

sands of times, saving 4 seconds per CG call can signifi-
cantly reduce overall simulation time.

7.4. SRC-7 performance estimates

The 1.3 speedup indicates that the FPGA-based design is
sound. In this section, the expected performance of this de-
sign running on the soon-to-be-released SRC-7 RC is con-
servatively estimated. Table 6 contains some of the spec-
ifications for the MAP Series MPH/RL processor used in
the SRC-7 [19, 23]. In this CG design, nmax is limited by
available BRAM on F2, and k is limited by the number of
simultaneous OBM reads. In the MPH/RL processor, k = 8
is possible since there are 20 available simultaneous OBM



Table 6. MAP processor specifications
MAP Series

MPC MPH/RL
FPGA xc2v6000 xc2vp100
Slices 33,792 44,096
Clock 100MHz 150MHz

BRAMs 144 444
mult18x18 144 444

simultaneous
OBM reads 6 20
sustainable

payload BW 2.8GB/s 14.4GB/s

reads, not all of which are being used (8 for val, 2 for col,
and 1 for jptr). To estimate run time for an MPH/RL-based
RC, simple scaling will be used. As shown in Table 6, the
MAP Series MPH/RL runs at 150MHz. The k = 8 de-
sign parameter allows the dot product unit to ingest twice as
many values per clock cycle. This means that the MPH/RL
matrix-vector multiply executes 2 × 1.5 = 3 times faster
than in the MPC. The overall run time consists of time spent
in matrix-vector multiply, and time spent elsewhere. To de-
termine percentage of time spent in matrix-vector multiply,
the oprofile package was used to profile the software-only
version of CG. The profile report showed that 97.5% of the
time was spent in the amux routine. Thus, the MPH/RL-
based CG runs 3× 0.975+ (1− 0.975) = 2.95 times faster
than the MPC-based CG. A comparison of Table 3 and Ta-
ble 6 shows that there are sufficient mult18x18’s to build
the additional four floating-point multipliers. Table 6 also
shows there is enough BW to handle the increased through-
put. The MPC speedups shown in Figure 11 are based on
the actual run times shown in Figure 10, and the MPH/RL
speedups are based on the estimation technique just pre-
sented.

From Table 3 and Table 2, for nmax = 2, 048, a total of
112 BRAMs were used. In Carte, hardware arrays are allo-
cated in lengths that are a power of 2, e.g., double b[1000],
actually causes a 1024 × 64-bit group of BRAM blocks to
be used. Therefore “legal” values for nmax are also powers
of 2. Thus, nmax = 4, 096, which requires 2 × 112 = 224
BRAMs, is the largest size that will fit on the MPH/RL
processor. Clearly, the SRC-7 will not only be faster, but
it will also be able to handle larger matrices.

8. Conclusion

This research has shown that implementing sophisti-
cated double-precision floating-point kernels on FPGA-
augmented RCs can result in higher performance when
compared to a software-only implementation. The neces-
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sary use of IP cores and a hybrid development process to
meet timing constraints confirms the authors’ view that “For
floating-point applications, however, current RCs and HLL-
to-HDL compilers make programmer access to the FPGAs
range from moderately difficult to nearly impossible.” Ac-
tual run times for an FPGA-augmented version of CG are
1.3 times faster than the software-only version when the in-
put data sets are too large to fit in the cache of the Xeon GPP.
Conservatively estimated run times show a 4 fold speedup
on the soon-to-be-released SRC-7.
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