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Abstract

FPGA-based floating-point kernels must exploit algo-
rithmic parallelism and use deeply pipelined cores to gain
a performance advantage over general-purpose processors.
Inability to hide the latency of lengthy pipelines can signifi-
cantly reduce the performance or impose unrealistic buffer
requirements. Designs requiring reduction operations such
as accumulation are particularly susceptible. In this paper
we introduce two high-performance FPGA-based methods
for reducing multiple sets of sequentially delivered floating-
point values in optimal time without stalling the pipeline.

1 Introduction

Reductions crop up in a number of situations such as
dot product and vector norm. Designers must translate such
large parallel cases into a series of smaller cases and reduce
the sequence of values that are subsequently produced. In
some floating-point kernels, the values to be reduced are
calculated sequentially. Either way, we havep sets of se-
quentially delivered inputs, with seti containingni floating-
point values (0 ≤ i ≤ p−1) that must be reduced to a single
value,si.

One of the seminal papers associated with this problem
is [1]. This techninique will not work for consecutive sets of
floating-point values without causing a stall or a buffer over-
flow. Our earlier work [2] only handled the case when the
input sets were a power of 2. In this paper we describe two
general methods for designing high-performance FPGA-
based reduction circuit from pipelined floating-point cores
without introducing stalls or imposing unrealistic buffer re-
quirements.

2 Serial Reduction Method

Conceptually, the serial method is a time-division multi-
plexed implementation of a full binary reduction tree. It is
an extension of our earlier work [2].

This method works for arbitrary length sets,ns, up to a
design-specific maximum (ns ≤ n), and performs each re-
duction in optimalΘ(ns) time without stalling the pipeline.

As shown in Figure 1, there is some control circuitry,
two α-stage pipelined adders, andlg (n) buffer levels hav-
ing three words each. The buffer read and write schedule
guarantees collision-free use of the pipelines and ensures
that the buffers will never overflow.
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Figure 1. Serial Reduction Architecture

3 Parallel Reduction Method

The parallel method uses twoα-stage adders. One adder
reduces all the values for a given set. After the last value
in a set arrives, there are multiple partial reductions still in
the pipeline, so the other adder begins reducing the new set
while the first adder finishes reducing (coalescing) the pre-
vious set. If all adders are busy, new values are buffered
until an adder becomes available.



This method works for arbitrary length sets,ns, and
performs each reduction in optimalΘ(ns) time without
stalling the pipeline. Designs based on this method require
α dlg (α) + 1e buffer space and two pipelined functional
units.

The reduction circuit operates in one of four modes as
shown in Figure 2.
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Figure 2. Modes of Operation

Wait Mode: The adder is waiting for a new set of values
to arrive.

Fill Mode: The adder pipeline is filling up but has not
yet produced any outputs.

Steady State Mode: The pipeline is full and a single
value is in the FIFO. The pipeline output value and FIFO
value are inserted into the pipeline.

Coalesce Mode: Thecoalescemode begins whenever
the last value in a set is read from the FIFO. After coalesc-
ing the pipeline contents down to a single value, the circuit
transitions back to thewait mode.

4 Experimental Results

Using the Xilinx ISE 6.2i and Mentor Graphics Mod-
elSim 5.7 development tools with a Xilinx Virtex-II Pro
XC2VP7 as target device, we implement several designs
based on the serial method.

In our experiments, we use IEEE-format floating-point
adders for both the single precision (32-bit) and double pre-
cision (64-bit) implementations. Both of the adders are
pipelined and achieve high clock speed.

We show how the area and the speed of the serial reduc-
tion method vary withn. As n increases from24 to 220, the
area of a 32-bit design increases by about 45%, and the area
of a 64-bit design increases by about 20%. From Figure 3b
we see that the degradation in speed for a 32-bit design is
about 25%, and the degradation in the speed for a 64-bit de-
sign is no more than 25%. Clearly our method is scalable
across a broad range of input sizes. Furthermore the actual
number of slices used, even for the largest design gives our
method an exceptionally small footprint, which should eas-
ily fit into most design situations.
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Figure 3. Reduction Circuit Characteristics

5 Conclusion

We have presented two high-performance FPGA-based
general methods for reducing multiple sets of sequentially
delivered floating-point values.

The diminutive footprint and high clock-rate make these
methods ideal candidates for a number of applications
where multiple sets of sequentially delivered floating-point
values must be reduced.
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Introduction to Reduction Methods
• Motivation

– Floating-point units on FPGAs are usually deeply pipelined
– Accumulation of sequentially delivered floating-point values causes data hazards

– Example application: matrix-vector multiply
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• Possible but ineffective solutions:
– Single-cycle reduction circuit: too slow, kills performance
– Buffered input: buffer overflow or stalls
– Do reduction using the CPU: increases output bandwidth requirement
– Design in [1]: ineffective for multiple consecutive input sets

• Problem Statement
Suppose we have p sets of sequentially arriving inputs, with set i containing ni floating-point 

values (0 � i � p − 1). Design an FPGA-based high-performance reduction circuit from deeply 
pipelined floating-point cores without imposing unrealistic buffer requirements, and without 
introducing stalls.

Serial Reduction Method
• Intuition

– Binary reduction tree
– n inputs
– n-1 adders
– lg(n) levels

– Problem: can’ t put n-1 adders on a chip
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• Direct simplification
– One adder per level; one buffer per level
– Still need lg(n) adders

ir +

buf

+

+

0

1)lg( -n

·

·

·

1

�
=

=

ni

i
ir

1

• Previous work:
– Use one adder, lg(n) buffers [2]
– Only for power of 2 inputs
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• As n increases from 24 to 220:
– Area of 32-bit design increases ~ 45%
– Area of 64-bit design increases ~ 20%.
– Speed of 32-bit design decreases ~ 25%
– Speed of 64-bit design decrease ~ 25%
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Parallel Reduction Method
• Intuition

– Two adders; each dedicated to different input set
– While one adder coalesces an input set, other adder accepts inputs for next set
– If both adders are busy, inputs are buffered in FIFO

• Modes of operation for each adder

– Wait: adder is waiting for new input set

– Fill: adder pipeline is filling up but has not yet produced any outputs

– Steady State: pipeline is full; output of adder and new FIFO input are given to adder

– Coalesce: coalescing values in adder pipeline to a single value

Fill

Wait Steady State

Coalesce

• Snapshots

cc pipeline
1 a b c d e
2 a b c d
3 de a b c
4 de a b
5 bc de a
6 bc de
7 bc de
8 dea bc
9 dea bc

10 dea
11 dea
12 dea
13 deabc

Coalesce mode (p = 5)

cc:clock cycle; p: number of pipeline stages

• Architecture
– Two adders

– p(� lg (p) + 1� buffers (1 word each)
– Completes the reduction in O(n) time
– Arbitrary number of inputs

Experimental Results (serial method)
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• Experimental Setup
– Xilinx ISE 6.2, and ModelSim 5.7
– Target device: Xilinx Virtex-II Pro XC2VP7
– Our own IEEE format floating-point adders

• Problem with arbitrary n
– Singleton additions: additions with one 

single item with a padded zero value
– Shown in the figure
– Consume a cycle but do no work
– Causes buffer overflow
– Solution: an additional adder

Future Work
• General Expression Evaluation using the serial 
reduction method

• More applications using the reduction methods, for 
example, linear algebra applications
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cc  FIFO  pipeline
1 a b ab
2 c d cd ab
3 e f ef c d ab
4 g h gh ef cd ab
5 i abi gh ef cd
6 j cdj abi gh ef

Fill and Steady State Modes (p = 4)

Conclusion
The diminutive footprint, linear performance, and high clock speed make these methods ideal for applications where multiple 
sets of  sequentially delivered floating-point values must be reduced.

• Architecture
– Two adders

– � lg (n)� buffers (3 words each)
– Completes the reduction in O(n) time

– Arbitrary number of inputs (£ design max)
– Independent of adder pipeline delay
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