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Abstract. In this paper, new algorithms and architectures for matrix
factorization are presented. T'wo fully-parallel and block-based designs
for LU decomposition on configurable devices are proposed. A linear ar-
ray architecture is employed to minimize the usage of long interconnects,
leading to lower energy dissipation. The designs are made scalable by us-
ing a fixed I/O bandwidth independent of the problem size. High level
models for energy profiling are built and the energy performance of many
possible designs is predicted. Through the analysis of design tradeoffs,
the block size that minimizes the total energy dissipation is identified. A
set of candidate designs was implemented on the Xilinx Virtex-1I to ver-
ify the estimates. Also, the performance of our designs is compared with
that of state-of-the-art DSP based designs and with the performance
of designs obtained using a state-of-the-art commercial compilation tool
such as Celoxica DK1. Our designs on the FPGAs are significantly more
time and energy efficient in both cases.

1 Introduction
FPGAs have become an attractive option for implementing digital signal processing ap-
plications because of their high processing power and customizability [7]. The inclusion
of new features in the FPGA fabric, such as a large number of embedded multipliers,
further enhance their suitability. Recent FPGAs such as Xilinx Virtex-II(pro) [15] and
Altera Stratix [1] offer hundreds of multipliers and large memory on a single chip. FP-
GAs can now be considered for implementing massively parallel and computationally
demanding applications [12]. Also, with the proliferation of portable and mobile devices
[2], it has become increasingly important that systems are not only fast, but also energy
efficient. Even though state-of-the-art configurable devices offer very few features for
power control, we show how to effectively use them to improve energy performance.
In this paper, we consider one of the important signal processing kernels: matrix
factorization. For example, matrix factorization is a fundamental kernel in adaptive
beamforming [9]. Approaches to future wireless communications such as software de-
fined radio (SDR), require the mapping of such signal processing kernels onto reconfig-
urable hardware like FPGAs [14]. Moreover, the implementations have to be time and
energy efficient. First, we develop a linear array architecture based design for matrix
factorization. Then we investigate and apply algorithmic techniques that use a block
based approach to obtain time and energy efficient designs in FPGAs. Performance
estimation (based on the time and energy performance models) is used for rapid de-
sign space exploration. Since block matrix factorization can be realized using various



block sizes, we identify an optimal block size that minimizes the total energy dissi-
pation based on the estimation. Candidate designs are implemented. To the best of
our knowledge, there are no FPGA based designs for LU decomposition. Hence for
the sake of comparison, we implement the matrix factorization on FPGAs using the
state-of-the-art compilation tool, Celoxica DK1, with Handel-C [4] and also implement
it in software on TI DSP devices. The performance of our designs is compared with
that of the DK1 based design and the TI DSP benchmarks.

The remainder of this paper is organized as follows. In Section 2, we present our
algorithms and architectures for matrix factorization. In Section 3, time and energy
performance is estimated for the proposed algorithms and architectures. Section 4
presents the implementation details and the performance of these synthesized designs.
Also, a comparison with Handel-C based and TT DSP-based implementations is made.
Finally, Section 5 summarizes our work and discusses possible areas for future work.

2 Time and Energy Efficient Designs for Matrix
Factorization

Several methods are known for factoring a given matrix [5]. In this paper, we choose
to implement LU decomposition on FPGAs. Essentially, LU decomposition factors a
b x b matrix into a b X b lower triangular matrix L (the diagonal entries are all 1) and
a b x b upper triangular matrix U.

We propose two designs using two theorems. In Theorem 1, a new algorithm and
architecture for LU decomposition is developed for a linear array of processing elements
(PEs). Each PE performs computations on the input or intermediate matrix and the
results are fed to the neighboring PE. Data dependencies between input and interme-
diate matrices are solved by efficient and regular scheduling. Each PE uses only two
input ports: one for feeding input or intermediate matrices and the other for outputting
the decomposed matrix. With this fixed I/O bandwidth regardless of problem size, we
achieve an optimal latency of b2 4+ b — 1 with leading coefficient of 1. The best latency
of previously proposed designs [3] is 2b(b + 1). In Theorem 2, a new parallel design on
FPGAs for block LU decomposition is proposed. The design partitions a large matrix
into multiple smaller blocks. To perform a computation for the smaller blocks, the
architecture/algorithm in Theorem 1 is re-used. By varying the block size, we achieve
time and energy efficient designs.

2.1 LU Decomposition

Let A be a b x b matrix. a.,y denotes an element of matrix A, where x is the row index
and y is the column index. Similarly, [y (uz,y) denotes an element of matrix L (U).
We assume that matrix A is a non-singular matrix and, further, we do not consider
pivoting. The sequential algorithm in [8] consists of three main steps:

Step 1: The column vector az,1 where 2 < z < b is multiplied by the reciprocal of
a1,1. The resulting column vector is denoted [;.1.

Step 2: [, is multiplied by the row vector a1,,(= u1,y) where 2 <y < b. The product
lz,1 X u1,y is computed and subtracted from the submatrix a.,, where 2 < z,y <b.

Step 3: Step 1 and 2 are recursively applied to the new submatrix formed in Step 2.
An iteration denotes an execution of Step 1 and 2. During the k-th iteration, the
column vector [, and the row vector ug,, where k+1 < x,y < b are generated.
The product I X ug,y is subtracted from the submatrix a.,, where k < z,y <b
obtained during the (k — 1)-th iteration.

The time complexity of the sequential algorithm is @(b3). We propose an archi-
tecture and algorithm on a linear array shown in Figure 1 using b PEs. The number
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Fig.1. (a) Overall architecture, (b) architecture of PE, and (c) algorithm for LU
decomposition

of PEs p is the same as the problem size b. Essentially, PE; performs computations
for the j-th column of matrices L and U. Each PE consists of an adder/subtracter, a
multiplier, a division lookup table, and a storage LU (p entries per PE). The storage LU
of PE; is used to store the j-th column of matrices L and U. Each PE has two input
ports (ain, LUin) and two output ports (acut, LUout ). ain and asut are used to feed in and
out ag,y Or lg,y. LUiy and LU are used to output resulting matrices L and U to PE}
in a pipelined manner. Figure 1 (c) shows our algorithm by describing the operations
in each PE during each cycle.

Theorem 1. LU decomposition without pivoting of a non-singular b X b matrix can
be performed in b®> + b — 1 cycles using the architecture and the algorithm in Figure 1
using b PEs.

Proof. The elements as, of matrix A are fed in row major order (a1,1,a1,2,0a1,3, ...,
G1,by G2,1, ., b,p) t0 asn of PE;. All data are fed from left to right. a,,, arrives at PE;
at cycle b(x — 1)+ y+j — 1 where 1 < j < b. Seven operations are performed based on
indices z,y and index j of PE;. The indices « and y can be realized using counters in
each PE. They also can be fed to PE; and propagated in a pipelined manner.

Op 1) Data propagation: as,y is passed from PE;_1 to PE;41 via PE; except when
y=jandz > j. Ify=jand > j, l,,, is generated at PE; and is passed to PE;4;
via port acu. lz,y is also stored in the LU of PE;.

Op 2) Multiplication/Accumulation: If y < j, a multiplication and an accumulation
are performed in PEj. az,y (= lo,y generated at PE;_1) is fed via port ai,. During
the k-th iteration, PE; computes the product of the column vector I, 5 and the j-th
entry from wug,y, where [ 5 is a column vector generated in PEj and uk,y is a row
vector generated from PEj 1 to PE, during the k-th iteration (k+1 < z,y < b). uk,y

(& (k—1)

are stored in the LUs of PEry1 to PE),. An accumulation, az,; = ok X Uk,y + Gayy s
is performed after the multiplication during the same clock cycle. aa(c’f; denotes the
intermediate element of submatrix generated during the k-th iteration. aa(c’f; is used
either for another accumulation or for normalization (Op 6) and is stored in RegT. RegT
is a temporary storage to hold agf; during the accumulation. Note that accumulation
and subtraction share one adder/subtracter since they do not occur simultaneously.

Op 3) Subtraction: If y = j, a subtraction is performed after all accumulations are

complete. This ensures that agf; is subtracted from the submatrix as,, where k < x,y <

b during k-th iteration. For example, us 3 is computed as {—(Is,1u1,3 +l3,2u2,3) + as,3}.



In Step 2 of the sequential algorithm, the subtraction is performed after multiplication
and the result is stored for the next subtraction. These operations are done repeatedly.
For example, u3 3 is computed as {(as;3 — l3,1u1,3) — I3 2u2,3}.

Op 4) Storing: If y = j, lg,y OF ug,y is generated in PE;. If x < j, ug,y is stored
in LU. If > j, l5,y is stored in LU after normalization (Op 6). This operation ensures
that the j-th column of the decomposed matrices L and U is stored in PEj.

Op 5) Reciprocal: Division is required since the normalization is performed by uk,k
for the column vector a;}f,zl) = (@k+1,k, -, ab,x) during the k-th iteration (1 < k < b).
ug,k is stored in RegT after subtraction (Op 3) and the reciprocal value of ug,x is stored
in RegR. The reciprocal operation occurs if x =y = j.

Op 6) Normalization: After the subtraction (Op 3), the value is stored in RegT.
If y = j and = > j, the values in RegT and RegR are multiplied. This operation generates
the column vector I, where k + 1 <z < b in PE} during the k-th iteration.

Op 7) Output: This operation sends out the results I,y and ug,, in LU in a pipelined
manner. If y = j, ly,y or ugy is sent to port LUg:. Otherwise, Iz, or ug,y from PE;_;
is passed to PEj1 via port LUoys.

To satisfy the data dependency of I, » being generated during the k-th iteration and
used during the (k+ 1)-th iteration and to obtain the minimum latency, two conditions
have to be satisfied. Note that the column vector I, 1, (k+1 < z < b) is produced in PE}
during the k-th iteration. The first condition is that [, has to propagate from PFEj
to PEgiafter Iy 1 (generated during the (k — 1)-th iteration) propagates to PEj41
and before I, ;11 is generated in PFyy1 during the (k+ 1)-th iteration. Let Ty (l5,;) be
the sum of the time when [, ; is generated in PE; and the propagation time when it
reaches PFEy, which is T (lz,;) = b(x —1) 4+ 2(j — 1)+ 1+ k — 5. Then, Tht1(le,k—1) =
blx —1)+2k—1, Tiy1(lex) = bz — 1) + 2k, and Tit1(le k1) = b(x — 1) +2k+ 1. Since
Trt1(lok—1) < Tot1(lsk) < Tht1(lzk+1) — —1 < 0 < 1, the condition is satisfied for
all z where k+ 1 < 2 <b. To define the second condition, let lug,, be 5y if x > j, or
Ug,y if © < jin PE;. Note that lu. ; is computed in PE; every b cycles. To output the
resulting matrices L and U without delay, the second condition that lus ; arrives at
PE}, via port LUs, and LUow before PE) produces any lug i is required to satisfy. We
assume j < k. Then, Ty (luz,;) =b(x —1)+j+k—1 and Tx(luz k) = b(x — 1) + 2k — 1.
Since Ti(lug,;) < Tk(luz,kx) — j < k, the second condition is satisfied for all  where
1 <z < b. Total latency is calculated as the time taken for the last result lusp to be
available as output: Tp(lups) = b(b—1) +2(b—1)+1=b+b—-1.0

Since our design is a pipelined architecture, the first b cycles of the computations
on the next matrix can be overlapped with the last b cycles of the computations on
the current matrix. For a stream of matrices, one matrix can be decomposed every b2
cycles. Thus the effective latency becomes b?, which is the time taken to obtain the
first output data to the last output data during the current computation.

2.2 Block LU Decomposition

For large matrices, block LU decomposition can be performed. The sequential algorithm

is given in [5]. An n X n matrix A is partitioned into four matrices: A1, Ai2, A21, and

Agz. A11 is a b x b matrix, A1z is a b X (n —b) matrix, A2y is an (n —b) X b matrix, and

Agz is an (n — b) x (n — b) matrix. The algorithm is to decompose A into two n x n

matrices, L and U, such that <A11 A12> = < u 0 ) (Uil U{2> The steps of
’ ’ Az A2 Ly Loy 0 Uz )

the algorithm are as follows:

Step 1: Perform a sequence of Gaussian eliminations on the n X b matrix formed by
Aj1 and Az in order to calculate the entries of L), L5, and Uj;.



Step 2: Calculate U{y as the product of (Lj;)™! and Ajs.

Step 3: Evaluate Aby « Aay — L5 Uts.

Step 4: Apply Step 1 to 3 recurswely to matrix Ab,. During the k-th iteration, the
resulting submatrices Lll , Ul(k) L;’i), U{ﬁ), and A;’;) are obtained. An iteration

denotes an execution of Step 1 to 3.

By utilizing the architecture and algorithm in Theorem 1 in combination with a
matrix multiplication/subtraction architecture, we propose an architecture for block
LU decomposition on FPGAs as shown in Figure 2. The block size b is later used
as the parameter to realize time and energy efficient designs. There are two sets of
PEs: one set performing a b x b LU decomposition and the other performing a b x b
matrix multiplication/subtraction. Each set of PEs is linearly pipelined and both sets
are connected to a memory bank. The input matrix is stored in the memory bank and
fed to both sets of PEs. After computation, the results are stored back to the memory
bank and used for next computation. Four different operations are identified: opLU,
opL, opU, and opMMS. opLU is performed to obtain Lﬁ), Ul(f). opLU from Step 1 is
realized by using the algorithm and architecture proposed in Theorem 1. opL from Step
1 is performed to obtain Lg;) . The same architecture in Theorem 1 is used. However,
the matrix Ul(lf) and the reciprocal of its diagonal entries are required to perform opL.
Since opL is performed after opL U, all PEs already hold the reciprocals in RegRs. Ul(lf)
is fed via port LUin. We add one more data path that feeds the data from port LUi,
to storage LU. opU from Step 2 is performed to obtain U{ﬁ). opU also uses the same
architecture. It requires Lﬁ) from opL U. Lﬁ) are fed via port LUiy to storage LU. In Step
3, matrix multiplication/subtraction (opMMS) is performed. Once opL and opU are
complete, Lg;) and Ul(]; ) are available for opMMS. We have proposed an architecture
for this operation [7]. Since there is matrix subtraction after matrix multiplication,
additional subtraction logic is added. The matrix multiplication algorithm takes two
b x b submatrices C from Lg’;) and D from UIUQC) and computes the product E «— C' x D.
Another b x b submatrix F' is taken from Ag;) . Then the final values are obtained by
E «— F— E. If b is large, the b X b matrix multiplication can be decomposed into (%)3
r X r matrix multiplications, where r is the sub-block size.

o e - — Iteration n/b
' opLU y <«——— Iteaionl——  pg¢———|teration2——————p -«
| | < l}(— n/b-l1—p-€— n/b'l—w(n/b'l)Z%(l}% n/b-2—p€—n/b-2—p-€— (n/b-22—» <« 1>
() o 1 (WL (0o (0[] (W W] Lo (L) 8] (0 W) (3) o+ (0]
| oLy —e—U, e A, ¢ & L& Uy, e A, [ —
| LUy LUy LU,
‘@ opMMsl (b)

Memory bank Iteration n/b
<4——lteration I————— P €¢——lteration 2——p >
<1 p€<——20bl)—» 41»472 (n/b- 2)—> <«1»

PEs for LU PEs for matrix oo LyandUy, i ' ‘ v 213””“ 12 ' .(mtl) )
d l I[ I l d Lllu 11 L JJU 11 L llu 11
lecomposition | | multiplication an (b b2y
(Theorem 1) subtraction [6] . - - -
Ms Ms Ms MS
o~ N,——e ———A,——

(a) (c)

Fig. 2. (a) Overall architecture for block LU decomposition, (b) a schedule for Theorem
2 and (c) a schedule for Corollary 1

Theorem 2. LU decomposition of nxXn matriz can be performed inn —|— 1 "b (% — ) X
2n

(T - ) +b—1 cycles using the architecture in Figure 2 (a) using b PEs for bxb LU



decomposition and r PEs for r X r matriz multiplication/subtraction, where b is block
size and r is sub-block size.

Proof. At a given time, only one operation is performed and the schedule is shown in
Figure 2 (b). As all matrices are fed as streaming input, the computation on the current
matrix and the next matrix can be overlapped. Therefore, each of opL U, opL, and opU
has an effective latency of b%. opMMS has an effective latency of ? [7]. There are ¥
iterations to complete the block LU decomposition. During each iteration, only one
b x b opLU is performed. The effective latency of all opLU is (%)bQ. During the k-th

n

iteration, (# — k) opL and opU for b x b block size are performed. The effective latency

of all opL and opU is b* Zibl(% — k). During the k-th iteration, (% —k)* opMMS for
b x b block size are performed. Since b X b matrix multiplication can be decomposed to
(£)? rxr matrix multiplications, the effective latency of all opMMS is ? Zﬁl(% —k)2.
The total latency is (2)b%+2b 07/% (2 — k) + 2 3°7/" (2 — k) +b—1, which includes
the time to fill the pipeline stages. [

Theorem 2 uses a straightforward schedule since only one set of PEs performs
computations at a given time. We can utilize the two sets of PEs in parallel to reduce
the total latency.

Corollary 1. LU decomposition of n x n matriz can be performed in 3bn — 2b* +
%# (%2 —1) (22 —1) +b—1 cycles using the schedule in Figure 2 (c).

Proof. After opL and opU for the first blocks are performed, the input matrices for
opMMS are ready. Thus, opL and opU can be performed in parallel with opMMS. The
effective latency to complete the k-th iteration is 3b% + (% — k:)2 . ?. During the %-th
iteration, only one opLU is performed. Thus, the total latency is ZZibfl{SbQ +(% -
k)2 -2y 40?4 b—1=3bn—2b% + 1222 (2 _1) (22 — 1) 4 b— 1, which includes the
time to fill the pipeline stages. [

While Corollary 1 reduces the total latency compared with Theorem 2, it does not
reduce the amount of computation. Total energy is the sum of the energy used for
computation and quiescent energy (the energy for configuration memory, static energy,
etc.) used by the device even when the logic is idle. The quiescent energy depends only
on the total latency. Since Corollary 1 reduces the latency, the quiescent energy and
hence the total energy are reduced. Thus we use the architecture and algorithm in
Corollary 1 to obtain both time and energy efficient designs.

3 Performance Estimation and Design Trade-offs

For a given problem size n, varying the parameters such as block size b and sub-block
size r creates a large design space. Before implementing the designs and performing
low level simulation, we estimate the performance of possible designs, prune the design
space, and finally identify ”good” candidate designs for time and energy efficiency. The
candidate designs were implemented using VHDL (See Section 4).

3.1 High Level Performance Model

To estimate the performance of our designs, we have employed domain-specific model-
ing proposed in [6]. Domain-specific modeling is a hybrid (top-down plus bottom-up)
approach to performance modeling that allows the designer to rapidly evaluate can-
didate algorithms and architectures in order to determine the design that best meets
criteria such as energy, latency, and area. An architecture is divided into RModules and
Interconnects. RModules are hardware elements that are assumed to dissipate the same
amount of power no matter where they are instantiated on the device and Interconnects
are the wires connecting the RModules. From the algorithm, we know when and for
how long each RModule is active. With this knowledge, we can calculate the latency



of the design. Additionally, with estimates for the power dissipated by each RModule
and the Interconnect, we can estimate the energy dissipated by the design. In the top-
down portion of the hybrid approach, the designer’s knowledge of the architecture and
the algorithm is incorporated, by deriving the performance models to estimate energy,
area, and latency. The bottom-up portion is the power estimation of RModules and
Interconnects from low level simulations. In our designs, the RModules are multipliers,
adders, multiplexers, RAM, reciprocal lookup tables, and registers. The power values of
each RModule are as follows. Pazqy:(= 11.25 mW) is the power dissipation for a 16 x 16
multiplier, Pagqs(= 1.34 mW) for a 16-bit adder/subtracter, Ppi,(= 7.31 mW) for a
division lookup table (1024 x 16 bit), Prsram (= 7.31 [2/1024] mW) for an on-chip
memory where z is the number of entries, Pr(= 1.17 mW) for a 16-bit register, and
Pstore(= 0.126 [2/16] + 2.18 mW) for a storage LU where z is the number of entries.
Table 1 lists the performance models of our designs. The latencies are converted to
seconds by dividing them by the clock frequency.

Table 1. Time and energy performance models

Design |Metric |Performance model

Theorem 1 |Latency|Lrpmi= b
Power |Prpmi= 6bPr+bP Aqq+bP 3101t +bPstore+bPpiv+2PBsran
Energy |Ernm= Lrim1-PThm1

Theorem 2 Latency LopLU: (%)bzyLopL: LOpU:%(%)(%—l)bz
n n n 3
Lopmms=2(2)(2-1)(2%2-1)-%

Lrpm2= Lopru~+Lopr+Lopu~+Loprms

Power |Popru= Popr= PThm1
Popy= 6bPRr+bP A34+bP p1u1t+0Pstore+2Ppsran
Poprinis= 8rPr+1P aqa+7P auie+27 Pstoret+3P Bsram

Energy |Ernm2= Loprv-Poprv+Lopr PopL+Lopu Popu~+Lopynis-Poprrs

Corollary 1|Latency|Lcori= LopLu+2(%—1)b2+LopMMs
Power |the same as the ones in Theorem 2
Energy ECO’I‘IZ EThm2

3.2 Design Trade-offs for Time and Energy Efficiency

To achieve time and energy efficient designs, we explore the various design parameters
such as frequency, block size, precision, and number of PEs. All parameters contribute
to energy dissipation, latency, and area of a design. For example, the latency and energy
of Corollary 1 are a function of the block size b and the sub-block size r. By choosing
b = r = n, the minimum latency of n® (546.1 psec at 120 MHz for n = 256) can be
achieved. However, this design does not necessarily have minimum energy dissipation.
We explore the parameters, b and r, and determine their values that minimize the
energy dissipation. The estimates are based on 120 MHz designs by considering the
operating frequency that can be achieved after implementation (See Section 4). Figure
3 (a) shows the energy dissipation as a function of b and r for n = 256. The minimum
energy is obtained around r = 16 and b = 16 while the latency is 2743.5 usec. Note
that the energy optimal design runs 5 times longer than the latency optimal design.
Figure 3 (b) shows the energy distribution over four operations when n = 256 and
b varies. When b = 16, we achieve the minimum energy design and opMMS is the
dominant source of energy dissipation. Through design space exploration, we found
that the energy efficient designs are obtained when b = r = 16 for n > 32. Another
interesting results are the energy distribution on the core operation, MAC (multiply-
and-accumulate) and the rest of operations. In Figure 3 (c), approximately 50% of the
total energy is used by MAC, which is relatively high compared with the a general
purpose processor or DSP processor.
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4 Design Synthesis and Simulation Results

To obtain time and energy efficient designs, we briefly discuss the optimization tech-
niques used in our designs. Then the synthesized designs for various problem sizes and
the results from low level simulations are presented.

4.1 Optimizations for Time and Energy Efficiency

In this section, we summarize the energy efficient design techniques [7] employed in our
designs. First, we have chosen a linear array of PEs. In FPGAs, long wires dissipate a
significant amount of power [10]. For energy efficient designs, it is beneficial to minimize
the number of long wires using a linear array since each PE communicates only with
its nearest neighbors. Additionally, the linear array architecture facilitates the use of
parallel processing and pipelining. Both techniques decrease the effective latency of a
design and can lead to lower energy dissipation. Another technique is block disabling.
We design the algorithm such that it utilizes the clock gating technique [15] to disable
modules that are not in use during the computation. In our designs, since opMMS takes
longer time that other operations, a set of PEs for opLU, opL, and opU becomes idle
and is disabled to save energy. Another technique is choosing the appropriate bindings.
In the Xilinx Virtex-II, the storage LU can be implemented as registers, distributed
RAM, or embedded Block RAM. When the number of entries > 64, Block RAM is
used since it is energy efficient for large memory; otherwise, distributed RAM is used.
Similar decisions can be made such as choosing between (embedded) Block multiplier
or configured multiplier. We choose Block multiplier since it is energy efficient when
both inputs are not constant. To implement the division unit, a lookup table approach
is used. This technique is faster and uses less energy compared with other division
algorithms [11]. To calculate a/b, we first obtain 1/b via a lookup table and perform
the multiplication a x (1/b). The approach is effective if the multiplication is fast. Using
Block multipliers, fast multiplication (within one cycle) can be performed. The lookup
table for reciprocal is generated as Inv(b) = Round(2™/b) where b is the value to
be inverted, m is the number of bits used to represent the output, and Round is the
rounding function.

4.2 Simulation Results

Using the performance models defined in Section 3, we identified the energy and time
efficient designs based on the parameters. By considering different criteria such as
area, latency, and energy, we identified several designs. The minimal energy designs
are chosen as candidate designs and are implemented in VHDL. The precision of all
designs was 16 bits. These designs were synthesized using XST in Xilinx ISE 4.2i and
the frequency achieved was 120 MHz. The place-and-route file as an .ncd file was
obtained for the Virtex-II XC2V1500 bg575-6 device. The input test vectors for the
simulation were randomly generated such that their average switching activity was



50%. Mentor Graphics ModelSim 5.6b was used to simulate the designs and generate
the simulation results as a .vcd file. These .ved and .ncd files were then used by the
Xilinx XPower tool to evaluate the average power dissipation. Energy dissipation was
obtained by multiplying the average power by latency. We also compared estimates from
Section 3 against actual values based on implemented designs to test the accuracy of
the performance estimation. We observed that the energy estimates (See Table 2) were
within 10% of the simulation results. The the average power dissipation of the designs
on Virtex-II included the quiescent power of 150 mW (from XPower).

Table 2. Performance of the designs based on Corollary 1 (from low-level simulation)

TT DSP (600MHz) DK1 based design (50MHz) Our design (120MHz)

n b |L (usec)|E (ul)| b |L (usec)|Slice/Mult|Em (uJ)| b |L (usec)|Slice/Mult|Ee,5t (uJ)|Em (uJ)|Err in Eest
8] 8 2.9 4.2| 4 9.6 810/6 2.52| 8 0.5 835/8 0.27 0.29 6.8%
16| 16 7.2 10.6( 4 35.0 810/6 10.27| 8 2.1 1955/16 1.3 1.4 7.1%
32| 16 31.5 46.6( 4 218.2 810/6 42.86| 16 10.7 3550/32 8.6 8.2 6.8%
64| 16 152.7| 229.7| 8 1004.8 1318/10 342.7| 16 51.2 3550/32 52.3 50.0 5.3%

128]| 16 836.4 1282.1( 8 7087.9 1318/10 1485.7| 16 345.6 3550/32 368.8 355.8 4.3%

256( 16 5171.3| 8068.0( 8 56157 1318/10 6863.5( 16 2743.5 3550/32 2801.6 2717.2 3.7%

512| 16 35335| 55857| 8 453583 1318/10 34825 16 22421 3550/32 21927 21330 3.3%

1024| 16| 258619(412251| 8 | 3658982 1318/10 198275 16| 182473 3550/32 173710 169236 3.2%

* n is problem size. b is block size. L is latency. Slice is area. Mult is the number of embedded multipliers.

Eest is the estimated energy using the performance model. Eyp is the measured energy from low level simulation.

We were not aware of any prior FPGA based designs for LU decomposition. Hence,
for the sake of comparison, we implemented two baseline designs: one on FPGAs using a
state-of-the-art commercial compilation tool and the other, a software implementation
on state-of-the-art TT DSPs. The FPGA design was implemented using Handel-C and
synthesized using Celoxica DK1.1 [4]. The compilation tool can automatically exploit
the parallelism of the algorithm. The synthesized design, with a frequency of 50 MHz,
was then implemented with the Xilinx ISE 4.2i. Our designs dissipated 8.8x to 1.2x
less energy than the Handel-C based designs.

We also compared the performance of LU decomposition on FPGAs and DSPs.
FPGAs are known to be better than DSPs in terms of time and energy performance.
Since many target applications for DSP devices and FPGAs are similar, comparing their
time and energy performance is beneficial to designers. We chose the TI TMS320C6415
running at 600 MHz as a representative DSP. TMS320C6415 is a high performance DSP
and has eight 16-bit MAC units. The LU decomposition was implemented in C and
its precision was 16 bits. The matrix multiplication was performed using the function
call DSP_mat_mul from the TI DSP library. The latency was obtained by using the
TT Code Composer 2.1. To compute the energy dissipation, we assumed the 75% high
/ 25% low activity category of power dissipation for the function call DSP_mat-mul
since it is a hand-optimized code [13]. The power dissipation for the rest of C code
is based on the 50% high / 50% low activity category since the code is optimized by
the TI compiler. For the DSP, we chose the block size b, 0 < b < min(n,16) so as
to minimize the energy dissipation. As seen from the results in Table 2, our FPGA
implementations perform LU decomposition faster using less energy. While we used
the high performance DSP processor, TI also provides low power devices, namely the
TMS320VC5h5xx series. Based on the datasheets, the 55xx series dissipate 150 mW at
300 MHz while the 64xx series dissipate 1500 mW at 600 MHz. The 55xx series have
two MACs (600 MIPS) while the 64xx series have eight MACs (4800 MIPS). Thus the
scaling factor from 64xx series to 55xx series for energy dissipation can be defined as:



Se = % X % = 0.78. By applying this scaling factor, the energy dissipation

of our designs was determined to be 12.1x to 1.8x less than the TI 55xx series.

5 Conclusion

We developed time and energy efficient designs for LU decomposition on FPGAs. Before
implementing the designs, we analyzed the architecture and algorithm to understand
the design trade-offs. After pruning the design space, selected designs were implemented
using VHDL in the Xilinx ISE design environment. Currently, state-of-the-art FPGAs
(e.g., Virtex-11/pro) do not provide low power features such as control for multiple
power states or lower static power. The proposed architectures and algorithms are
parameterized based on several design parameters. Hence, when more features such as
dynamic voltage scaling with dynamic frequency scaling are available, the operations
opL and opU can be executed slower than the operation opMMS. This might provide
the opportunity to use a lower frequency and lower voltage.
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