sors on the IBM SP-2. The processor topology used
in the present experiments was 16 x 4. The expansion
factor K5 was varied from 2 to 4 and k; was varled
from 2 to 16. Figure 4 shows the redistribution times
as K1 1s varied and K is fixed at 3 and 4. The reported
times include the time for index set computation, for
buffer copy operations (i.e., packing and unpacking)
as well as for interprocessor communication. In Figure
4, our indirect algorithm outperforms the direct and
multiphase algorithms as K7 and K3 increase. Due to
limited space, we have not shown other experimental
results. In general, we have observed that for other
processor topologies, the indirect algorithm is supe-
rior to the direct and multiphase algorithms as the
expansion factors increase.

5 Conclusion

In this paper, we have shown an efficient approach
for the multi-dimensional block-cyclic redistribution
problem. Our communication schedules are designed
using the generalized circulant matrix formalism. The
indirect schedule can be viewed as the process of align-
ing the diagonally located entries in a circulant matrix
into a vertical line in logarithmic steps by cyclic shift
operations. This concept is quite general so that it in-
cludes various forms of “combine-and-forward” tech-
niques. The generalized circulant matrix formalism
also provides a systematic way of computing index
sets in each communication step. Many other data
redistribution patterns arise in typical HPC applica-
tions. For example, in signal processing, it is required
to redistribute data from a set of source processors to
a different set of destination processors. This redistri-
bution problem is different from those we have con-
sidered in this paper, where the data is reorganized
among the same set of processors. However, our algo-
rithms can be extended to perform this redistribution.
We are developing efficient communication schedules
for these patterns [14].
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Figure 4: Comparison of direct, multi-phase, and indirect schedules for redistribution of 0.4 Mbytes array on a

64-node IBM SP-2.

a macroblock. The reorganization operation on the
macroblock can be looked upon as a 1-d eyclic(z) to
cyclic(K.x) using P, processors. The corresponding
1-d processor send schedule table is Ps(V [k, py].

The processor index j is represented using P,-radix
system, t.e., j = P.j1 + j2, where 0 < j; < P, and
0 < j2 < P,. The communication step i is represented
using K,-radix system, tz.e., i = Kzt + 23, where 0 <
11 < K;, and 0 < 15 < K.

We can compute the expressions for Ps(2)[K, P](i, )
and Ds(2)[K,P](i,j) by using the 1-d processor send
schedule tables and the above representations. a

We can generalize the above index set computations
to multi-dimensional redistribution:

Corollary 3 A destination processor table
P.™[k,P] in generalized circulant matriz form

and the corresponding send data schedule table
Ds(n)[K,P] for Rp(K\,Kay...,Ku; Py, Pa,...,P,) can
be constructed as follows:
n+1
P,k Pl(i,j) = ZP Wik, 2] (i1, i) H Pm
m=Il+1

n n+1
D. [k, Pl(i,j) = ED Wk, R (i, §1) H Km

=1 m=Il+1

where P = [[j—, Pn, & = [[j=, K1, and Ppy1 =
Knpn41 = 1.

The index of processor j, 0 < j < P, and communi-
cation step i, 0 < 7 < K, are decomposed along each

dimension. Therefore, indices for processor j are given
by jn = j mod P, and ji = j div ([}, Pm), for
l=1,2,...,n—1. Communication step 7 is decom-
posed into i, =7 mod K, and 7; = 7 div (H;:H_l Km),
forl=1,2,...,n— 1.

4 Experimental Results

This section shows preliminary timing results from
the implementations of our 2-d redistribution algo-
rithms. We are currently conducting experiments for
Rp (K., K5 Pr, P2) and Rp (1, 29; Py, P2). At the time
of this writing, we have obtained experimental re-
sults for cyclic(z1, x2) to cyclic(x 21, Kaq,) redistri-
bution over P(=P,xP,) processors. The algorithms
were coded in C, and MPI function calls were used
for interprocessor communication. We measured the
turn around time for redistribution using MPI Wtime.

While the multiphase algorithm improves on the
direct algorithm for composite values of K1 and Ko,
it becomes the 2-phase approach when both ki and
K9 are prime numbers. Our indirect algorithm is uni-
formly applicable for both prime and composite K1
and K9. Apart from the fact that our algorithms use
fewer communication steps, the amount of data moved
in each step per processor is less than or equal to L%J ,
where N is the total number of array elements and p
is the total number of processors, 7.e., N = Ny - N9 and
P = Py - P3. In comparison, the multiphase approach
moves the entire array in each phase and thus [%]
data i1s moved by each processor during each commu-
nication phase.

The experiments were performed using 64 proces-
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Figure 3: Transformations on dpt corresponding to

Rr(4,6)

Now, Py is in the generalized circulant matrix form
and each row 1s a permutation of the processor indices.
Using Theorem 1, Rp(&., K2; P1, Pz) can be performed
in KK, steps by a direct schedule and [logk}] +
[logGi] + [log k5] + [logGz] + 1 < [log(k.K2)] +3
by an indirect schedule.

Example 2: Rp (P, P2)

In this example, the process topology P X P, =
4 x 6 is transposed to 6 x 4. In Figure 3 (a), P con-
tains 2 - 3(= p/P}) distinct rows and each distinct row
repeats twice. In Step 1, a compact dpt is constructed
from this initial dpt. In Step 2, the columns of this
dpt are reordered. The compact form of dpt of size
12/2 x 24(= r/axP) after reordering the columns is
shown in Figure 3 (b). The dpt after column transfor-
mation in Step 3 is shown in Figure 3 (c).

Corollary 1 Rp(K., Ks; P, P2) can be performed in a
contention free manner in, (i) K.K, communication
steps using a direct schedule, (i) [logK.Kx5] + 3 com-
munication steps using an indirect schedule, and (iii)
d—+ f%] communication steps using a hybrid sched-
ule with d degree of indirection.

Corollary 2 Rp(P,, P.) can be performed in a con-

tention free manner in, (i) /G communicalion sleps
using @ direct schedule, (ii) [log(z/c)] + 1 commu-
nication steps using an indirect schedule, and (iii)

d+ fLQ/dG] communication steps using a hybrid sched-

ule with d degree of indirection.

To compute the index sets of 2-d redistribution, the
index set computation approach for 1-d redistribution
is applied to each dimension. In [11], we showed that
the index sets can be computed in a distributed fash-
ion at each node without interprocessor communica-
tion for the case of 1-d redistribution. The destina-
tion processor table (or processor send schedule table)
and the corresponding send data schedule table for
cyclic(z) to cyelic(xz) redistribution on P processors
are denoted as Py(![k, P] and D,(V[k, P], in which
the superscript is used to represent the number of di-
mensions. Ps(l)[K, P](i, j) is the destination processor
receiving data from processor j during communica-
tion step 7 and the corresponding Ds(l)[K,P](z',j) is
the local index of the data to be sent from processor j
during communication step ¢ (of the direct schedule).
Theorem 3 shows how to compute the index sets for
Rp (K., Ka; Pr, P2) of 2-d case. This is generalized to
n-d case in Corollary 3. In the following, z mod y is
the remainder when z is divided by y, for integers z
and y.

Theorem 3 A destination processor table Py?) [k, P]
i generalized circulant matriz form and the cor-
responding send data schedule table Ds(z)[K,P] for
Rp (K., Ka; P1, P2) can be constructed as follows:

PS(2)[K,P](i,j) = Ps(l)[KhPl]("hjl) P2
+P.V[k,, P,](is, j2)
D.WV[r,, P](i1, j1) - K2
+D. Y[k, P) (12, o)

D[k, Fl(i,j) =

where 0 <1< K, 0<j <P, 711 =1 div Kg, 12 =1
mod Ko, j1 = j dwv P2, j2 = j mod Py, P = Py - P3,
and K = K1 - Ko.

Proof Sketch:

The proof is based on the properties observed in the
proof of Theorem 2 for the case of Rp(&., Kz; P1, Ps).
In Step 1 of the proof, a block of size K, x P, is de-
noted as a macroblock. There are k, x P, macroblocks.
The reorganization operations on k, X P, macroblocks
can be looked upon as a 1-d eyclic(z) to eyclic(k.z)
redistribution using P, processors. The correspond-
ing 1-d processor send schedule table is Ps™M[k,, p,].
As discussed in Step 2, there are Kk, X P, blocks in



ownership of the blocks in a superblock in the ini-
tial and final distributions are denoted by Sy and Ry,
respectively, i.e., Sp (4, 7)(Rup (¢, j)) represents the pro-
cessor which owns block b; ; before(after) the redistri-
bution. A run in a table refers to a longest sequence
of consecutive entries which are the same. A run can
wrap-around in row major order. The length of a run
is the number of entries in the run.

Case RNp(K,, K2; P, P;): Initially, b; ; belongs to pro-
cessor Sp(i,7). After redistribution, it has to be
moved to processor Ry (7, j). The initial dpt P is given
by P(k,Su(i,j)) = Rp(7,j) where k = (i div p)K, +
(j div p;). Here, z div y denotes Lg], for integers z
and y > 0. The size of the dpt is K.k, x P. In the
following, the transformation of the initial dpt is de-
scribed step by step. (See Example 1 below for an
illustration.)

Step 1: Denote disjoint blocks of P of K, X P, as
a macroblock. P can be viewed as a table consisting
of K, P, macroblocks, where each consecutive kK, mac-
roblocks are the same in row major order. Thus, in
P, there are Py runs and each run consists of K7 mac-
roblocks. It can be shown that these K, P, macroblocks
can be reorganized into a generalized circulant matrix
form.

Step 2: Consider the entries within a macroblock.

Note that within each macroblock, there are exactly
K9Py distinct blocks. If we enumerate the x,P, blocks
in row major order, then there are ps runs of size K.
The K,P, blocks within a macroblock can be similarly
reorganized into a generalized matrix form by column
transformations.
Case Rr(p,P.): Assume without loss of general-
ity , < pP,. The L x p table P is obtained by
P(k,Su(7,7)) = Rp(i,j) and k& = (idive)r, +
(j div py).

Step 1: It is easy to verify that P contains pP!P]
distinct rows and each distinct row repeats ¢ times.
By regarding these G rows as a single row, a compact
dpt of size PPi(= 1/G) X P is obtained.

Step 2: Consider the following column transfor-
mation on the compact dpt. First, within each col-
umn, blocks are reorganized in the increasing order
of the destination processor indices. This results in
c? distinct columns. Each distinct column repeats
P/Pi(= L/G) times. Then, the columns are reordered
so that the compact dpt is partitioned into sets of
columns, with each partition having a a distinct col-
umn. Each set has exactly /G columns. Note that
reordering the columns is not a row transformation.

Step 3: Consider L/G columns as a macroblock of
size L/G X L/G. The new dpt can be viewed as a ta-
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Figure 2: Transformations on dpt corresponding to

%3(3, 4; 47 6)

ble consisting of ¢? macroblocks. Within each mac-
roblock, all entries in a row are the same. Hence, each
macroblock can be converted into a circulant matrix
by diagonalizing each row.

The above is illustrated in Example 2 below. a
Example 1: Rp(K., Ks; P, P2)

Consider the case when the block size is expanded
by K: x K, = 3 x 4 while the process topology re-
mains fixed as P, x P, = 4 x 6. Figure 2 (a) shows
the initial dpt. Figure 2 (b) shows the column trans-
formed dpt Pgs. Following Step 1 in the proof, we
consider 4 X 6(= K, x P;) distinct blocks as a mac-
roblock. There are 4(=p;) runs in the dpt and each
run has 3(=k,) consecutive macroblocks as shown in
Figure 2 (a). These K, P, macroblocks are reorganized
into a generalized circulant matrix form. There are
K, identical macroblocks in a block diagonal. It takes
[log x,] communication steps to align these diagonals
into vertical lines.

In Step 2, within a macroblock there are P, runs
of size K,. P,K, blocks in a macroblock is reorganized
into a generalized circulant matrix form. Therefore,
there are K’ identical circulant matrices of size G, x G-
along these block diagonals. Tt takes [log k1] +[log a2]
steps to vertically align elements in each macroblock.



array in each processor’s local memory are reorganized
as well as the local memory location of each block is
changed by redistribution. The reorganization pat-
tern of a set of blocks repeats over all the blocks of
a 2-dimensional array. Such a set of blocks is called
a superblock [4]. Due to this periodic behavior, we
only consider the first superblock in the following dis-
cussion. The first superblocks of the initial and final
distributions are represented via a 2-dimensional ta-
ble. In such a table, the actual local memory layout
of the blocks can be depicted. By replacing the global
block indices with the corresponding destination pro-
cessor indices, we can represent all the required com-
munication events using a table. The destination pro-
cessor table (dpt) is defined as a table where the j!*
column contains all the destination processor indices
of the blocks in processor p;, (0 < j < P, where P
denotes the total number of processors). Note that, if
the redistribution parameters (the change in the block
size along each dimension and the number of proces-
sors) and the global block index assignment order are
given, then each block’s location in the dpt can be
determined. Redistribution can then be conceptually
viewed as a table conversion process. As shown in the
following, this provides a systematic way of comput-
ing the index sets and communication schedule. By
allowing either column-wise or row-wise movement of
blocks, the conversion process can be decomposed into
column and row transformations. The column (row)
transformations permute the entries in each column
(row) of a table. While column transformation is a
local operation in each processor’s local memory, the
row transformation incurs interprocessor communica-
tion. The key idea of our approach is to choose col-
umn transformations so that the resulting dpt is in the
generalized circulant matrix form. Once the dptis in
generalized circulant matrix form, a class of efficient
and contention free communication schedules can be
derived. We first define a generalized circulant matrix.

Definition: An m x n matrix, m < n, is said to be
a circulant matriz if row ¢ = row 0 circularly right
shifted i times, where 0 < 7 < m.

Definition: Given an k X P matrix, k<P, suppose
the matrix can be partitioned into blocks of size of
s xt, where k =m-sand p=n -t for some s,t >0
and m<n. Then, the matrix is said to be a generalized
circulant matriz if, row block ¢ = row block 0 circularly
right shifted ¢ times (0 < i < m) and each block is
either a circulant matrix or is a generalized circulant
matrix.

Our direct schedule performs the row transforma-
tions, by regarding the (i, j)** entry of dpt as the des-

tination processor of the i*”» communication event at
processor p;. Since every processor has a distinct
destination processor in each communication event,
node contention can be avoided. Our indirect schedule
aligns diagonal entries vertically in logarithmic num-
ber of steps by cyclically shifting rows of dp?. Thus,
the number of communication steps can be reduced.
A hybrid schedule with degree of indirection d, per-
forms the first d steps of the indirect schedule. Each
of 2¢ column entries that have the same destination
are then transferred using a direct schedule. Theorem
1 shows the required number of communication steps
of direct, indirect, and hybrid schedules. All commu-
nication steps are contention free, 7.e., communication
pattern is a permutation. The proof of Theorem 1 is
adapted from [11].

Theorem 1 If the destination processor table of size
Kk X P 1s in generalized circulant matriz form and if
every row is a permutation of {0,1,...,p — 1} , the
redistribution specified by the dpt can be performed in
a contention free manner in (i) K communication steps
using a direct schedule, (ii) [log k] +2 communication
steps using an indirect schedule, and (ii) d + [37]
commaunication steps using a hybrid schedule with d
degree of indirection.

Theorem 1 shows that the indirect schedule can per-
form a collective communication in O(log ) commu-
nication steps, if the dpt of size kK X P can be trans-
formed into a generalized circulant matrix form. Be-
fore discussing Rp(&., K2; P, P) and Rp(Py, P2), let
G1 = ged(K., Py), Go = ged(Ks, Ps), K1 = K\G1, Ka =
K.Gs, G = ged(Py, P3), L = lem(P,, P;), and P = P P..
The size of the dpt of Rp(k1, Ka; Pi, P2) and Ry (Py, P2)
is min(K.K2, P) x P and PP, x P respectively. The-
orem 2 shows that the initial dp#’s of these cases can
be transformed into the generalized circulant matrix
form via operations within each column. Using The-
orem 1, our algorithms perform Rp(k., &2; Pi, P;) and
Rr(Pi, P:) in O(log(k.K3)) and O(log(z/a)) commu-
nication step, where 1 < K, Kk, < P and 1 < PP, < P.
If K,k,>P or /G = P, then the dpt has size P x P.
In this case, our algorithms perform Rp (&, K2; Py, P2)
and N7 (P, P;) in O(log P) steps.

Theorem 2 The destination processor tables corre-
sponding to Rp(K., Ka; P, P2) and Ry (P, P2), can be
transformed into generalized circulant matrices by col-
umn transformations.

Proof Sketch:
In the following, it is assumed that the blocks and
the processors are numbered in row major order. The
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Figure 1: 2-d block-cyclic distribution.

In Section 2, we present the background for multi-
dimensional block-cyclic redistribution. In Section 3,
we present the key ideas of our algorithms. In Sec-
tion 4, we report experimental results on IBM SP-2.
Section 5 concludes the paper.

2 Background
For the sake of simplicity, we use the 2-d case to ex-
plain the multi-dimensional redistribution problems.

2.1 Definitions

A 2-d block-cyclic distribution is specified by four
parameters: block size z; X x5 and process topology
P, X P,. In the 2-d block-cyclic distribution, a given
2-d array of size N1 X Ng 1s first partitioned into blocks
of size z1 X x3. Let b;; denote the (i, /)" block,
Ogigf—; and 0<5< 5—222. These blocks are then dis-
tributed among P = P, P, processors in the following
manner: The blocks are distributed as cyelic(z1) over
P, processors along the first dimension. Similarly, the
blocks are distributed as cyclic(z2) over P, processors
along the second dimension. We can view the 2-d
block-cyclic distribution as superimposing the process
topology onto the 2-d array which is partitioned into
blocks. (See Figure 1)

We denote the general 2-d redistribution prob-
lem as ® Dj(x1, 22, Py, P2) =Dy (y1,y2; @1, Q2).
D;(z1,x9; P, P;) is the initial distribution where
blocks of size x; x x5 are distributed as cyclic(z1)
(cyclic(xq)) over P(P;) processors along the first
(second) dimension. In the final distribution
D¢(y1,y2; Q1,Q2), the blocks are similarly distributed.
Usually, the process topology changes such that
P1P3 = Q1Q», since the array is redistributed among
the same set of processors. However, this restriction
is absent if, for example, task parallelism is used (see
HPF-2), where array elements are redistributed be-
tween different sets of processors. In this paper, we

2For simplicity, we assume that 21 and z» divide N1 and N
respectively.

focus on the following cases that occur frequently:

1. n-d redistribution in which the block size changes
by a factor along each dimension and the process
topology remains fixed. This is denoted
Rp(K1, K2y, Kn} Pry Pay.. oy Pa)
Di(z1,22,...,%n; P1, Pay. ., Ps)

— D¢ (K121, K222, .., Ko P1, Pay .. ., Pa).

2. 2-d redistribution in which the process topology is
transposed and the block size of the correspond-
ing dimension remains fixed. This is denoted
Rr (P, P2):

D;(z1,z9; P, P.)—Dj(22,21; P2, P1).

2.2 Cost of Redistribution

Redistribution incurs overheads in performing in-
dex computation and in interprocessor communica-
tion. An index computation overhead for each ar-
ray element is incurred in calculating its destination
processor and the location of the element within that
processor. Each array element can be referenced by
a global index and a local index. The global index
is the index of an array element from the array point
of view. From the global index, we can calculate the
processor at which an array element is located as well
as the local memory location in that processor, i.e.,
the local index. However, frequent computation of
this information from the global index leads to sig-
nificant index computation overhead. To reduce the
index computation overhead, the regular structure of
the block-cyclic array distribution must be utilized.

We have developed redistribution algorithms for
block-cyclic redistribution based on a simple ana-
lytical model of distributed memory machines, the
General purpose Distributed Memory (GDM) model
[3, 12]. The model represents the communication time
of a message passing operation using two parameters:
the startup time T4 and the wunit data transmission
time 74. The GDM model assumes that a processor
can send at most one message and receive at most one
message at a time. Messages originating from several
source processors destined to the same processor, will
compete with each other at the destination processor,
i.e., node contention occurs. The impact of node con-
tention as communication cost is more significant than
link contention in current HPC machines. We avoid
node contention by choosing the schedule in each com-
munication step to be a permutation.

3 Key Ideas

In the redistribution of a 2-dimensional array, each
block of the array moves from the one processor to
another, z.e., the ownership is changed. The blocks of
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Table 1: Number of communication steps required in various approaches to perform n-d block-cyclic redistribution.

previous efforts for redistribution focus on reducing
the index computation overhead, while others focus
on reducing the actual communication cost of redis-
tribution. Note that, without a proper communica-
tion schedule the redistribution overhead can be sig-
nificant. Recently in [4], a communication schedule
was proposed to avoid node contention. This can be
classified as a direct schedule. In a direct schedule,
array elements are sent directly to their destination.
In [9], a multi-phase approach was proposed to reduce
startup costs, using a tensor product formalism. Each
phase corresponds to an intermediate block-cyclic re-
distribution. Within a phase, a direct schedule is used.
All array elements are moved in each phase. The mul-
tiphase approach can offer superior performance when
the block sizes increase by factors which are compos-
ite numbers. When the block sizes increase by prime
numbers, it becomes a direct schedule. The matrix
transpose problem has been studied in [5]. Both direct
and indirect schedules have been proposed. However,
their indirect schedule has excessive transmission costs
compared with their direct schedule.

In this paper, we present a uniform framework for
block-cyclic redistribution. The key idea of our ap-
proach lies in utilizing the notion of a generalized cir-
culant matrix. Our approach fully exploits the regular
characteristics of block-cyclic redistribution — the peri-
odicities of the block assignment patterns and the un-
derlying modulo systems arising from block-cyclic re-
distribution. This approach minimizes both the com-
munication time and the index computation overhead.
Efficient direct, indirect and hybrid schedules are de-
rived from our uniform approach. The direct and in-
direct schedules belong to a class of hybrid schedules
in our approach. Node contention is eliminated by re-
organizing the communication events. Startup cost
is reduced by reorganizing the communication pat-
tern, i.e., the array elements are sent to their desti-
nation through intermediate processors using an indi-
rect schedule. The increase in the transmission costs

resulting from reorganizing the communication pat-
tern is minimized, compared with those in [9, 1]. Our
approach minimizes the redistribution overhead over a
range of array size and the number of nodes by choos-
ing an appropriate hybrid schedule.

Table 1 compares the performance of the proposed
algorithms with the previous approaches. For exam-
ple, consider 2-d redistribution where the block sizes
of each dimension are increased by factors of Ky and
K9 assuming P1 X Py process topology. Then, each
processor sends its data to (as well as receives from)
Kk = min(K1Kq, P1P2) processors. Since K = P1P3y
when K1K9> Py Py, without loss of generality we only
consider K1 and Ko such that K1ks < PyP3. Then,
our indirect schedule performs the redistribution in
O(log(K1K32))' communication steps, while the direct
schedule requires K1k5 communication steps. Our ex-
perimental results show that reducing the number of
communication steps significantly improves the redis-
tribution time over a range of array size per proces-
sor. In the multi-phase approach [9], the communica-
tion steps can be reduced to E;ﬂ:ll uij + Z;ﬂ:?l usj,
only if K1 and K5 can be factored such that K, =
U UL UL, and Ko = Us iUz 2 Uz m,. I Ky
and K9 are both prime numbers, then K + Ko steps
are required. The approach in [8] performs the 2-d
redistribution in two phases by performing two in-
dependent 1-d redistributions along each dimension.
Thus, it requires K1 + Ko steps. Next, consider 2-d
redistribution where the process topology P; x Py is
transposed. This redistribution is same as the matrix
transpose problem. The direct schedule in [5] requires
/G steps, where . = lem(P1, P2) and ¢ = ged(P1, P2).
Our indirect schedule performs this redistribution in
O(log(r/@)) communication steps. Due to the lack of
detailed information on how the approaches in [9, 8]
are applied to this problem, we are unable to make
detailed comparisons.

The rest of the paper is organized as follows.

1In this paper, log is log,.
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Abstract

We present a uniform framework for a classical
problem, redistribution of a multi-dimensional array.
Using a generalized circulant matriz formalism, we de-
rive efficient direct, indirect and hybrid contention-free
communication schedules. Our indirect schedule re-
duces the number of communication steps significantly
compared with the previous approaches. QOur approach
explotits the regularity of the block-cyclic redistribution
to minimize the index computation overheads. For the
case of 2-d redistribution, when the block size increases
by factors of K1 and K5 along each dimension and the
process topology remains fired, our indirect schedule
performs the redistribution in O(log(K1K32)) commu-
nication steps. For the case of fized block size and the
processor topology s transposed, our indirect schedule
results in O(log(r/G)) communication steps. Imple-
mentations of our algorithms on the IBM SP-2 show
superior performance over previous approaches.

1 Introduction

Data distribution strongly influences the perfor-
mance of an application on distributed memory par-
allel machines. In these machines, access to local data
is much faster than access to remote data. These
remote memory access overheads can be reduced by
choosing data distributions that enhance data local-
ity. The block-cyclic distribution matches the data
access patterns of many High Performance Comput-
ing (HPC) applications. For example, the data distri-
bution for radar and sonar signal processing [12, 10]
can be viewed as a block-cyclic distribution. Scal.A-
PACK, a mathematical software for dense linear alge-
bra computations, also uses a block-cyclic distribution
for good load balance and computation efficiency [6].

* Work supported by DARPA under contract no. DABT63-
95-C-0092.

In many HPC applications, the data access patterns
change during the computation. Hence, it is desir-
able to reorganize the data distribution at intermedi-
ate points of the computation to minimize the remote
access overhead. This leads to scalable performance
(for an example, see [13]).

Data distributions and redistribution can be spec-
ified at varying levels of detail in application pro-
grams. When parallelizing compilers are used, the
programmer specifies data distributions using high
level compiler directives. For example, parallel pro-
grams developed in HPF use the ALIGN, DISTRIBUTE,
and REDISTRIBUTE directives [2]. If applications are
developed using “explicit” parallel algorithms, then
data distribution and data movement between the pro-
cessors are managed by the programmer. Message
passing calls (such as calls to MPI) are used to perform
interprocessor communication. In either approach, ef-
ficient redistribution algorithms are needed. Other-
wise, the overheads of redistribution would offset the
performance benefits resulting from improved data lo-
cality.

The block-cyclic redistribution problem is a clas-
sical research problem and has been well studied
[8, 7,9, 4]. In the multi-dimensional block-cyclic re-
distribution, a process topology, i.e., a Cartesian rep-
resentation of process(or) assignment to each dimen-
sion, is specified. Thus, we have to consider changes
in process topology as well as in block sizes. When the
block sizes change, a multi-dimensional redistribution
can be performed by repeatedly applying a 1-d redis-
tribution algorithm along each dimension of the array.
However, this approach cannot be used when the pro-
cess topology changes. This case includes corner turn
(matrix transpose). Among others, the redistribution
of 2-d arrays (matrices) attracts attention, since many
scientific computations involve matrices. Some of the



