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Abstract

A large number of sensors networ ked together form self-
organizing pervasive systems that provide the basis for im-
plementation of several applications involving distributed,
collaborative computations. Energy dissipationisacritical
issue for these networks, as their life-time is limited by the
battery power of the sensors. In this paper, we focus on de-
sign of an energy-balanced, energy-optimal algorithm for
sorting in a single-hop sensor network. Energy optimality
implies that the overall energy dissipation in the system is
minimized. Energy-balancedness ensures that all the sen-
sors spend asymptotically eguivalent amount of energy in
the system. Uniform energy dissipation is desirable as it
enables the network to remain fully functional for the max-
imumtime. We demonstrate that given a single-hop, single-
channel network of n. randomly distributed sensors, sorting
can be performed in O(n log n) time and energy, with no
sensor being awake for morethan O(log n) timesteps. Ina
p-channel network, wherep < n' =€ for 0 < e < 1, sorting
can be performed in O(n/p log n) time and O(n log n)
energy with no node being awake for more than O(log n)
time steps.

1. Introduction

Sensor networks are large-scale, self-organizing, perva-
sive computing systems, where autonomous nodes (sensors)
collaborate among themselves to achieve a larger objective.
Such networks are being used in a large variety of scenar-
ios ranging from military applications to ecological stud-
ies [5]. Sensor network applications often require deploy-
ment of sensors in remote areas where replacement of sen-
sors is infeasible. Once a network is set up, the goal is to
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keep it functional for the longest possible duration. Limited
battery power makes energy a critical constraint for these
networks.

Comparison problems (sorting, merging, searching)
form an interesting group for algorithmic analysis, owing
to their theoretical significance, and the large set of appli-
cations that require comparison kernels. Sensors collect a
large amount of data samples from the environment and
several samples may be erroneous. Input data samples col-
lected at sensors are often sorted to filter out the extreme
values. Pixel sorting is required in many image compres-
sion and coding algorithms [10]. Several applications re-
quire rank based ordering of sensors based on some metric.
For example, sensors may be sorted in order of maximum
remaining power [14] or proximity from a monitored target.
A sensor network can also be considered as a distributed
data management system [1]. Sorting is an important ker-
nel in data mining and data management applications.

In this paper, we present an energy-optimal algorithm for
the sorting problem in a single-hop network of n randomly
distributed sensor nodes. The algorithm is also energy-
balanced, which implies that the energy dissipation in all
the sensors is uniform, and no node dies early due to exces-
sive usage. This is desired to ensure that the functionality
of the network is not affected due to early die out of some
critical sensors (e.g., portion of the area left unmonitored).

We assume a single-hop, time-synchronized wireless
sensor network. All sensors can hear transmission from
any sensor in the network. Only one sensor can transmit
at any given time on a chosen communication channel to
ensure collision free transmission. A uniform cost model
(see Section 2) has been utilized for our analysis, which
assumes energy dissipation and time taken for local com-
putation, transmission or reception of a unit of data to be
unity.

In wireless radio networks, sensors dissipate significant
amount of energy in listening to transmissions not intended



for them. Thus, in addition to reducing the amount of
computation and communication in the network, the algo-
rithm should also define a schedule for switching off sensors
when not participating in any computation or communica-
tion. The wake up of sleeping (switched off) sensors can be
self-initiated based on an internal timer or on detection of an
event. Self-initiated wake up can result in sensors missing
events when switched off. Thus, several researchers [5] [11]
have proposed use of an additional low power paging or sig-
naling channel to wake up and synchronize transmissions
between sensors.

We demonstrate that given n randomly distributed sen-
sors in a single-hop, single-channel network, sorting can be
performed in O(n log n) time and energy, and a sensor is
awake for atmost O(log n) time steps. In a p-channel sen-
sor network, where p < n!=€and 0 < e < 1, sorting can be
done in O(n/p log n) time and O(n log n) energy with
no sensor awake for more than O(log n) time steps.

Simulation results demonstrate that algorithm
BSORT (n) discussed in Section 5.3 has the best energy
performance. It is energy-balanced and energy-optimal.

The rest of the paper is organized as follows. We dis-
cuss our network and energy model assumptions in Sec-
tion 2. Related work is presented in Section 3. The prop-
erty energy-balancednessis defined in Section 4. Our algo-
rithms for sorting are described in Section 5. We present our
simulation results in Section 6, and conclude in Section 7.

2. Network and Energy Model

In this section we define the Energy-aware, Single-hop,
Uniform-cost (ESU) model for wireless sensor networks.
The assumptions for the model are discussed below.

e The ESU model is defined for a single-hop sensor net-
work. Sensors communicate over one or more broad-
cast communication channels. At any given time, only
one sensor can transmit over a single broadcast chan-
nel. Two or more sensors transmitting concurrently
over a single channel result in a collision. In a unit
time step, a sensor can tune to at most one commu-
nication channel. Sensors can detect collisions in the
network.

e Along with a communication channel, sensors are
equipped with wake up mechanism. The wake up
mechanism can be implemented using either a paging
channel or internal hardware timers.

e The energy dissipation at a sensor node is defined to
be the sum of the transmission energy, reception en-
ergy, and the computation energy. The sensors are as-
sumed to have a fixed transmission range. Thus, the

energy dissipation for transmission, reception, and lo-
cal computation of one unit of data is assumed to be
constant. The value of the constants varies depend-
ing on the radio electronics, the type of processor, and
other hardware-dependent factors [12]. To keep our
analysis independent of the implementation technol-
ogy, we normalize the constants to unity. Thus, we
define a uniform cost model for analyzing algorithms,
where energy and time cost for transmission, recep-
tion, and computation of a unit of data is unity.

e A sensor has two power states active or switched off.
A sensor can transmit, receive, or compute only in the
active state. In the active state energy dissipation per
unit time is unity. In the inactive state energy dissipa-
tion is zero.

e All sensors are homogeneous and globally time syn-
chronized. Time synchronization has been investigated
in [4]. The GPS system (if available) can also be used
for time synchronization.

e The network has been initialized and each sensor has
a unique id. Energy efficient initialization algorithms
have been discussed in [8].

Wake Up Mechanism: In our model, we assumed exis-
tance of a wake up mechanism for the sensors. This can
be implemented either using hardware timers or a paging
channel. In this paper, we consider presence of a low power
paging channel, but our algorithms can be easily modified
to run with internal timers only. The power dissipation in
the paging channel is negligible. It has very low bandwidth
and is active all the time. At any time a sensor can send
wake up signals to all other sensors in the network. We as-
sume that only the following four types of wake up signals
are transmitted over the channel. (a) a specific sensor is wo-
ken up, (b) all sensors are woken up, (c) all sensors with
index smaller than a chosen value are paged, and lastly, (d)
all sensors with index larger than the transmitted value are
woken up.

3. Related Work

Several research groups have focused upon algorithm de-
sign for collaborative computation in sensors networks. The
ESU model assumes a broadcast communication channel,
and has several assumptions similar to the BCM [9] model.
However, the BCM model has been primarily utilized for
time analysis, whereas energy awareness is the emphasis of
the ESU model. The paging channel defined in the ESU
model aids in designing efficient power state schedules for
the sensor nodes.

Our analysis of the algorithm INDEX; (n) in Section 5.4
is similar to the prefix summing algorithm discussed in [7].



Significant amount of energy is dissipated in broadcasts
over the communication channel. A balanced algorithm for
sorting has been discussed in [2] and [9], which minimizes
the total number of broadcasts (and time) in the system. The
algorithm is energy-optimal if the receiving power of the
nodes is negligible.

In this paper we assume a network model, where trans-
mission power is equal to the reception power and present
an energy-balanced, energy-optimal algorithm for the prob-
lem of sorting. Communication versus computation energy
tradeoffs for sensor networks have been investigated in [12].

In our model, we assume that the network is time-
synchronized and initialized. An energy efficient initializa-
tion algorithm has been discussed in [8]. Time synchroniza-
tion in wireless networks is investigated in [4].

The selection problem has been investigated for a single-
hop wireless sensor network in [13]. The energy balanced
selection algorithm is an important kernel of the sorting al-
gorithm discussed in this paper.

4. Energy Balanced Algorithms

A distributed algorithm is said to be energy-balanced if
energy dissipation in all the sensors is uniform. Thus, if
the overall energy dissipation in a sensor network of n sen-
sors is given by E(n), an energy-balanced algorithm has the
property that no sensor in the network dissipates more than
O(E(n)/n) energy.

Consider the following scenario. A single-hop network
of n sensors is deployed to monitor a field. At any time
sensor ¢, where i < n, finds its remaining battery power to
be below a threshold value. It wants to find the sensor with
maximum remaining power that can take over its tasks. We
assume ¢ = n and consider the following two algorithms
for finding the id of the sensor with the maximum remain-
ing power.

(a) Sensor n maintains variables m and z initialized to 0.
At the end of the algorithm, variable m stores the maxi-
mum power, and z stores the id of the sensor with maxi-
mum power. All sensors transmit their power level to sen-
sor n. one by one. Each time sensor n receives a value, it
compares the received value with m. If the received value
is larger, it updates the variable z with the identity of the
sender, and assigns m the new value. At the end of n — 1
transmissions sensor n stores the id of the sensor with the
maximum remaining power in x.

(b) Each sensor maintains a variable z and m initialized
to its own id and remaining power. At time ¢, where
0 <t <n—2,sensort+ 1 transmits the value of x and m
to sensor t + 2. Sensor ¢ + 2 compares the value of received
m to its own. If received m is larger, it updates its variable
m and z with the value received. At the end of n — 1 iter-
ations sensor n receives the id of the sensor with maximum

power.

Both the algorithms described above involve a sequence
of n — 1 transmissions, receptions, and comparisons. They
have time and energy complexity O(n). However, algo-
rithm (b) is energy-balanced, whereas algorithm (a) is not
energy-balanced. In algorithm (b) all sensors dissipate en-
ergy for at most one transmission, reception and compari-
son, which is O(1). In algorithm (a) all the sensors except
sensor n dissipate O(1) energy, whereas sensor n dissipates
O(n) energy. Note that this can be very harmful to this sen-
sor as it was already low in power.

The property that an algorithm is energy-balanced en-
sures that all sensors deplete power in a uniform manner,
and no sensor is overused. One of the goals in deployment
of sensor networks is that the network remains functional
for the maximum time. If energy dissipation is not uniform
in the network, a network will collapse even if the total
amount of power in the sensors is large but some critical
sensors have exhausted their battery.

5. Sorting

The problem of sorting n numbers is one of the most
widely analyzed problem owing to its theoretical impor-
tance and use in a wide range of applications. The sorting
problem is defined as the following. We are given n sensors
with one data element each. Each sensor has a unique id s,
where 1 < s < n. We want to redistribute the data such
that at the end of the algorithm, the data element with rank
1 is stored in the sensor with id s = 4. Here 1 < i <mn.

In addition to a unique id, each sensor is also assigned an
index j, where 1 < j < n. Initially, at start of the algorithm
we assign j = s. In the remaining part of the algorithm,
s remains fixed, but the index j keeps changing as per the
context. Assigning a new index to a sensor is termed as
reindexing. Initially, we assume a single-hop network with
a single communication channel, and extend our analysis to
a p-channel network in Section 5.4.

5.1. Time-Optimal Implementation

A time-optimal algorithm for sorting has also been dis-
cussed in [9] and is described as follows. At a given time
step t, where 0 <t < n — 1, the sensor withid s = ¢ + 1
transmits and all the other sensors listen. Each sensor main-
tains a counter initialized to one. Each time a sensor hears
an element smaller than its value, it increments the counter
by one. After, n transmissions, the counter value at each
sensor denotes its rank. The data elements can now be
routed to the appropriate destinations. At time step ¢, where
0 <t <n-—1,sensort+1 listens and the sensor containing
the element of rank ¢ + 1 transmits.



MERGE (n1 y n2)

. All sensors with set = 0 assign p = 0. Initially s = 1.

. Let s; denote sensor with set = 0 and index i.

Af (i > 2) s; receives p from s;_;.

. All sensors except s; switch themselves off.

. s; wakes all sensors with index j > p and set = 1.

. 8; broadcasts its data value v.

. The sensor with index n, and set = 1 compares received v

to its data v,,».

9. If (vp2 < ) ittransmits p,» + 1, where p,»
denotes the value of p stored at this sensor.

10. All awake sensors compare the received data v from s;
with their data.

11. All sensors with smaller data switch themselves off.

12. The awake sensors with set = 1 increment p by one.

13. The awake sensors with set = 1 find p,,,;,., the smallest

p among themselves.
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14. p.in — 1 is transmitted to s;, s; sets p to the received value.

15. If (p > (n1 + n2)) jump to Step 18.

16. s; wakes up and transmits p + 1 to sensor with index ¢ + 1

and set = 0, and switches off.
17. 4 + +, Goto Step 4.
18. All sensors reindex themselves to p.
19. End.

Figure 1. Pseudocode for MERGE (n1, n2)

Note that the above algorithm assumes that all data ele-
ments are distinct and have unique destinations. Consider
the scenario where two sensors contain elements of the
same rank. They will transmit at the same time resulting
in a collision over the channel. However, a small modifi-
cation to the algorithm can ensure that all elements have a
unique rank. Each time a sensor which has not transmitted
its result yet, hears a value equal to its own, it increments the
rank counter. This ensures that the rank of all data elements
is distinct.

The algorithm runs in time O(n). Note this is the
lower bound as each sensor must transmit its value at least
once. Thus, the algorithm is time-optimal. There are
n sensors and each sensor is awake for O(n) timesteps.
This implies that the energy complexity of the algorithm is
O(n?). The algorithm is energy-balanced, but is not energy-
optimal. The lower bound for energy dissipation for sorting
is O(n log n) as discussed in Section 5.2.

5.2. Energy-Optimal Implementation

An energy-optimal implementation for sorting in a single
hop sensor network can be achieved by adapting the merge-

. All sensors with index j and set = 1 assign variable p = j.

MSORT (n)

1. If (n < 2) sort the elements using two broadcasts.

. If (n > 2) execute the following steps.

. All sensors initialize variables set = 0 and done = 0.

. All sensors with index j > [n/2] reindex themselves
to j — [n/2], and switch off.

. Recursively call MSORT ([n/2]) on awake sensors.

. All awake sensors assign set = 0 and done = 1.

. Wake up all sensors.

. All sensors with done = 1 switch themselves off.

. Recursively call MSORT (n — [n/2]) on awake sensors.

10. All awake sensors assign set = 1.

11. Wake up all sensors.

12. MERGE ([n/2],n — [n/2]).

13. End.

o
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Figure 2. Pseudocode for MSORT (n)

sort algorithm discussed in [3]. The implementation of the
algorithm in a single hop sensor network is described in Fig-
ure 2.

1. MERGE (n1, ns2): We first discuss implementation of
procedure MERGE (n1, n2) as illustrated in Figure 1.
This algorithm is used to merge two sorted sets of sen-
sors S1 and S, of size ny and no respectively, into a
single sorted set of size ny; + ns. Sensors in set S, are
indexed from 1 — n4 and have bit set = 0. Similarly,
sensors of set S, are indexed from 1 — n» but have bit
set = 1. At the end of the algorithm the two sets are
merged into a single sorted set. The sensor with index
j,where 1 < j < (ny + no) stores the data element of
rank j in the merged set.

2. MSORT (n): Next we describe MSORT (n), which is
an adaptation of the algorithm mergesort for a single
hop sensor network. The algorithm partitions the sen-
sors into two sets based on their index. The two sets of
size [n/2] and n — [n/2] are sorted by making a re-
cursive call to the procedure. The sorted sets are then
merged together into a single sorted set by invoking
MERGE ([n/2],n — [n/2]).

Analysis of the Algorithm MSORT (n): Let T'(n) and E(n)
denote the time and energy complexity of the algorithm. If
n = 2, each sensor transmits, receives and compares once.
Thus, T'(2) = 3 and E(2) = 6. Let us consider the scenario
where n > 2. The time and energy complexity of the algo-
rithm MERGE (n1, n2) is O(n1 + ns). In the worst case a
sensor in set S; compares its value with all the sensors in
S2 and remains awake for O(ny) time steps. For example,
when the data elements of sensors in S are larger than the



INDEX; (n)
1. Sensor with index 5 = 1 initializes v = [
It wakes up sensor with index j = 2, broadcasts v,
and switches off.
22For(t=2;t<n; t++).
Sensor j = t stores the received value v,.¢c, inv.
fF(I>0)v++,l=wv.
Sensor j wakes up sensor j + 1, broadcasts v,
and switches off.
3. End.

Figure 3. Pseudocode for INDEX; (n)

data elements contained by elements in Sy. This implies a
sensor may be awake for O(n) time steps in each recursive
call to procedure MSORT (n). Steps 5 and 9 are recursive
calls on problem size at most [n/2]. Thus we conclude,
T(n) =2T(n/2)+ O(n) = O(n log n)
E(n) =2E(n/2)+ O(n) = O(n log n)

The work complexity analysis of algorithms can be used
to obtain bounds on energy complexity of an algorithm.
Let W (n) denote the work complexity of an algorithm,
which represents the total number of operations performed
by the algorithm. Since our model assumes a uniform
cost model, each operation costs one unit of energy, and
E(n) = O(W(n)). The lower bound on the work complex-
ity for any sorting algorithm is O(n log n) as these many
comparisons are required. This implies that O(n log n) is
also the lower bound on the energy complexity for sorting.
Thus, MSORT (n) is energy optimal.

Note that the algorithm is not time-optimal (see Sec-
tion 5.1) and is not energy-balanced. A sensor may be
awake for O(n) time steps in Step 12. There are O(log n)
recursive calls to the algorithm, which implies that a sensor
may be awake for O(n log n) time steps.

5.3. Energy-Balanced Energy-Optimal Implemen-
tation

The algorithm MSORT (n) is not energy-balanced as the
number of times a sensor is awake depends on the data value
stored by it. In an energy-balanced algorithm, the num-
ber of wake ups at a sensor should be data oblivious. The
algorithm QuickSort(n) discussed in [3] has this property.
However, this algorithm has time and energy complexity
O(n log n) on average and O(n?) in the worst case. The
worst case behavior can be reduced to O(n log n) by us-
ing the median as the partitioning element. In this section,
we discuss an energy-optimal and energy-balanced imple-
mentation of the sorting algorithm described by procedure

HIFT, (n, k)

1. Each sensor initializes /,, and h,, to zero.

22Fort=1t<m; t++)
Sensor ¢ wakes up sensor ¢ + 1, and broadcasts /,, and [j,.
Sensor ¢ switches off.
Sensor ¢ + 1 checks value of [ and index j.
If (I >0)and(j < (n—k))sensort+ 1 increments
l,, by one.
If { ==0)and (j > (n —k)) sensor ¢t + 1 increments
h,, by one.

3. Sensor n broadcasts [,,, the number of sensors with [ > 0,
which is stored in all sensors as m.

4. At1 <t < m,sensor with (I, = t) and (I > 0) exchanges
data with sensor containing (h,, = t) and (I = 0).

5. All sensors switch off.

6. End.

Figure 4. Pseudocode for SHIFT; (n, k)

BSORT (n) illustrated in Figure 6. We first describe the var-
ious subprocedures of the algorithm.

1. INDEX; (n): Consider a set of n sensors indexed from
1 — n. Letus assume k denotes the number of sensors
with variable [ > 0. The procedure INDEX; (n) is used
to reindex the sensors with variable / > 0 from1 — k.
At the end of the procedure, the new index is stored in
updated value of variable . Details of the algorithm are
presented in Figure 3. The time and energy complexity
of this algorithm is O(n) and each node is awake for
at most O(1) time steps. INDEX}, (n) is analogous but
operates on variable A in place of [.

2. SHIFT; (n, k): The procedure SHIFT; (n, k) moves
data from sensors with variable / > 0 and index
j<n-—ktosensorswithl =0andj > n—k+1. The
pseudocode for the algorithm is described in Figure 4.
Thus, if we consider the sensors to be arranged in in-
creasing order of index from left to right, the k£ data
elements of sensors with [ > 0 are shifted into a con-
tiguous block of size k at the rightmost position. Steps
1 and 2 are used to identify and index the sensors that
need to exchange data. At step 3 sensor n broadcasts
the number of data exchanges required, and this value
is stored in variable m. In step 4 the data is exchanged
between the sensors.

The total time and energy for the algorithm is O(n).
Each sensor is awake for O(1) time steps. The algo-
rithm SHIFT}, (n, k) is similar, but operates on variable
h instead of [.

3. BSELECT (n, 4, d): The algorithm BSELECT (n, ¢, d)



BSELECT (n, 4, d)

1
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df(d==T)and (n > 1) {
Assignd =0
Let z be the id of sensor with index n.
Let s; be id of sensor with index j.
Attime ¢ = j sensor with id s; wakes up.
It wakes and transmits to sensor with id s; — z/2
Sensor with id s; switches off and sensor with id
s; — z/2reindexes to .}

. The n sensors divide into [n/5] groups.

A sensor with index j belongs to group (j — 1)/5 + 1.

. The median of the data elements in each of the [n/5]
groups is found by sorting the elements of
each group (of which there are five at most) and taking its
middle element. (If the group has an even number of
elements take the larger of the two medians.)

. Each sensor maintains a copy of its index. Reindex the
sensors containing the median elements to the index
of their group. Rest of the sensors switch off.

. Use BSELECT ([n/5], [n/10], 0)
recursively to find the median-of-medians z.

. Wake up all the sensors, restore old indices, and broadcast x.

. Each sensor compares its data element v with z.
v < g itsetsl =1else h =1.
. Reindex sensors using INDEX; (n). INDEX}, (n).
0. Sensor . broadcasts [ if . > 0, andn — hif b > 0.
This value is stored in all sensors in k. Note &
represents number of elements smaller than or equal to z.
1. Each sensor compares the value of ¢ with k.
2.if(i < k) {
HIFT; (n, k)
Sensors with index 1 < j < n — k switch off.
Remaining sensors reindex from j to j — (n — k).
Recursively call BSELECT (k, i, d + 1).}
else {

HIFT, (n,n — k)
Sensors with index 1 < j < k switch off.
Remaining sensors reindex from j to j — k.
Recursively call BSELECT (n — k,i — k,d + 1).}

3. End.

Figure 5. Pseudocode for BSELECT(n,i,d)

is used to find the element of the i** rank in a set of
n Sensors in an energy-optimal and energy-balanced
manner. It is a recursive algorithm and d represents
the depth of recursion at any instance. By choosing
i = [n/2], this algorithm can be used to find the me-
dian element in a set of n sensors. Detailed analysis of
this algorithm is presented in [13]. The pseudocode for
the algorithm is illustrated in Figure 5, and discussed
briefly below.

A time and energy optimal algorithm for rank selection
can be designed by adapting the SELECT (n, ¢) [3] al-
gorithm for a single-hop sensor network. The imple-
mentation can be achieved using Steps 2 to 12 of the
algorithm BSELECT (n, ¢, d) and has been discussed
in detail in [13].

The sensors are divided into groups of five each and
sorted. The median of the medians of the sorted group
are found by making a recursive call to the procedure
SELECT ([n/5], [n/10]) and stored in variable z.
This is used to partition the set into two sets. One
set contains all the elements smaller than or equal to
x. The size of this set is determined. If it is smaller
than 4, then the element is contained in this set else in
the other set. The algorithm is recursively called on
the appropriate set and the sensors in the rejected set
are switched off. As discussed in [13], this algorithm
is time and energy optimal but is not energy balanced.
The sensor containing the element of rank 4, remains
active till the algorithm terminates, while the sensors
in the rejected set are switched of earlier depending on
the rank of their data element. Consider the scenario
where the sensors are sorted and the algorithm is called
to find the sensor with rank n. Sensor n will be awake
for time O(n), whereas sensor with rank one switches
off after the first iteration.

Algorithm BSELECT (n, i, d) obtains energy-
balancedness by shuffling the data after a constant
number of recursive calls to the procedure. It has an
additional parameter d, which measures the depth of
recursion, and initially d = 0. The main observa-
tion to be made in procedure BSELECT (n, 4, d) is
that each recursive call reduces data set from size n
to 7n/10 + 6 < 8n/10 or smaller (see [3] for details).
This implies that at recursion depth &, the data set is re-
duced to (8/10)%.n. For k = 7, the data set is reduced
ton/4. This property is exploited to obtain energy bal-
ancing by shuffling the data between the sensors (Steps
1and 12).

By calling procedure SHIFT (n, k, I) in Step 12, we
ensure that at end of each recursive step only the sen-
sors with the highest id in the awake sensors contain
the active data set. At recursive depth of d = 7, the



data is shifted to lower id sensors that were switched
off in an earlier stage. This ensures that no sensor is
awake for more than O(1) timesteps. A detailed proof
has been discussed in [13]. The time and energy taken
by this algorithm is O(n). The algorithm is time and
energy optimal, and energy-balanced.

BSORT (n)
1. If (n < 2) sort the elements using two broadcasts.
2. If (n > 2) the following steps are executed.
3. Find median m, using BSELECT (n, [n/2]), 0).
4. Broadcast m to all sensors, each sensor compares m
with its data element v.
5. 1fv <masensorsets] = 1else h = 1.
6. Sensors are reindexed using procedures INDEX; (n)
and INDEX}, (n).
7. Sensor n broadcasts [ if I > 0,and n — hif h > 0.
This value is stored by all sensors in variable k.
8. All sensors set done = 0. Sensors with & > 0 switch off.
9. Recursively call BSORT (n — k) on awake sensors.
10. All awake sensors set done = 1. Wake up all the sensors.
11. Sensors with done = 1 switch off.
12. Recursively call BSORT (k) on the awake sensors.
13. End.

Figure 6. Pseudocode for BSORT (n)

4. BSORT (n): Lastly, we discuss the energy-balanced,
energy-optimal implementation of the algorithm
BSORT (n) as illustrated in Figure 6. The set of sen-
sors is divided into two sets, using the median as the
partitioning element. The two sets are then recursively
sorted.

Analysis of the algorithm BSORT (n): Let us assume that
the time and energy complexity of the algorithm are given
by T(n) and E(n). If n = 2, each sensor transmits, re-
ceives and compares once. Thus, 7(2) = 3 and E(2) = 6.
Steps 9 and 12 take time and energy T'(n/2) and E(n/2).
As discussed above, Step 3 takes time and energy O(n).
Simple analysis shows that rest of the steps also take time
and energy O(n). The time and complexity of the algorithm
is given by:

T(n) =2T(n/2)+ O(n) = O(n log n)

E(n) =2E(n/2)+ O(n) = O(n log n)

No sensor is awake for more than O(1) time steps in any
single recursive call. There are O(log n) recursive calls
to the algorithm. Thus, any sensor is awake for at most
O(log n) time steps. The algorithm is energy-optimal and
energy-balanced.

5.4. Implementation in a p-channel sensor network

Next, we consider the implementation of algorithm
BSORT (n) in a p-channel, single-hop sensor network,
where p < n'~¢,and 0 < e < 1. In order to communicate,
both the transmitting and the receiving sensors must agree
on a common communication channel. One strategy is that
an extra signaling channel is used to tell sensors, the chan-
nel they must communicate upon. However, this results in
additional energy dissipation. On the contrary, our channel
assignment is static and is computed by a sensor using only
its index value without additional signalling.

We first discuss the implementation of the algorithm
INDEX; (n) on a p-channel sensor network (Note the anal-
ysis of procedure SHIFT; (n, k) is similar).

Lemma5.1 The procedure INDEX; (n) can be imple-
mented on a p-channel, single-hop sensor network to runin
time O(n/p), such that the energy dissipation is O(n) and
each sensor is awake for at most O(1) time steps, where
p<nl—¢and0 <e<1.

An algorithm for a p-channel implementation of prefix
sum discussed in [7] can be adapted for this algorithm. For
simplicity we assume n to be divisible by p.

Consider the case, where p < /n. The algorithm
INDEXP; (n) implements algorithm INDEX; (n) in time
O(n/p) + O(p) = O(n/p). Each sensor is awake for at
most O(1) time steps. The energy complexity of the algo-
rithm is O(n).

INDEXP; (n)
1. Divide sensors into p groups of size n/p each.

2. Each group is assigned a distinct index g, where 1 < g < p.

3. All sensor reindex from j to ( — 1) mod n/p + 1.
4. Assign a distinct channel to each group.
5. Compute in parallel INDEX; (n/p) for each group.
6. For (t =1,t <p,t++)
Sensor with index n/p in group g = ¢ wakes up all
sensors in group g + 1 and broadcasts /.

Each sensor in group g 4+ 1 with [ > 0 increments / with

received value and switches off.
7. End.

Figure 7. Pseudocode for INDEXP; (n)

Next we consider p = n'~¢, where 0 < € < 1. Let
2¢ = (1 — €)/(1 — 2¢). Consider implementation of the
algorithm INDEXG; (n, p, c¢) described in Figure 8. Total
time taken for the algorithm is O(n/p + p'/? + ... + p!/?")



INDEXG; (n, p, ¢).

1. Repeat Steps 1 to 5 of INDEXP; (n).

2. Each sensor with index j = n/passignsl, =1, j, = j
and all other sensors switch off.

. Awake sensor are assigned index of their group g.

. If (¢ > 0) recursively call INDEXG; (p, /p, (c — 1)).

. Each group with index g, is assigned channel g.

. Each awake sensor wakes up all sensors in its group.

. It broadcasts I — [, and reindexes to j,,.

. Each listening sensor increments [ by the received value.

. End.

©O© 00 ~NO Ol W

Figure 8. Pseudocode for INDEXG; (n, p, ¢)

=O(n/p +p' '/*) = O(n/p +p/ ) = O(n/p +
p/(1=€) /p) = O(n/p). The energy dissipation is O(n) and
each sensor is awake for at most O(1) time steps.

Lemma5.2 The algorithm BSELECT(n, 4, d) can be im-
plemented in a p-channel, single-hop sensor network of n
sensors to run in time O(n/p), such that the energy dissi-
pationis O(n) and each sensor is awake for at most O(1)
time steps, wherep < n!=¢and 0 < ¢ < 1.

The proof is by induction on the size of the problem n and
a detailed proof has been discussed in [13].

Steps 2, 4, 6-8, and 10-11 are computed in time O(1).
Step 3 can be simulated in time O(n/p) in a p-channel net-
work as follows. Let a sensor with index j belongs to group
g, Where g = (j — 1)/5 + 1. Assign all sensors in group
g, channel (g — 1) mod p + 1. We have divided the sen-
sors into [n/5p] blocks. Each block has p groups that have
distinct channel assignment. Sensors in a block belonging
to different groups can transmit concurrently. Thus, sorting
can be performed in time O(n/p) with energy O(n) and no
sensor being awake for more than O(1) time steps.

Step 9 invokes procedures INDEX; (n) and INDEX;, (n).
Using Lemma 5.1, we conclude this step can be performed
in time O(n/p) and energy O(n), with each sensor awake
for O(1) time steps. Step 12 calls SHIFT; (n, k) and
HIFTy, (n, k). Step 1 of algorithm SHIFT; (n, k) is simi-
lar to function INDEX; (n) and can thus, be implemented in
a p-channel network in time O(n/p). Step 2 of procedure
SHIFT; (n, k) requires m transmissions. A sensor with in-
dex t is assigned channel (¢ — 1) mod p + 1. The transmis-
sion can be completed in time m/p = O(n/p).

Steps 5 and 12 make recursive calls to the procedure BS-
ELECT (n, 4, d) on problems of size n/5 and kn, where
k < 7n/10. Let us consider the recursive call on problem
of size n/5. If p < n/5, we know T'(n/5) = O(n/5p)
by our induction hypothesis. If p > n/5, we can use

p1 < n/5 channels such that T'(n/5) = O(n/5p1) =
O(nf) = O(n/5p) for some small positive value of . Sim-
ilar analysis holds for recursive call on problem of size kn.
This implies T'(n/p) = O(n/p).

Thus, we conclude that BSELECT (n, 4, d) can be imple-
mented on a p-channel network in time O(n/p) with energy
O(n), and each sensor awake for O(1) time steps. O

Theorem 5.1 Given a single-hop sensor network with p
channels and n randomly distributed nodes, sorting can be
performed intime O(n/p log n) with energy O(n log n),
and no sensor awake for more than O(log n) time steps.
p<nl=¢ where0 <e< 1.

Proof: Partition the set into groups of size n/p as fol-
lows. Find the median of the set using BSELECT (n,
(n/2 4+ 1), 0) and p channels in time O(n/p). Next par-
tition the elements into two sets, those with elements larger
than median, and the others with elements smaller than or
equal to the median. Assign p/2 channels to the first set
and the remaining channels to the second set. Recursively
repeat the above steps on both the partitioned sets in paral-
lel (using distinct channels) till the size of the resultant set
is n/p. The above procedure requires time O(n/p log p),
energy O(n log p), and each sensor is awake for O(log p)
time steps. Invoke procedure BSORT (n/p) on each of the
subsets. Since all the subsets have distinct channels, they
can sort in parallel. Time taken is O(n/p log n/p), en-
ergy O(n log n/p) and no sensor is awake for more than
O(log n/p) time steps.

Total time taken for the algorithm is O(n/p log n),
energy O(n log n) and each sensor is awake for at most
O(log n) time steps. m|

6. Simulation Results

In Section 5, we discussed three algorithms for sorting.
The algorithms MSORT (n) and BSORT (n) are asymptot-
ically energy optimal. BSORT (n) is also energy balanced.
The aim of our simulations is to compare the energy perfor-
mance of these two algorithms.

The simulations were performed for problem size n
ranging from 10 — 4000 for the following algorithms. (a)
MSORT (n) as discussed in Section 5.2. (b) USORT (n),
which is QUICKSORT (n) with median as partitioning ele-
ment. The median is found using SELECT (n, ) discussed
in [3], and is thus unbalanced. (c) BSORT (n) as presented
in Section 5.3.

Three types of data sets have been used for comparing
the performance of the three algorithms. The first data set
contained already sorted data elements. In the second data
set, the elements were reverse sorted, and the third data set
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was randomly generated. The results presented in this pa-
per have been averaged over 1000 iterations with 95% con-
fidence interval and 0.1% (or better) precision.

We compare the energy dissipation for the algorithms
for the three data sets. We observe that MSORT (n) per-
forms the worst (Figure 9). The energy dissipation using
this algorithm is least if the data is reverse sorted and high-
est if the data is already sorted. Algorithms BSORT (n) and
USORT (n) show little variation in results for the three data
sets(see Figure 13). Moreover, the energy dissipation for
the two algorithms is similar, which shows that data reshuf-
fling overheads for algorithm BSORT (n) are low.

Next we compare the energy-balancedness of the three
algorithms. Figure 10 depicts the number of wake ups
for various sensors in a network of 1000 nodes for ran-
domly generated data set. Note the results for algorithm
MSORT (n) have been scaled down by a factor of four. We
observe that the sensors in algorithm MSORT (n) are not
energy-balanced. A sensor with larger id is awake for a
longer duration. The algorithm BSORT (n) is most energy-
balanced as the variation between the number of wake ups
in various sensors is least. Lastly, we compare the energy-
balancedness of algorithms for various problem sizes in
Figure 11 and Figure 12. The results are illustrated by plot-
ting the maximum number of time steps any sensor is awake
for a given problem size for a chosen algorithm.

The results show that algorithm BSORT (n) is most
energy-balanced. = The overall energy dissipation is
also lower for this algorithm as compared to algorithm
MSORT (n).

7. Conclusion

In this paper, we discussed an energy-optimal and
energy-balanced algorithm for sorting in a single-hop wire-
less sensor network. Along with overall system energy
reduction, we emphasized on uniform energy dissipation
among the sensors and defined the property of energy-
balancedness.
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Our analysis is for a single-hop network, and the size of
these networks is limited by the transmission range of the
radios. The results shown in this paper are for problem sizes
larger than 80. Thus, they are applicable to either dense
single-hop clusters in a multihop network, or to large single-
hop sensor networks. A general belief is that sensor radios
must be designed to be low power with short transmission
range. However, it has been argued in [6] that if robustness
is critical, increasing the radio range to facilitate single-hop
transmissions, may reduce overall energy dissipation.

We have assumed a low cost paging channel for imple-
mentation of our algorithm. Figure 14 illustrates the energy
overheads for paging, when the power of the paging chan-
nel is assumed to be one-hundredth of the communication
channel. To save energy, the wake up mechanism can be im-
plemented by equipping sensors with low-power hardware
timers for self-initiated wake up. Our algorithms can be eas-
ily adapted to work with internal timers without the paging
channel. However, it would increase the overall execution
time of the algorithm and require more accurate time syn-
chronization between the sensors. For example, consider
execution time for Step 5 in BSELECT ([n/5], [n/10], 0).
The time is O(n/5), which implies that it is less than en/5
for some constant ¢, but the exact time depends on the data.
If only timers are used, Step 6 must be scheduled assuming
the maximum time which is e¢n /5. On the contrary, with the
paging channel the wake up can be scheduled immediately
after completion of Step 5.

We presented an energy-balanced and energy-optimal al-
gorithm for sorting that takes time and energy O(n log n).
The time-optimal implementation [2] requires time O(n)
and energy O(n?). As our future works we would like to
investigate if it is possible to design a sorting algorithm that
is energy-balanced and energy-optimal but takes less time
than O(n log n).
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