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Abstract

In this paper, we propose an architecture for floating-
point based LU decomposition for large-sized matrices.
Our proposed architecture is based on the well known con-
cept of blocking and uses pipelined floating-point units to
obtain high throughput. We first analyze the effects of block
size and the deeply pipelined floating-point units on the per-
formance of the architecture. We analyze and compare the
performance of our double-precision based design with that
of a GPP based design. Initial results show that an im-
provement of upto 23x in the total computation time can be
achieved. We then, analyze the impact of algorithm level
design (by varying block size) on the system-wide energy
dissipation and resource-usage of our designs.

Categories: 1. Theory, Mapping and Parallelization
and 4. Applications

1. Introduction

The increasing densities and capabilities of FPGAs now
permit efficient floating-point arithmetic without being pro-
hibitive in terms of either area or throughput. Recent FP-
GAs [8] [1] are now an attractive choice for implement-
ing compute-intensive hardware accelerators. These FP-
GAs have embedded ASIC adders/multipliers (with fast
carry chains, etc), efficient MUXes and a large number
of flipflops, which can be used as components for build-
ing floating-point units.  Alongwith these hardware re-
sources, critical floating-point components like fixed-point
adders/multipliers, shifters, priority encoders, etc are avail-
able as IP or can be easily synthesized. Hence the focus

*This work is supported by the National Science Foundation under
award No. CCR-0311823 and in part by an equipment grant from HP.
TGovindu's work is supported by Satyam Computer Services.

2 Applied Research Group
Satyam Computer Services Ltd.
Bangalore 560025, India
{vikash_daga, sridhar_gangadharpalli,
sridhar}Qsatyam.com

is moving away from building the floating-point units, to
using them effectively in large architectures. Also, recent
FPGAs feature large RAM blocks which can be effectively
used as large and fast on-chip memory.

Applications like scientific computing and high-
performance embedded computing demand high numerical
stability and large dynamic range and thus require floating-
point arithmetic. Applications like scientific computing de-
mand high-performance and double-precision arithmetic.
Constraints to such applications are large problem sizes,
available resources and memory bandwidth. Hence, the
architectures must be scalable (on either single or multi-
chip FPGA resources), use high-throughput (using deep
pipelining) floating-point units and fixed 1/O (using linear
array architectures). On the other hand, applications like
high-performance embedded computing demand energy-
efficiency and mostly single-precision arithmetic. FPGASs
are not neccesarily low power but since architectures on FP-
GAs exploit parallelism the total energy used for a given
problem can be reduced by analyzing energy-efficiency at
the algorithm or architectural level and by obtaining an
energy-efficient “scheme”. By ”scheme”, we mean that the
energy consumed in a solving a complete problem of given
size is reduced, by trading-off latency with power.

LU decomposition is an important linear algebra and
signal processing kernel. LU decomposition can be im-
plemented on FPGAs to accelerate algorithms in scientific
computing etc where latency performance of the hardware
accelerator is important. Approaches to future wireless
communications such as Software Defined Radio, require
implementations of energy-efficient signal processing ker-
nels (adaptive beamforming, etc) on reconfigurable hard-
ware like FPGAs [7].

In this paper we propose and analyze a floating-point
based architecture for LU decomposition which utilizes
blocking for large-sized matrices. We use pipelined
floating-point units.  We first focus on performance



(throughput/latency and resources) of architectures using
double-precision floating-point arithmetic (intended for use
in scientific computing). We then focus energy-efficiency
alongwith the performance of single-precision architectures
(intended for use in high-performance embedded comput-
ing). To achieve the above goals rapidly without having to
actually implement all the points in the design space, we
employ domain-specific modeling proposed in [2]. We esti-
mate the performance of our designs and also perform high
level design tradeoffs by capturing algorithm and architec-
tural details of the target FPGA device.

The rest of the paper is organized as follows. In Sec-
tion 2, we discuss the basic and blocked versions of the LU
algorithm and our previous work in developing fixed and
floating-point architectures for LU decomposition. In Sec-
tion 3, we present our architecture. In Section 4, we present
the implementation details of the floating-point based block
LU decompostion architecture. And finally, in Section 5,
we discuss the scope for future work and conclude the pa-
per.

2 Background
2.1 TheBasic LU Architecture

LU Decomposition is essentially factoring a square ma-
trix into an upper triangular matrix and a lower triangular
matrix. A(as,y), @ n x n matrix, is decomposed into Lower
triangular matrix L (I, ,) and Upper triangular matrix U
(ug,y) both of size n x n, where z is the row index and y is
the column index. In this paper, we assume that matrix A is
a non-singular matrix and, further, we do not consider piv-
oting. Details about the sequential algorithm can be found
in [4].

In [5] we presented a minimal-latency and resource effi-
cient architecture for LU decomposition of small-sized ma-
trices. This architecture has been slightly modified to obtain
the architecture used for block LU, shown in Figure 1 (b).
The architecture is based on a circular linear array which
has n PEs where n is the problem size. The input and
output ports to the architecture are connected to the first
PE, PE,. PE; is different from the other PE’s in that
it has a divider and doesn’t have the multiplier/subtractor
as in the other PE, to PE,, which are identical. The el-
ements of the input matrix are fed in column-major order.
The output matrix is the combined L and U matrices. Each
PEs<;<n, shown in Figure 1 (a), has two input and two
output ports. The last PFE requires only a single output
port and this output port is connected back to the second
input port of PE;. This essentially facilitates scheduling
for the division required for the L matrix, to happen in
PFE,. Thus the data is input into PFE; and passes through
PE, to PE,, and comes back to PE; and is fed out as

output. After division in PE}, the elements of the L ma-
trix are both fed out as output and fed into PE5 through
PFE,, for further iterations. We use pipelined floating-point
units (FPUs) in order to achieve high throughput and in [5]
we proposed the approach of stacked matrices to resolve
the data dependencies incurred due to the large latencies of
the deeply pipelined FPUs. The stacked matrices approach
is nothing but computing the LU of a series of matrices.
That is, if A1, A2, ... As are s matrices, data is input as
(al171,0,2171,...,(15111,a1211,...,asiln_’n,asn_’n). The number
of the stacked matrices, s should be more than the com-
bined latency of the floating-point compute elements in the
PFEs, in order to resolve the data dependencies.

3 Architecture for Floating-point based

Block LU Decomposition

Since the resources available on a single FPGA chip limit
the number of PEs, for large-sized matrices, we propose
a block LU decomposition architecture. This architecture
(shown in Figure 1 (c)) is based on the block LU decompo-
sition architecture proposed by Choi et. al. [3] and the LU
architecture presented in [5]. LU Decomposition of a large
matrix A of size n x n can be achieved by performing de-
compositions of submatrices of size b x b along with other
operations needed to update the entries. Matrix A can be
represented as four matrices A1, A2, A2y and Ags. Agq i
abxbmatrix, Ajo isanbx (n—>b) matrix, Asy is (n—b) x b
matrix and Aa is (n — b) X (n — b) matrix. This matrix has
to be decomposed into two n x n matrix L and U, such that

An A ) _ n 0 ) ( U, Uiy )
A A )\ Ly Ly 0 Uz )
The steps of the algorithm are as follows:

Step 1. Perform a sequence of Gaussian eliminations on
the n x b matrix formed by A;; and As; in order to
calculate the entries of L, L5, and U7;.

Step 2: Calculate U7, as the product of (L};)~* and A;5.
Step 3: Evaluate A%, «— Ago — L5, U7,

Step 4: Apply Step 1 to 3 recursively to matrix A,. Dur-
ing the k-th iteration, the resulting submatrices Lﬁ),
Ul(f), Lé’i), Uf? and Ag;) are obtained.

The block LU decomposition architecture utilizes a
floating-point matrix multiplication architecture [9] [6] and
a single PE for performing matrix subtraction. Thus, two
sets of PE's are used: one set of b PEs for b x b LU decom-
position and another set of b PE's for b x b matrix multipli-
cation and a single PE for matrix subtraction. Each set of
PFEs is connected to a memory bank where the initial input
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and intermediate block matrices are stored. Intermediate el-
ements during computation are stored on-chip. The opera-
tions performed are identified in [3] as opLU, opL, opU and
opMMS. opLU is performed to obtain L%, and U}, using the
architecture in Figure 1 (a). opL from Step 1 is performed
to obtain L5, . opU from Step 2 is performed to obtain
U¥L,. Both opL and opU use the same architecture used for
opLU. However, the effective latency for these operations
increases to n? + n unlike n? for opLU, due to schedule
conflicts. opMMS is performed to obtain A%, which is es-
sentially matrix multiplication and matrix subtraction. %
number of iterations are required to decompose a matrix A
by the block decomposition method. Since our basic LU
architecture also has the same latency as the basic LU ar-
chitecture in [3], the latency for the block LU method will
also be the same. It was proved in [3] that block LU decom-
position of a n x n fixed-point matrix can be performed in
b2 + 202 + b2 L(2)(% — 1)(22 — 1) + b* + b cycles, using
b PEs for b x b LU decomposition, where b is block size.

We can use the stacked matrix approach for floating-
point block LU decomposition, where the stacked matri-
ces can be the b x b sized submatrices of the input matrix.
Note that the stacked matrices approach is required only for
the LU architecture. The matrix multiplication and subtrac-
tion do not require stacking [9]. As mentioned earlier, the
number of the stacked matrices, s should be more than the
combined latency of the floating-point compute elements
in the PFEs, in order to resolve the data dependencies. In
other cases when we cannot stack the matrices either due to
data dependencies or non-availability of more submatrices,
we simply use stacked zero matrices. Zero matrix stack-
ing due to data dependencies will occur for each of the n
opLU operations with s — 1 zero matrices. As the iterations
progress, there will be lesser number of block matrices to
stack. Thus, from iteration to iteration, we will have one
more zero matrix. However, the usage of zero matrices, just
to satisfy dependencies is a necessary waste of energy and
has to be minimized. Hence, the pipelining depth of the
floating-point units assumes importance because of the zero
matrix stacking required to satisfy the stack limit s. Oper-
ations on these zero matrices essentially consume wasteful
energy.

The control is done using an FSM and the inputs to the
FSM are the 2 and y index values of element a, ,. These
values can be simply generated using counters either inside
the PEs or can be passed on through the PE's along with
the data elements. The storage (using BRAMS) in each PE
is 2 x b and an address generator outputs the address to the
BRAM based on the values of x and y.

In each iteration after the opLU is computed, opL and
opU operations can be pipelined since they do not have data
dependencies. During an iteration &, the number of matri-
ces available for opL and opU operations will be 2(3 — k).

These can be pipelined without zero matrix stacking as long
as 2(3 — k) > s. Similarly the number of matrices avail-
able for opMMS in iteration k is (% — k)?. In Figure 2, the
schedule is shown for different number of blocks.

Theorem 1. Block LU Decomposition of n X
n floating point matrix can be performed in 2sb? +
b%%}s + sb? + Zbs — s cycles with the
architecture in Figure 1 using b PEs for b x b LU decom-
position, where b is block size and s is the stack size.

Proof: At each k*" iteration, one opLU, (n/b — k) opL,
(n/b — k) opU and O(n/b — k)? opMMS operations are
performed. Since two sets of PE's are used, opMMS can
be performed in parallel with opL and opU if data depen-
dencies are satisfied. After the first computation of opLU,
opL and opU, the remaining operations are overlapped with
opMMS except for the last cycle where only opLU will be
performed. The floating-point block LU decomposition ar-
chitecture essentially uses the b x b submatrices themselves
as stacked matrices. However as the iterations progress,
zero matrix stacking is required in order to satisfy the stack
size limit. Due to the stacked matrices approach the effec-
tive latency of opLU becomes sb? and that of opL and opU
becomes sb? + sb. With the stacked matrices approach, ef-
fective latency of opMMS becomes b2 [w] s.
An additional sb — s clock cycles are required for the
pipeline to fill. Hence, the effective latency for block LU

n

decomposition is 2sb? + bQ(wh + sb? +

3bs —s.
4 Implementation Detailsand Analysis

In this section, we present and analyze the imple-
mentation details of the floating-point block LU decom-
position architecture. To estimate the performance of
our designs and also perform high level design tradeoffs,
we have employed domain-specific modeling proposed in
[2]. Domain-specific modeling is a hybrid (top-down plus
bottom-up) approach to performance modeling that allows
the designer to rapidly evaluate candidate algorithms and ar-
chitectures in order to determine the design that best meets
criteria such as energy, latency, and area. In the top-down
portion of the hybrid approach, the designer’s knowledge
of the architecture and the algorithm is incorporated, by
deriving the performance models to estimate energy, area,
and latency. The bottom-up portion is the actual area, la-
tency and power estimation of the individual components
obtained from the tools and from low level simulations. In
our implementations we observed that the error between the
results from actual implementation and the results from the
domain-specific modeling approach was usually less than
10% [2]. The components for the block LU architecture
are the floating-point units, storage elements like registers,
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Table 1. Floating-point Units

Single Precision Double Precision
Subtractor Multiplier Reciprocator Subtractor Multiplier Divider
Min Med Max Min Med Max Min Med Max
No. of Pipeline stages 6 12 16 4 7 10 4 4 4 19 12 32
Area (dlices) 402 425 520 130 201 229 64 64 64 933 910 4041
Area(FFS/LUTS) 462/539 493/532 516/530 133/140 278/141 344/159 109/37 109/37 109/37 1148/1032 1546/948 4617/ 5,024

Clock Rate (MHz) 100 150 220 100 150 220 100 150 220 200 200 100

Power (mw) 2354 303.6 4455 1337 156.4 2314 943 1186 183

slice and block-based memory and other elements like mul-
tiplexers, counters, etc. For low level simulation results, the
component designs were coded in VHDL, implemented us-
ing Xilinx ISE 5.2i on the Xilinx Virtex-1IPro XC2VP125
device. The areas were obtained from the PAR report and
power was obtained using ModelSim 5.7 and XPower.

Table 1 shows the resources, latencies and power val-
ues for the floating-point units. For single precison, we
used floating-point units of various depths and for division
we used a approximate reciprocator (using a BRAM based
lookup table) and a multiplier. Using a look up table (we
used one with an input of 2!2 bits and an output of 224 bits)
based floating-point reciprocator unit does involve an error
in precision but not in the dynamic range.

900
800

latency in msecs

400

b (block size) n (matrix size)
Figure 3. Latencies for LU decomposition of
different problem sizes and different block
sizes

We first compare the performance of double precision
designs. Figure 3 (a) shows the comparison of the laten-
cies of double precision LU decomposition of matrices of
sizes ranging from 100 to 1000. The maximum block size
is limited to 10 because only 10 double-precision PEs of
LU and matrix multiplication each can fit into the largest
Xilinx FPGA, which has 55,000 slices. Note that, when we
use deeply pipelined floating-point units, we pay a penalty
in terms of the zero matrix stacking, in order to attain high
throughput rates. For the sake of comparison, we consider
the performance of a GPP (Intel Pentium M with SSE2,
1400MHz, 1IMB L2 and 512MB) as the baseline (not nec-

1000

Table 2. Latency comparison between our ar-
chitecture and a GPP based design

Our architecture, 100Mhz Pentium M (SSE2), 1.4GHz
Size(n X n) Latency(msec) Latency(msec) Improvement (x times)
100x100 0.46 9.11 198
300x300 8.76 1342 154
500x500 40.5 661 163
800x800 167.6 29845 17.8
1000x1000 3284 78715 23

essarily high-performance), in Table 2. We see that the our
architecture can achieve substantial improvement.

We now analyze the energy performance of single preci-
sion block LU decomposition and the effects of the depth of
pipelining of the floating-point units. Figures 4 and 5 show
the energy, area, latency values for a small problem size of
48 and a large problem size of 1000 respectively for various
block sizes and FPU sets. Figures 4 (a) and 5 (a) show the
energy for various block sizes for problem size 48 and 1000
respectively. Figures 4 (b) and 5 (b) show the resources.
Figures 4 (c) and 5 (c) show the latency for various block
sizes. Figure 4 (d) and 5 (d) show the energy distribution
for s = 10 and s = 19 respectively. We can infer from
the figures that for a small problem size, a smaller s and
b reduce the overall energy. This is because smaller s and
b reduce wasteful energy dissipation due to the zero matrix
stacking effect. For large problem sizes, the medium s and b
(s = 19, b = 20) reduce the overall energy. This essentially
a tradeoff between area (increases with increase in s, b) and
latency (decreases with increase in s, b). Moreover, midsize
s and b reduce the zero matrix stacking. This analysis can
be easily extended to multi-chip designs also.

5 Concluding Remarks

In this paper we have proposed an architecture for block
LU decomposition on FPGAs. Preliminary results show a
substantial improvement in the total computation time. Fu-
ture work will involve the implementation of the architec-
ture coupled with a host computer. Also, the PowerPC pro-
cessor on the Virtex Il Pro platform FPGA will be used to
perform some of the address generation and dataflow con-
trol.
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